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This study aims at considering an initial-boundary value problem for nonlinear fourth-order vis-
coelastic equation in a bounded domain. Under suitable conditions of the initial data and of the
relaxation function, it is proved that the solution energy is generally decayed. It is also shown
that regarding arbitrary positive initial energy, certain solutions blow-up in a finite time.
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1. INTRODUCTION
The current study investigates the solution behaviour of the nonlinear fourth-order equation
ug + Al(a + b|Au/""?) Au) — /Ot g(t — 7)A%u(r)dr 4 cuy = h(z,t,u, Au)
+ulP2u, zeQ, t>0, (1.1)
supplemented by the initial conditions
u(z,0) = ug(x), u(z,0) = uy(z), x €N (1.2)
and the following boundary conditions:

t) = Ty, t
{ u(x,t) =0, z €T, t >0 (13)
alAu

(z,t) = [y g(t — T)Au(r)dr — b|Au["2Au, 2 €T1,t>0

where ) is a bounded domain of R"(n > 1) with smooth boundary Ty UT; = 99, Ty U Ty = O,
and where I'y and I'; are closed with positive measures. Here a, b and ¢ are nonnegative constants,
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moreover, p and m are assumed real numbers such that p, m > 2. In addition, A(x, ¢, u, Au) and g(¢)
are functions satisfying specific conditions (c.f. (A2)-(A4)).

The one-dimension case of the fourth-order wave equation is written as
Ut + Uggww — a(ui)x =f(z), teQCR,t>0, (1.4)

which was first introduced in [1] to describe such important physical and biological phenomena as
the analysis of elasto-plastic microstructure models for the longitudinal motion of an elasto-plastic
bar. Zhao and Liu [21] have recently considered the following equation

Utt + Uggrr — QUgpt = f(ua:)m7 (15)

subject to Dirichlet boundary condition and in a bounded domain Q@ = (0,1). By adopting and
modifying the so-called concavity method, the authors obtained a blow-up result for positive initial
energy. In another study, the following problem was examined by Messaoudi [12]:

ug + A%u = blulP?u — alug|" Py, € Q, >0

U(:E,t) = al/u(x’t) =0, x € 90Q,t >0,
u(z,0) = ug(z), u(z,0) =ui(z), z € Q.

He proved the existence of a local weak solution and showed that this solution blows up in finite
time with negative initial energy if p > m.

This study aims at considering an initial-boundary value problem for nonlinear fourth-order vis-
coelastic equation in a bounded domain. Under suitable conditions of the initial data and of the
relaxation function, it is proved that the solution energy is generally decayed. It is also shown that
regarding arbitrary positive initial energy, certain solutions blow-up in a finite time.

Shahrouzi [16] studied the blow up result for the following fourth-order equation:
ug + Al(ag + a|Au|""?)Au] — bAuy = g(z,t,u, Au) + [uP"2u, z€Q,t>0
with dissipative boundary condition
u(z,t) =0, Au(z,t) = —codyu(z,t), €I t>0

He showed that when p > m + 1 > 3, there are solutions which blow up in finite time with
positive initial energy. For the study of nonlinear Petrovsky type equation, we refer the reader to [4].
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It is known that viscoelastic materials show natural damping properties, which is due to the spe-
cial property of these substances in keeping memory of their past history. From mathematical point
of view, these damping effects are modeled by integro-differential operators. Such equations are in-
herently arduous to be analytically solved, and accordingly an efficient approximate solution would
be required. These problems have largely been discussed by several authors in the last decades, and
have made a lot of progress. Rivera et al. [14] studied the following Petrovsky viscoelastic equation:

¢
u + A%y — /g(t — 5)A%u(s)ds = 0. (1.6)
0

They showed that in a bounded domain © c RY, the solution energy decay exponentially pro-
vided that the kernel function does too.

Later, Tahamtani and Shahrouzi [17] investigated the equation (1.6) with source term |u|Pu, in a
bounded domain and proved the existence of weak solutions. Furthermore, they showed that there
are solutions under certain conditions of initial data which blow up in finite time with non-positive as
well as positive initial energy.

Li and Gao [8] considered the nonlinear Petrovsky type equation
t
U + A% — / gt — 8)A%u(s)ds + |ug| " *up = |ulP"2u.
0

The authors obtained the blow-up results with upper bounded initial energy. Moreover, they
proved that for the linear damping case and with non-positive initial energy the solution blows up in
finite time.

