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In this paper, we study a class of Lamé inverse source problem with
variable-exponent nonlinearities. Under some suitable conditions on the coeffi-
cients and initial data, we proved general decay of solutions when the integral
overdetermination tends to zero as time goes to infinity in appropriate range of
variable exponents. Furthermore, in the absence of damping term, we show that
there are solutions under some conditions on initial data and variable exponents
which blow up in finite time.
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1 INTRODUCTION

This paper deals with the following Lamé inverse source problem of determining {u(x, t), f (t)}:

utt − Δeu − div
(|∇u|r(x)−2∇u

)
+ 𝛽ut + h(x, t,u,∇u) + a|ut|m(x)−2ut = b|u|p(x)−2u + 𝑓 (t)𝜔(x), (x, t) ∈ Ω × (0,∞) (1)

u(x, t) = 𝜕u
𝜕𝜈

(x, t) = 0, (x, t) ∈ 𝜕Ω × (0,∞) (2)

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω (3)

∫Ω
u(x, t)𝜔(x)dx = 𝜙(t), t > 0, (4)

where Ω ⊂ Rn(n ≥ 1) is a bounded domain. Here, Δe denotes the elasticity operator, which is the n×n matrix-valued
differential operator defined by

Δeu = 𝜇Δu + (𝛼 + 𝜇)∇(div u), u = (u1,u2, … ,un)T ,

𝜇 and 𝛼 are the Lamé constants which satisfy the following conditions:

𝜇 > 0, 𝛼 + 𝜇 ≥ 0.
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Also 𝛽, a, and b are positive constants, and h(x, t, u,∇u) and 𝜔(x) are real functions that satisfy specific conditions that
will be enunciated later (c.f. A2–A5). In addition, we assume that

(A1) r(.), m(.), and p(.) are given continuous and measurable functions on Ω such that:

2 < r1 ≤ r(x) ≤ r2 < ∞

2 < m1 ≤ m(x) ≤ m2 <∞

2 < p1 ≤ p(x) ≤ p2 < ∞
with

r1 ∶= essin𝑓x∈Ωr(x), r2 ∶= esssupx∈Ωr(x),

m1 ∶= essin𝑓x∈Ωm(x), m2 ∶= esssupx∈Ωm(x),

p1 ∶= essin𝑓x∈Ωp(x), p2 ∶= esssupx∈Ωp(x).

The theory of inverse problems yields a theoretical basis for remote sensing and nondestructive evaluation. Many inverse
problems arise naturally and have important applications in identification of flying objects (airplanes missiles, etc.),
objects immersed in water (submarines, paces of fish, etc.), and in many other situations. As a rule, these problems are
rather difficult to solve for two reasons: They are nonlinear and they are improperly posed (see Isakov and Ramm1,2).

Before going any further, it is worth pointing out some important prior results in the inverse problems. Eden and
Kalantarov3 studied the following inverse problem:

ut − Δu + b(x, t,u,∇u) − |u|pu = F(t)𝜔(x), x ∈ Ω, t > 0

u(x, t) = 0, x ∈ 𝜕Ω, t > 0

u(x, 0) = u0(x), x ∈ Ω

∫Ω
u(x, t)𝜔(x)dx = 𝜙(t), t > 0.

They found conditions on data guaranteeing global nonexistence of solutions when 𝜙(t)≡ 1, also established a stability
result with the opposite sign on the power type nonlinearity and b(x, t, u,∇u)≡ 0. Next Tahamtani and Shahrouzi4 extend
previous results to a Petrovsky inverse source problem (see also Tahamtani and Shahrouzi5). Shahrouzi6 studied the
following damped viscoelastic inverse problem:

utt − ∇[(a0 + a|∇u|m)∇u] + ∫
t

0
e𝜆(t−𝜏)g(t − 𝜏)Δu(𝜏)d𝜏 + but = h(x, t,u,∇u) + |u|pu + 𝑓 (t)𝜔(x), x ∈ Ω, t > 0

u(x, t) = 0, x ∈ Γ, t > 0

u(x, 0) = u0(x), x ∈ Ω

∫Ω
u(x, t)𝜔(x)dx = 1, t > 0,

and proved the blowup of solutions under sufficient conditions on initial functions by using the modified concavity
argument. See, in this regard, Shahrouzi.7,8
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On the other hand, it is known that modeling of some physical phenomena such as flows of electro-rheological
fluids, nonlinear viscoelasticity, and image processing gives rise to equation with nonstandard growth conditions,
that is, equations with variable exponents of nonlinearities. In direct problems, equations with nonlinearities of
variable-exponent type have largely been discussed by several authors. For instant, Antontsev9 considered the equation:

utt = div
(

a(x, t)|∇u|p(x,t)−2∇u
)
+ 𝛼Δut + b(x, t)u|u|𝜎(x,t)−2 + 𝑓 (x, t)

in Ω ⊆ Rn , where 𝛼 > 0 is a constant and a, b, p, 𝜎 are given functions. For specific conditions on a, b, p, 𝜎, the existence
theorems for small and any finite time have been proved, and also blowup of solutions under some suitable conditions
on data has been established. Messaoudi and Talahmeh10 considered the following nonlinear equation with variable
exponents:

utt − div
(|∇u|r(.)−2∇u

)
+ a|ut|m(.)−2ut = b|u|p(.)−2u. (5)

They proved a finite-time blowup result for the solutions with negative initial energy and also certain solutions with
positive energy in appropriate range of m(.), r(.) and p(.). Next, Messaoudi11 studied Equation (6) with a = 1, b = 0 in the
presence of damping term −Δut . He proved several decay results depending on the range of variable exponents m and r.
Recently, Antontsev and Ferreira12 studied a nonlinear class viscoelastic plate equation with a lower order by perturbation
of p⃗(x, t)-Laplace operator of the form

utt + Δ2u − Δp⃗(x,t)u + ∫
t

0
g(t − s)Δu(s)ds − 𝜀Δut + 𝑓 (u) = 0,

associated with initial and Dirichlet–Neumann boundary conditions. Here, Δp⃗(x,t) is the p⃗(x, t)-Laplace operator that
defined as

Δp⃗(x,t)u =
n∑

i=1

𝜕

𝜕xi

(| 𝜕u
𝜕xi

|pi(x,t)−2 𝜕u
𝜕xi

)
, p⃗(x, t) = (p1, p2, … , pn).

They proved a blowup in finite time with negative initial energy under suitable conditions on g, f and the variable exponent
of the p⃗(x, t)-Laplace operator. For more results regarding this matter, we refer the reader to previous studies13–18 and the
review paper.19

Motivated by the aforementioned works, in the present paper, we study a class of elastic inverse source problem with
variable-exponent nonlinearities. As we mentioned before, existence of variable-exponent nonlinearities makes study of
inverse problems difficult. However, we try to extend the previous results7,8 to the inverse problems with variable-exponent
nonlinearities. To the best of our knowledge, this is the first work dealing with inverse source problem subject to the
variable-exponent nonlinearities.

The rest of paper is organized as follows. In Section 2, we recall some definitions and lemmas about the
variable-exponent Lebesgue space, Lp(.)(Ω) , the Sobolev space, W1, p(.)(Ω) , and additional conditions that be used for main
results. In Section 3, we prove the general decay of solutions for appropriate initial data and variable exponents. Finally,
the blowup result has been proved with positive initial energy and suitable conditions on data and variable exponents
when 𝜙(t)≡ 1 and a = 𝛽 = 0, in Section 4.

2 PRELIMINARIES AND MAIN RESULT

In this section, we recall some notations and functionals. We denote by ||.||q the Lq-norm over Ω , and in particular, the
L2-norm is denoted ||.|| in Ω . We shall assume that the functions h(x, t, u,∇u), 𝜔(x) and the functions appearing in the
data satisfy the following conditions:

A(2) |h(x, t,u,∇u)| ≤ M1|u| p(x)
2 + M2|∇u| r(x)

2 ,

with some positive M1, M2 and variable exponents satisfy (A1).
(A3)

u0 ∈ H2
0(Ω) ∩ Lr(.)(Ω) ∩ Lp(.)(Ω), u1 ∈ L2(Ω) ∩ Lm(.)(Ω), ∫Ω

u0(x)𝜔(x)dx = 𝜙(0).

SHAHROUZI1866



(A4)

𝜔 ∈ H2
0(Ω) ∩ Lr(.)(Ω) ∩ Lm(.)(Ω) ∩ Lp(.)(Ω), ∫Ω

𝜔2(x)dx = 1.

In order to study problems (1)–(4), we need some hypotheses and theories about Lebesgue and Sobolev spaces with
variable exponents (for detailed, see, other works20–24). Let p(x)≥1 and measurable, we assume that

C+(Ω) = {h|h ∈ C(Ω), h(x) > 1 𝑓or an𝑦 x ∈ Ω},

h+ = max
Ω

h(x), h− = min
Ω

h(x) for an𝑦 h ∈ C(Ω),

Lp(x)(Ω) =
{

u|u is a measurable real − valued 𝑓unction, ∫Ω
|u(x)|p(x)dx <∞

}
.