Mustafa [15], investigated the following nonlinear viscoelastic problem
t
|ug|Puy — Au — Auy —I—/ g(t — s)Au(s)ds = u|ul”, in Q x (0,00)
0

u =0, on 902 x (0,00)
u(z,0) = up(z), u(x,0) =ui(z), z € Q.
He established optimal explicit and general energy decay results with minimal conditions on the

relaxation function g namely ¢'(t) < —£(¢)H (g(t)), where H is an increasing convex function near
the origin and where ¢ is a non-increasing function (see also [13]).

For more related results about the existence, finite time blow-up and asymptotic properties, we
refer the readerto [2, 3, 9, 10, 18-20].
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Motivated by the aforementioned works, our result here is twofold: First, it is assumed that ¢ =
1, h(z,t,u, Au) = 0 and show that if the initial data and parameters are taken in the appropriate
domain, then solutions of (1.1)-(1.3) uniformly decay to zero with same arbitrary rate as the memory
kernel. Our approaches are based on the Lyapunov function and perturbed energy method. Second,
if we take @ = b = 1 and ¢ = 0 then by using the modified concavity argument, the blow up
of solutions for the problem (1.1)-(1.4) under the conditions of positive initial data and appropriate
domain for parameters is verified.

2. PRELIMINARIES AND MAIN RESULTS

This section discusses the material needed for the proof of our main results. We shall assume that the
function h(x,t, u, Au) as well as the functions appearing in the data satisfy the following conditions
(A1)
up € HY(Q) NLP(Q)NL™(Q),  w € L*(Q),
(A2)
(e, t,u, Au)| < M(|Au]% + [u]?),

with some positive M > 0.

Moreover, the following assumption is made for function g(s):
(A3) g : R — R™ is a non-increasing differentiable function which satisfies

+oo
g(0) >0, a— / g(s)ds =1>0.
0

Throughout this paper all the functions considered are real-valued. We denote by ||.||, the L?-
norm over 2 and ||.||,. 00 the L9-norm over 9. In particular, the Z?-norm is denoted ||.|| in 2 and
[|-lac in 02 also (., .) denotes the usual L2-inner product. We use familiar function spaces H_.

We use the Young’s inequality

/ 1 1
ab < Ba?+ C(B,q)b?, a,b>0, 3>0, 54—(;21, (2.1)

/
q

where C/(5,q) =  (5q) .

For the sake of simplicity, to prove the asymptotic stability result, we assume that ¢ = 1 and
h(z,t,u, Au) = 0.

In order to formulate our result, the energy of the problem (1.1)-(1.3) is introduced first:

B(t) = I(t) - ;Hu!g, 2.2)
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where .
1 1 1 b
I(t) = 5llwl* + 5(a —/0 g(s)ds)l|Aull” + 5 (g + Au)(t) + — || Aull77. (2.3)
where (g * v) fo (t —7)||v(t) — v(1)|*dr.

Also, to show that the solutions decay uniformly to zero with the same arbitrary rate as the mem-
ory kernel, the following conditions are considered:

(A4) There exists a non-increasing differentiable function £ : R™ — R™ such that
400
€0)>0. g0 < =€), [ §(s)s = oo,

(A5) For certain sufficiently small constants 1, e, such that 2 € (0, %) and e; € (e9,2¢9), it is

assume that
€1

p < )
€1 — &2

Now, we are in a position to state our general decay result:

Theorem 2.1 — Suppose that conditions (A1) and (A3) — (A5) are satisfied. Then the energy
E(t) of problem (1.1)-(1.3) satisfies the following general estimate for the two constants k and K :

Rt
E(t) < KE(0)e ™ o&®)ds ¢ >0 (2.4)

Finally, to prove the blow-up result, the following problem is obtained from (1.1)-(1.3) when
a=b=1and c = 0, where eMuv(x, ) is substituted for u(z, t):

t
vy + 220 + A2+ A[(1 4+ N2 A2 Av] — / g1(t — 7)A2%u(7)dr
0

= e Mht,0) + AP P2y, e Ot >0, (2.5)
{ v(z,t) =0, zelyt>0 2.6)
Av(z,t) = fg g1(t — 7)Av(7)dT — N2 Ay 2Av, 2 € Tyt > 0
v(z,0) = up(x), vi(z,0)=ui(x) — Aug(x), x €, (2.7)
where
g1(s) = e *g(s), h(t,v) = h(z,t,eMv, M Av), (2.8)

the value of the parameter A will be prescribed later.