We equip the Lebesgue space with a variable exponent, Lp(x)(Ω) , with the following Luxembourg-type norm:

||u||p(x) ∶= inf
{
𝜆 > 0

||||∫Ω

|||| u(x)
𝜆

|p(x)dx ≤ 1
}

Lemma 2.1. Diening et al. and Xianling and Zhang.20,24 Let Ω be a bounded domain in Rn .

(i) The space (Lp(x)(Ω), ||.||p(x)) is a Banach space, and its conjugate space is Lq(x)(Ω) , where 1
q(x)

+ 1
p(x)

= 1. For any
u ∈ Lp(x)(Ω) and v ∈ Lq(x)(Ω) , we have

||||∫Ω
uvdx

|||| ≤
(

1
p− + 1

q−

) ||u||p(x)||v||q(x).
(ii) If p, q ∈ C+(Ω), q(x) ≤ p(x) for any x ∈ Ω, then Lp(x)(Ω) → Lq(x)(Ω) , and the imbedding is continuous.

The variable-exponent Lebesgue Sobolev space W1, p(x)(Ω) is defined by

W 1,p(x)(Ω) = {u ∈ Lp(x)(Ω)|∇uexistsand |∇u| ∈ Lp(x)(Ω)}.

This space is a Banach space with respect to the norm ||u||W1,p(x)(Ω) = ||u||p(x) + ||∇u||p(x). Furthermore, let W 1,p(x)
0 (Ω) be

the closure of C∞
0 (Ω) in W1, p(x)(Ω) . The dual of W 1,p(x)

0 (Ω) is defined as W−1,p′(x)(Ω), by the same way as the usual Sobolev

spaces, where 1
p(x)

+ 1
p′(x)

= 1.
If we define

p∗(x) =

{
Np(x)

esssupx∈Ω(N−p(x))
, p+ < N

∞, p+ ≥ N,

then we have

Lemma 2.2. Diening et al. and Xianling and Zhang.20,24 Let Ω be a bounded domain in Rn then for any measurable
bounded exponent p(x) we have

(i) W1, p(x)(Ω) and W 1,p(x)
0 (Ω) are separable Banach spaces;

(ii) if q ∈ C+(Ω) and q(x)< p∗(x) for any x ∈ Ω, then the imbedding W1, p(x)(Ω) → Lq(x)(Ω) is compact and
continuous;

(iii) if p(x) is uniformly continuous in Ω then there exists a constant C> 0, such that

||u||p(x) ≤ C||∇u||p(x) ∀u ∈ W 1,p(x)
0 (Ω).

By (iii) of Lemma 2.2, we know that the space W 1,p(x)
0 (Ω) has an equivalent norm given by ||u||W1,p(x)(Ω) = ||∇u||p(x).
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We recall the Young's inequality

ab ≤ 𝜃aq(x) + C(𝜃, q(x))bq′(x), a, b ≥ 0, 𝛽 > 0, 1
q(x)

+ 1
q′(x)

= 1, (6)

where C(𝜃, q(x)) = 1
q′(x)

(𝜃q(x))−
q′(x)
q(x) . In special case when 𝜃 = 1

q(x)
, we have from (6)

ab ≤ aq(x)

q(x)
+ bq′(x)

q′(x)
. (7)

Adapting the condition (A4) and multiplying Equation (1) in 𝜔(x), the key observation is that the problems (1)–(4) are
equivalent to the following direct problem:

utt − Δeu − div
(|∇u|r(x)−2∇u

)
+ 𝛽ut + h(x, t,u,∇u) + a|ut|m(x)−2ut = b|u|p(x)−2u + 𝑓 (t)𝜔(x), (x, t) ∈ Ω × (0,∞) (8)

u(x, t) = 𝜕u
𝜕𝜈

(x, t) = 0, (x, t) ∈ 𝜕Ω × (0,∞) (9)

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω (10)

in which the unknown function f (t) is replaced by

𝑓 (t) = 𝜙′′(t) + 𝛽𝜙′(t) + 𝜇∫Ω
∇u∇𝜔(x)dx + (𝛼 + 𝜇)∫Ω

(div u)(div 𝜔(x))dx + ∫Ω
|∇u|r(x)−1∇𝜔(x)dx

+ ∫Ω
h(x, t,u,∇u)𝜔(x)dx + a∫Ω

|ut|m(x)−1𝜔dx − b∫Ω
|u|p(x)−1𝜔(x)dx.

(11)

At this point, we state the local existence of solutions for the problems (1)–(3) that can be established employing the
Galerkin method as in Antontsev.9

Theorem 2.3. (Local existence) Let u0 ∈ W 1,r(.)
0 (Ω), u1 ∈ L2(Ω) and assume that (A1)–(A4) be satisfied, then

problem (1)–(3) have a unique weak solution such that

u ∈ L∞
(
(0,T),W 1,r(.)