The energy function related to problem (2.4)-(2.7) is given by

1 1
Bx(t) =~ ol - 5T (0), (2.9)
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t
J(8) = Jurll? + Ao + (1 - /0 g1(5)ds) [ Av]? + (g1 * Av) (1)
1+ 2 Am=2t Ay
m

In order to prove the blow-up result, the following lemma is stated in the sequel and will be used
later in section 3. This lemma was introduce in [5].

Lemma 2.2 — Let u > 0,¢1,c2 > 0and ¢; 4 ¢2 > 0. Assume that ¢ (¢) is a twice differentiable
positive function such that

Y — A+ )W > —2e99 — Y], (2.10)
forallt > 0. If
¥(0) >0 and ¥'(0) + y2p~ 1 (0) > 0, (2.11)
then
. _ 1 719(0) + ' (0)
P(t) — +oo as t—t1 <ty = NCEIT log 220 (0) £ 1 (0) (2.12)
Here

'Yl:_Cl‘i‘\/C%—"/J/CQ and ’)/2:—61—\/0%4-;1,62.

Now we are in a position to state our blow-up result as follows.

Theorem 2.3 — Let the conditions (A1)-(A3), be satisfied. For p > m > 3, it is assumed that
E\(0) > 0and

2(p+m) > p+m—6
AZW T O R

then there exists a finite time t; such that the solution of the problem (1.1)-(1.3) blows up in a finite
time, that is
|u(t)|| — 400 as t — ti. (2.14)

3. GENERAL DECAY

As we mentioned earlier, in this section we shall prove a general decay for the solution energy. In
order to carry the proof of Theorem 2.1, the following Lemmas are required. First, we define

F(t) = E(t) + e191(t) + e22(2), (3.1)
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where
1

1 (t) = / wugdz + §Hu\|2, (3.2)

Q

t

Pa(t) = —/ / lu(z, s) [P~ u(z, s)dzds. (3.3)

0 JQ

It can clearly be seen that for sufficiently small e5, the functional F'(¢) is equivalent to E(¢).

Lemma 3.1 — Under the conditions of Theorem 2.1, the energy functional E(¢), defined by (2.1),

satisfies

d 1 1
SB() = S (o' Au)() = So(t)|Aul? — > < 0. (3.4)

PROOF : Multiplying equation (1.1) by u,, performing an integration by parts and using (A3) and
(2.1) our conclusion follows. O

Lemma 3.2 — Under the assumptions of Theorem 2.1, there exists a constant o € (0, %) such that
satisfies, along the solution, the estimate

(0 < B + 5wl + 51+ 50 [ os) g+ MO+ - Dllp. G5

PROOF : Differentiating with respect to ¢ we have
t
Uh0) =l + [l — allul? = baulz + [ Au [ gt - r)du(rdrdz. 3O
Q 0
Using Young’s inequality, we clearly see that for any o > 0

| /Q Au(t) /0 tg(t—r)Audedx\

o0

¢ 1
< (o [ gtopds)IaulP+ ([ o)) g+ Au)o) (37)
0 & Jo
Hence, by combining (3.4) and (3.5), the following estimation is obtained
t
() < Juell® + llullp = (@ —a — /0 g(s)ds)|| Aull® — bl Auli

+41—a ( /000 g(s)ds)(g = Au)(t). (3.8)

Applying the definition of energy functional (2.1) into (3.6), we get

() < ~E(0 + 3lul? = (5~ [ a(s)ds) = alldulP + (1 = ) ul}

735
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1 o1 1 [
—b(1 — E)HAuHm + 5(1 + 2(1/0 g(s)ds) (g * Au)(t). (3.9)
Finally, if we choose « € (0, %), the proof of Lemma 3.2 is completed. O

PROOF OF THEOREM 2.1. : Differentiating of F'(¢) with respect to ¢, and taking (3.3) and (3.4)
into account, we obtain

E)F'(t) = E(R)E'(t) + e1&(£)1n (t) + 228 (1) ¥ (2)

<~ OB - €0(1~ Tl ~ €0 =2 — 211 = D]l
+%1§(t)(1 + % /OOO g(s)ds) (g Au)(t). (3.10)
Thanks to the assumption (A5), we get
S F'(t) < —e1€(t) E(t) + Cer&(t)(g * Au)(t), (3.11)

where 2C' = 1+ ;- [ g(s)ds.