0 (Ω)
)
∩ Lp(.)((0,T),Ω), ut ∈ L∞ (

(0,T),L2(Ω)
)
∩ Lm(.)((0,T),Ω),

utt ∈ L∞
(
(0,T),W−1,r′(.)

0 (Ω)
)
,

for any T> 0 and 1
r(.)

+ 1
r′(.)

= 1.

3 GENERAL DECAY

In this section and in order to state and prove our result, we consider b = 0 and h(x, t, u,∇u)≡ 0. The energy associated
with problems (8)–(10) is given by

E(t) = 1
2

(||ut||2 + 𝜇||∇u||2 + (𝛼 + 𝜇)∫Ω
|div u|2dx

)
+ ∫Ω

1
r(x)

|∇u|r(x)dx. (12)

To obtain the exponential decay result, we assume that
(A5)

a ≥ m2 − 1
m2 − 𝜀(m2 − 1)

,
r1(r2 − 1)
r2(r1 − 1)

≤ 𝜀 <
m2

m2 − 1
,

where 𝜀∈ (1, 2).
Our main result in this section reads in the following theorem:
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Theorem 3.1. Let the assumptions (A1) and (A3)–(A5) are satisfied and assume that 𝜇 and 𝛽 are sufficiently large.
Also, suppose that 𝜙, 𝜙′, 𝜙

′ ′ are continuous functions defined on [0, ∞) , such that 𝜙′′ is a bounded function and 𝜙, 𝜙′

tend to zero as t → ∞ . Then the energy E(t) of problems (1)–(4) generally decays to zero along the solution.

To prove the above theorem, we need following Lemmas.

Lemma 3.2. Under the conditions of Theorem 3.1, the energy functional E(t) , defined by (12), satisfies

E′(t) = −𝛽||ut||2 − a∫Ω
|ut|m(x)dx + 𝑓 (t)𝜙′(t). (13)

Proof. Multiplying Equation (8) by ut and performing an integration by parts, we get

dE
dt

(t) + 𝛽||ut||2 + a∫Ω
|ut|m(x)dx = 𝑓 (t)∫Ω

𝜔(x)utdx;

by using integral overdetermination (4), our conclusion follows.

Lemma 3.3. Under the conditions of Theorem 3.1, the function f(t) , defined by (11), for some 𝜀 > 0 satisfies

|𝜙′(t) + 𝜀𝜙(t)|𝑓 (t) ≤ 𝛽𝜀2B2
2

2
||∇u||2 + 𝜀(𝛼 + 𝜇)

2 ∫Ω
|div u|2dx + r2 − 1

r2 ∫Ω
|∇u|r(x)dx + m2 − 1

m2 ∫Ω
|ut|m(x)dx + H(t), (14)

where B2 is the best constant in Poincaré's inequality, and

H(t) = |𝜙′(t) + 𝜀𝜙(t)||𝜙′′(t) + 𝛽𝜙′(t)| + 𝜇2|𝜙′(t) + 𝜀𝜙(t)|2
2𝛽𝜀2B2

2
||∇𝜔||2 + (𝛼 + 𝜇)

2𝜀
|𝜙′(t) + 𝜀𝜙(t)|2∫Ω

|div 𝜔(x)|2dx

+ ∫Ω

|𝜙′(t) + 𝜀𝜙(t)|r(x)
r(x)

|∇𝜔(x)|r(x)dx + ∫Ω

(a|𝜙′(t) + 𝜀𝜙(t)|)m(x)

m(x)
|𝜔(x)|m(x)dx.

(15)

Proof. We have from (11)

|𝜙′(t) + 𝜀𝜙(t)|𝑓 (t) = |𝜙′(t) + 𝜀𝜙(t)|(𝜙′′(t) + 𝛽𝜙′(t)) + 𝜇|𝜙′(t) + 𝜀𝜙(t)|∫Ω
∇u∇𝜔(x)dx + |𝜙′(t)

+ 𝜀𝜙(t)|∫Ω
|∇u|r(x)−1∇𝜔(x)dx + (𝛼 + 𝜇)|𝜙′(t) + 𝜀𝜙(t)|∫Ω

(div u)(div 𝜔(x))dx

+ a|𝜙′(t) + 𝜀𝜙(t)|∫Ω
|ut|m(x)−1𝜔(x)dx.