Utilizing (A4) and (3.3) we have
EF'(t) < —e1(t)E(t) — Cer(g’ * Au)(t)

< —e1&(t)E(t) — 2Ce1 E'(t). (3.12)
Let is define
L(t) =&@)F(t) +2Ce1 E(t), (3.13)

it can clearly be observed that there exists a constant /3y such that L(¢) < SoE(¢).
Differentiating of L(¢), and using (A4) and (3.11), we get

L'(t) < —e1£(DE() < —;—lg(t)L(t). (3.14)
0

A simple integration over (0, t) we then get

ElRt

L(t) < L(0)e Ao 0t (3.15)

Finally, since L(t) < ByE(t) and F ~ E, (3.14) accomplishes the proof.
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4, BLOW-UP

In this section we prove that for sufficiently large initial data some of the solutions blow up in a finite
time. To prove the blow-up result for certain solutions with positive initial energy, the following
Lemma is required.

Lemma 4.1 — Under the conditions of Theorem 2.3, the energy functional F(t), defined by
(2.9), satisfies

Ex(t) > Ex(0) Vte RT. 4.1)

PROOF : A multiplication of equation (2.5) by v; and integrating over €2 gives

d 2 Alp—2) Ap—2)t|,, (1P A(m —2) A(m—2)t
e _ M R S m A m
G A0 = AP+ TE S A0 - SN A

— 5 (61 A0)(#) — M (h(t,0), v0), ®2)
It is easy to verify that (e3,4 > 0)
.y A(m—2)t Ap—2)t M? 1 2
e M|(h(t,v),v)| < ese M Av|m + 4?2 o]|p + 7(* + =)ol (4.3)
4 €3 €4
where (A2) and Young’s inequality (2.1) have been used.
Taking into account (A3) and estimate (4.3) in relation with (4.2), we get

d Alp —2) A(p—2 M? 1
il S (A4 P=2t|11P + el Sl 2
L > | Dol + 22 = 2 (= + Sl
Alm — 2
—es + L]ek(m—%t“m,m_ (4.4)

Employing the last inequality, we obtain from (2.9) the following inequality

— ¢ 2
LB - N0 —2) — el Br) > PEEI I 2L Ly

Ap—m)—eap £3]eX M= Ag|™ + }[/\(p —2) —e4pl(g1 * Av)(t)

m 2
)‘2 2 ! 2
+ 5 Mp —2) = apllol + 5P — 2) — apl A0 (4.5)
where we used 1 — [ g1(s)ds > L,(1 — [3 gi(s)ds > 1 — [ g(s)ds > 1 — [ g(s)ds = I).
At this point, if we choose e3 = A(T and g4 = A(me) then the following mequahty is obtained
from (4.5)
d A A M?, m+p 2
— - _ > - 4y - = (——
G50 = G m = DB = A+ G+ m = 4) = S (el
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A3 , A )
+ 0 +m =4 ol" + - (p+m—4)[|Av|

4
A
+Z(p +m —4)(g1 * Av)(¢). (4.6)
Thanks to the hypothesises of Theorem 2.3, since we have p > m > 2and A > M % >
2(p+m)
M\ o ooy We get
d A
@EA(t) — §(p +m —4)E(t) > 0. (4.7)

E(t) > e%(p+m‘4)E(0) > E(0) is obtained from (4.7) and the proof of this Lemma is competed. O

PROOF OF THEOREM 2.3. : For obtaining the blow-up result, the choice of the following func-
tional is standard (see [6, 7])

ORI IO] (4.8)

then
P'(t) = 2(v, ), (4.9)
B (t) = 2(v, vy) + 2||v]| (4.10)

A multiplication of equation (2.5) by v and integrating over 2 gives

(v, v) = =2A(v5,v) = N[Jol|* — [|Av]|* — X2 A7 4 P2 o7
t
+e M (h(t,v),v) + / g1(t — 7)(Av(r), Av)dr. (4.11)
0

Due to the condition (A2) and Young’s inequality (2.1) we have (ag, a; > 0)

A M?> /(1 1
e M| (h(t,v), v)| < a0 Av |7+ an Dol 4 = < + > lol?, (4.12)
(7)) aq

We now estimate the last term in the right-hand side of (4.11) as follows: [11]
t 1 5 1 t 2
/ g1(t — 7)(Ao(r), Av)dr < LA +/ (/ 91(t = 7)|Aw(r)dr) " da
0 2 2 Ja\NJo
2 1 ! 2
| Av|| +/ (/ g1(t — 7)(JAv(7) — Av| +]Av|)d¢) dz. (4.13)
2 JaNJo

We then use the Cauchy-Schwarz, Poincare and Young’s inequalities, and the fact that fg g1(s)ds
< Jo7 91(s)ds < 1 — 1, to obtain, for any 51 > 0,

/Q (/Ot g1(t — 7)(|Av(T) — Av| + |Av])dr>2d;p
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S/Q(/Otgl(t—T)(|Av(7')—Av[)dT)zda:—l—/Q(/Otgl(t—T)\Av])dT>2dx

+2/Q(/Otgl(t—T)(\Av(T)—Av|)d7’)(/0 gl(t—T)\Avy)dT)dx
< (1+ﬂ1)/9(/Otgl(t—r)|Av\)dT>2dx
+(1+ﬁ11)/9</0t91(t7-)(|Av(7)Av|)dr)2dm

< (14 )1 = 1)(gr * Av)(E) + (1 + Br)(1— D2 Aol (4.14)

61
By applying (4.12) and (4.14) into (4.11), we see that

(V225 0) = =2 (g, v) — N*[Jo]|* — %IIMH2 =D A 4 AP o

B _ M2 1 1
—apeM MDY Av||? — P Q)tHng — T(OT + —)lv|?

1.(1—=1 1
—(1+ E) ( 5 )(gl x Av)(t) — 5(1 + 31)(1 = 12| Av]|% (4.15)
By using definition of E)(¢) in (2.9), we have

(e, v) > Pt

mEA(t) — 2 (v, v) + (1 — a1 — 7)6)\(p_2)t”v”g

_l’_

p+m 9 22 5, M? 1 1
wlP+ (S(p+m) — A2 — = (— + —
Tl + (5 o m) (o 2)

1.(1-1
A 1 DY g A+ (B — g - )2l

(= [ n(e)s) = 50+ )1 =17 = 3 A0l (4.16)

At this point by choosing ag = #77* and ay = £, we deduce

pt+tm

1 p+m
(v 0) 2 P B(0) = 200 0) 3 (Vo b = 4) = 202 (020 ) o

A2 (2 g B0 g e

I 1 3
(a2 - D) jae, 4.17)

where 1 — fo g1(s)ds > [ has been used.

739
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Now if we choose 3, = ﬁ and apply the following assumptions of Theorem 2.3

o0
6
/ g(s)ds < LEm =0
0 p—l—m+2

then we arrive at

(v, 0) > PET B (6) — 20w, 0) + 3 (Vo +m = 4) — 202 (22T Yo
p—m
p+m

M

(AR (4.18)

Now, by using Lemma 4.1 and since E)(0) > 0 we get from (4.18)

1 + -
(va.0) 2 =22 (we0) + 3 (Rt m = 4) =202 (CZ o P 2. 419)

By substituting (4.8)-(4.10) in (4.19) we get

w0 = D a4+ 3 (R + m - ) - 222250 Joie) - 2000,
thus
w(Ou0 = P OF + (R +m -4 - 22 (0T e
=2\ (£)a(t), (4.20)
where
[/ () < 4ol fo]®
has been used.
To this end, if we choose A > M __2tm) __then we derive

(p—m)(p+m—4)
g WP -2 ()v). (4.21)

Hence, we see that the hypotheses of Lemma 2.2 are fulfilled with
_ptm
=5

and the conclusion of Lemma 2.2 demonstrates that some solutions of problem (2.5)-(2.7) blow up in

c1 = A, cg =0,

a finite time ¢;. Since this system is equivalent to (1.1)-(1.3), the proof is complete.

Remark 4.2 : Upper bound of the blow-up time #;, for the problem (1.1)-(1.3) can be estimated as

follows: 9
; —l (p—l—m)(fQ uourdz — M|ugl| )
=N (p+m) [y uourdz — A(p+ m + 8)[Jug||?’

where ) and p satisfy conditions of Theorem 2.3.
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