(16)

By using the Young's inequality and (A1), the last four terms in the right-hand side of (16) can be estimated as
follows:

𝜇|𝜙′(t) + 𝜀𝜙(t)|.|∫Ω
∇u∇𝜔(x)dx| ≤ 𝛽𝜀2B2

2

2
||∇u||2 + 𝜇2|𝜙′(t) + 𝜀𝜙(t)|2

2𝛽𝜀2B2
2

||∇𝜔||2, (17)

|𝜙′(t) + 𝜀𝜙(t)|.|∫Ω
|∇u|r(x)−1∇𝜔(x)dx| ≤ ∫Ω

r(x) − 1
r(x)

|∇u|r(x)dx + ∫Ω

|𝜙′(t) + 𝜀𝜙(t)|r(x)
r(x)

|∇𝜔(x)|r(x)
≤ r2 − 1

r2 ∫Ω
|∇u|r(x)dx + ∫Ω

|𝜙′(t) + 𝜀𝜙(t)|r(x)
r(x)

|∇𝜔(x)|r(x)dx, (18)

(𝛼 + 𝜇)|𝜙′(t) + 𝜀𝜙(t)|.|∫Ω
(div u)(div 𝜔(x))dx| ≤ 𝜀(𝛼 + 𝜇)

2 ∫Ω
|div u|2dx + (𝛼 + 𝜇)

2𝜀
|𝜙′(t) + 𝜀𝜙(t)|2∫Ω

|div 𝜔(x)|2dx, (19)
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a|𝜙′(t) + 𝜀𝜙(t)|.|∫Ω
|ut|m(x)−1𝜔(x)dx| ≤ ∫Ω

m(x) − 1
m(x)

|ut|m(x)dx + ∫Ω

[
a|𝜙′(t) + 𝜀𝜙(t)|]m(x)

m(x)
|𝜔(x)|m(x)dx

≤ m2 − 1
m2 ∫Ω

|∇u|r(x)dx + ∫Ω

[
a|𝜙′(t) + 𝜀𝜙(t)|]m(x)

m(x)
|𝜔(x)|m(x)dx. (20)

Applying estimations (17)–(20) in (16) yields the desired result.

Now define
F(t) = E(t) + 𝜀∫Ω

uutdx, (21)

for some 𝜀> 0.
The following Lemma estimates an appropriate upper bound for F′(t):

Lemma 3.4. Under the assumptions of Theorem 3.1, F(t) satisfies, along the solution, the estimate

F′(t) ≤ −(𝛽
2
− 𝜀)||ut||2 − a

[
1 − 𝜀

(
m2 − 1

m2

)]
∫Ω

|ut|m(x)dx −

(
𝜀𝜇 − 𝜀aC̄

m1
−
𝛽𝜀2B2

2

2

)||∇u||2
−𝜀(𝛼 + 𝜇)∫Ω

|div u|2dx − 𝜀∫Ω
|∇u|r(x)dx + |𝜙′(t) + 𝜀𝜙(t)|𝑓 (t). (22)

Proof. Differentiating (21) with respect to t, we have

F′(t) = −(𝛽 − 𝜀)||ut||2 − a∫Ω
|ut|m(x)dx − 𝜀𝜇||∇u||2 − 𝜀(𝛼 + 𝜇)∫Ω

|div u|2dx − 𝜀∫Ω
|∇u|r(x)dx − 𝜀𝛽∫Ω

uutdx

−𝜀a∫Ω
u|ut|m(x)−1dx +

(
𝜙′(t) + 𝜀𝜙(t)

)
𝑓 (t), (23)

where Lemma 3.2 has been used.
It is easy to see that

𝜀𝛽|∫Ω
uutdx| ≤ 𝛽

2
||ut||2 + 𝛽𝜀2B2

2

2
||∇u||2, (24)

where the Young's inequality (6) has been used.
Again by using the Young's inequality (7) and Cauchy–Schwarz inequality, we get

|∫Ω
u|ut|m(x)−2utdx| ≤ ∫Ω

1
m(x)

|u|m(x)dx + ∫Ω

m(x) − 1
m(x)

|ut|m(x)dx ≤ 1
m1 ∫Ω

|u|m(x)dx + m2 − 1
m2 ∫Ω

|ut|m(x)dx. (25)

Also, let c∗ be the best constant of embedding H1
0 → Lm(.)(Ω), then we have

∫Ω
|u|m(x)dx ≤ max{

(
∫Ω

|u|m(x)dx
) m1

m(x)

,

(
∫Ω

|u|m(x)dx
) m2

m(x)

}

≤ max{cm1
∗ ||∇u||m1 , cm2

∗ ||∇u||m2}

≤ max{cm1
∗ ||∇u||m1−2, cm2

∗ ||∇u||m2−2}||∇u||2 ≤ C||∇u||2.
(26)

Combining (25) with (26), we deduce

|||||∫Ω
u|ut|m(x)−2utdx

||||| ≤ C
m1

||∇u||2 + m2 − 1
m2 ∫Ω

|ut|m(x)dx. (27)

Replacing inequalities (24) and (27) in (23), then the proof of Lemma 3.4 is completed.
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Proof of Theorem 3.1. Inspired by the definition of F(t) and Lemma 3.4, we have for any 𝛿 > 0

F′(t) + 𝛿F(t) ≤ −(𝛽
2
− 𝛿

2
− 𝜀)||ut||2 − a

[
1 − 𝜀(m2 − 1

m2
)
]
∫Ω

|ut|m(x)dx −

(
𝜀𝜇 − 𝛿𝜇

2
− 𝜀aC̄

m1
−
𝛽𝜀2B2

2

2

)||∇u||2

−(𝛼 + 𝜇)
[
𝜀 − 𝛿

2

]
∫Ω

|div u|2dx −
(
𝜀 − 𝛿

r1

)
∫Ω

|∇u|r(x)dx + 𝛿𝜀∫Ω
uutdx + |𝜙′(t) + 𝜀𝜙(t)|𝑓 (t). (28)

Utilizing Cauchy–Schwartz, Poincaré, and Young inequalities to get

𝛿𝜀|∫Ω
uutdx| ≤ a𝜀C

m1B2
2
||u||2 + m1𝛿

2B2
2

4aC
||ut||2 ≤ a𝜀C

m1
||∇u||2 + m1𝛿

2B2
2

4aC
||ut||2. (29)

Combining Lemma 3.3 and (29) with (28) yields

F′(t) + 𝛿F(t) ≤ −
(
𝛽

2
− 𝛿

2
− 𝜀 −

m1𝛿
2B2

2

4aC

)||ut||2 − a
([

1 − 𝜀(m2 − 1
m2

)
]
− m2 − 1

m2

)
∫Ω

|ut|m(x)dx

−
(
𝜀𝜇 − 𝛿𝜇

2
− 2𝜀aC̄

m1
− 𝛽𝜀2B2

2

) ||∇u||2 − (𝛼 + 𝜇)
2

(𝜀 − 𝛿)∫Ω
|div u|2dx

−
(
𝜀 − 𝛿

r1
− r2 − 1

r2

)
∫Ω

|∇u|r(x)dx + H(t). (30)

Consequently, let 𝛿 ∶= 𝜀, then by (A5) and for sufficiently large 𝜇 and 𝛽, we deduce

F′(t) + 𝜀F(t) ≤ H(t), (31)

and so by a simple integration over (t0, t), we get

F(t) ≤ e−𝜀(t−t0)
(

F(t0) + ∫
t

t0

e𝜀(t−t0)H(s)ds
)
. (32)

Since H(t)→ 0 as t→∞ by the condition imposed on 𝜙(t), inequality (32) indicates that the functional F(t) decays to
zero in the sense of 𝜙(t). Thus for some positive C0, the result follows from C0E(t) ≤ F(t), and proof of Theorem 3.1 has
been completed.

4 BLOWUP

In this section, we are going to prove the blowup result for certain solutions with positive initial energy. Our approach in
this section is based on concavity method.6,14 In order to prove this result, we set a = 𝛽 = 0 and 𝜙(t)≡ 1 and define

v(x, t) = e−𝜆tu(x, t). (33)

A direct computation by substituting (33) into the problems (1)–(4) yields

vtt + 2𝜆vt + 𝜆2v − Δev − div
(

e𝜆t(r(x)−2)|∇v|r(x)−2∇v
)
+ e−𝜆th(x, t, e𝜆tv, e𝜆t∇v) = be𝜆t(p(x)−2)|v|p(x)−2v

+ e−𝜆t𝑓 (t)𝜔(x), (x, t) ∈ Ω × (0,∞) (34)

v(x, t) = 𝜕v
𝜕𝜈

= 0, (x, t) ∈ 𝜕Ω × (0,∞) (35)
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v(x, 0) = u0(x), vt(x, 0) = u1(x) − 𝜆u0(x), x ∈ Ω, (36)

∫Ω
v(x, t)𝜔(x)dx = e−𝜆t, t > 0, (37)

where the value of the parameter 𝜆 will be prescribed later.
Similarly, adopting to the condition (A4) and integral overdetermination, the inverse problems (34)–(37) are equivalent

to the direct problems (34)–(36) when the unknown function f (t) is replaced with

𝑓 (t) = 𝜇e𝜆t∫Ω
∇v∇𝜔(x)dx + (𝛼 + 𝜇)e𝜆t∫Ω

(div v)(div 𝜔(x))dx + ∫Ω
e𝜆t(r(x)−1)|∇v|r(x)−1∇𝜔(x)dx

+∫Ω
𝜔(x)h(x, t, e𝜆tv, e𝜆t∇v)dx − b∫Ω

𝜔(x)e𝜆t(p(x)−1)|u|p(x)−1dx. (38)

The energy function related with problems (34)–(36) is given by

E𝜆(t) = ∫Ω

b
p(x)

e𝜆t(p(x)−2)|v|p(x)dx − ∫Ω

1
r(x)

e𝜆t(r(x)−2)|∇v|r(x)dx − 1
2

I(t), (39)

where
I(t) = ||vt||2 + 𝜆2||v||2 + 𝜇||∇v||2 + (𝜆 + 𝜇)∫Ω

|div v|2dx.

Now we are in a position to state our blowup result as follows:

Theorem 4.1. Let the conditions (A1)–(A4) are satisfied. Assume that p1 > 2r2 and E𝜆(0) >
2D1

𝜆(p1+2)
+ D2

2r2
, where

D1 = 𝜇𝜆

p1 − 2
||∇𝜔||2 + 𝜆(𝜆 + 𝜇)

p1 − 2 ∫Ω
|div 𝜔(x)|2dx + ∫Ω

1
r(x)

(𝜆|∇𝜔(x)|)r(x)dx + 𝜆

2
(
√

p2M3
1 +

√
r2M3

2)||𝜔||2
+∫Ω

1
p(x)

(b𝜆|𝜔(x)|)p(x)dx,

D2 = 1
2r2𝜇

||∇𝜔||2 + (𝛼 + 𝜇)
2r2 ∫Ω

|div 𝜔(x)|2dx + ∫Ω

1
r(x)

(|∇𝜔(x)|)r(x)dx + 1
2
√

2
(
√

p2M3
1 +

√
p1M3

2)||𝜔||2
+∫Ω

1
p(x)

(b|𝜔(x)|)p(x)dx.

Then for sufficiently large 𝜆, b there exists a finite time t∗ such that the solution of the problems (1)–(3) blows up in a finite
time, that is, ||u(t)|| → +∞ as t → t∗. (40)

To prove the blowup result, we need the following Lemma.

Lemma 4.2. Under the conditions of Theorem 4.1, the energy functional E𝜆(t) , defined by (39), satisfies

E𝜆(t) ≥ E𝜆(0) −
2D1

𝜆(p1 + 2)
∀t ∈ R+, (41)

Proof. A multiplication of Equation (34) by vt and integrating over Ω gives

E′
𝜆
(t) = 2𝜆||vt||2 + e−𝜆t∫Ω

vth(x, t, e𝜆tv, e𝜆t∇v)dx − 𝜆∫Ω

(r(x) − 2)
r(x)

e𝜆t(r(x)−2)|∇v|r(x)dx

+ b𝜆∫Ω

(p(x) − 2)
p(x)

e𝜆t(p(x)−2)|v|p(x)dx + 𝜆e−2𝜆t𝑓 (t). (42)
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Employing the last equation, we obtain from (39) the following inequality for some 𝜀> 0:

E′
𝜆
(t) − 𝜀E𝜆(t) =

𝜀𝜆2

2
||v||2 + 𝜀𝜇

2
||∇v||2 + 𝜀(𝛼 + 𝜇)

2 ∫Ω
|div v|2dx + (2𝜆 + 𝜀

2
)||vt||2 + e−𝜆t∫Ω

vth(x, t, e𝜆tv, e𝜆t∇v)dx

−∫Ω

[𝜆(r(x) − 2) − 𝜀]
r(x)

e𝜆t(r(x)−2)|∇v|r(x)dx + b∫Ω

[𝜆(p(x) − 2) − 𝜀]
p(x)

e𝜆t(p(x)−2)|v|p(x)dx + 𝜆e−2𝜆t𝑓 (t). (43)

Taking into account (A1) and (38), we deduce

E′
𝜆
(t) − 𝜀E𝜆(t) ≥ 𝜀𝜆2

2
||v||2 + 𝜀𝜇

2
||∇v||2 + 𝜀(𝛼 + 𝜇)

2 ∫Ω
|div v|2dx + (2𝜆 + 𝜀

2
)||vt||2 + e−𝜆t∫Ω

vth(x, t, e𝜆tv, e𝜆t∇v)dx

−[𝜆(r2 − 2) − 𝜀]
r2 ∫Ω

e𝜆t(r(x)−2)|∇v|r(x)dx +
b[𝜆(p1 − 2) − 𝜀]

p1 ∫Ω
e𝜆t(p(x)−2)|v|p(x)dx + 𝜆𝜇e−𝜆t∫Ω

∇v∇𝜔(x)dx

+𝜆(𝛼 + 𝜇)e−𝜆t∫Ω
(div v)(div 𝜔(x))dx + 𝜆e−𝜆t∫Ω

e𝜆t(r(x)−2)|∇v|r(x)−1∇𝜔(x)dx

+𝜆e−2𝜆t∫Ω
𝜔(x)h(x, t, e𝜆tv, e𝜆t∇v)dx − b𝜆e−𝜆t∫Ω

e𝜆t(p(x)−2)|u|p(x)−1𝜔(x)dx. (44)

Now, the terms on the right-hand side of (44) can be estimated as follows. First recalling (A2), Cauchy–Schwarz
inequality, and Young's inequality (6), we get

|e−𝜆t∫Ω
vth(x, t, e𝜆tv, e𝜆t∇v)dx| ≤ M1∫Ω

|vt|.e−𝜆t|e𝜆tv| p(x)
2 dx + M2∫Ω

|vt|.e−𝜆t|e𝜆t∇v| r(x)
2 dx

≤ M1

(
p2

2M2
1

2
||vt||2 + e−2𝜆t

2p2M1 ∫Ω
|e𝜆tv|p(x)dx

)
+ M2

(
r2

2M2
2

2
||vt||2 + e−2𝜆t

2r2M2 ∫Ω
|e𝜆t∇v|r(x)dx

)

≤ (p2
2M3

1 + r2
2M3

2)
2

||vt||2 + 1
2p2 ∫Ω

e𝜆t(p(x)−2)|v|p(x)dx + 1
2r2 ∫Ω

e𝜆t(r(x)−2)|∇v|r(x)dx, (45)

𝜆e−2𝜆t|∫Ω
𝜔(x)h(x, t, e𝜆tv, e𝜆t∇v)dx| ≤ e−2𝜆t

(
M1∫Ω

|e𝜆tv| p(x)
2 .𝜆|𝜔(x)|dx + M2∫Ω

|e𝜆t∇v| r(x)
2 .𝜆|𝜔(x)|dx

)

≤ M1e−2𝜆t

(
1

2p2M1 ∫Ω
|e𝜆tv|p(x)dx +

𝜆2
√

p2M1

2
||𝜔(x)||2) + M2e−2𝜆t

(
1

2r2M2 ∫Ω
|e𝜆t∇v|r(x)dx +

𝜆2
√

r2M2

2
||𝜔(x)||2)

≤ 1
2p2 ∫Ω

e𝜆t(p(x)−2)|v|p(x)dx + 1
2r2 ∫Ω

e𝜆t(r(x)−2)|∇v|r(x)dx + 𝜆2

2

(√
p2M3

1 +
√

r2M3
2

)
e−2𝜆t||𝜔||2. (46)

SHAHROUZI 1873



Also by using Cauchy–Schwarz inequality and Young's inequality (6), we have

𝜆𝜇e−𝜆t|∫Ω
∇v∇𝜔(x)|dx ≤ 𝜀𝜇

2
||∇v||2 + 𝜆2𝜇

2𝜀
e−2𝜆t||∇𝜔||2, (47)

𝜆(𝛼 + 𝜇)e−𝜆t|∫Ω
(div v)(div 𝜔(x))dx| ≤ 𝜀(𝛼 + 𝜇)

2 ∫Ω
|div v|2dx + 𝜆2(𝛼 + 𝜇)e−2𝜆t

2𝜀 ∫Ω
|div 𝜔(x)|2dx. (48)

Using (A1) and Young's inequality (7) yields

𝜆e−𝜆t|∫Ω
e𝜆t(r(x)−2)|∇v|r(x)−1∇𝜔(x)dx| = 𝜆e−2𝜆t|∫Ω

|e𝜆t∇v|r(x)−1∇𝜔(x)dx|

≤ e−2𝜆t
(
∫Ω

r(x) − 1
r(x)

|e𝜆t∇v|r(x)dx + ∫Ω

1
r(x)

|𝜆∇𝜔(x)|r(x)dx
)

≤
(

r2 − 1
r2

)
∫Ω

e𝜆t(r(x)−2)|∇v|r(x)dx + e−2𝜆t∫Ω

1
r(x)

|𝜆∇𝜔(x)|r(x)dx, (49)

b𝜆e−𝜆t|∫Ω
e𝜆t(p(x)−2)|u|p(x)−1𝜔(x)dx| = e−2𝜆t∫Ω

|e𝜆tv|p(x)−1.b𝜆𝜔(x)dx|
≤ e−2𝜆t

(
∫Ω

p(x) − 1
p(x)

|e𝜆tv|p(x)dx + ∫Ω

1
p(x)

|b𝜆𝜔(x)|p(x)dx
)

≤
(

p2 − 1
p2

)
∫Ω

e𝜆t(p(x)−2)|v|p(x)dx + e−2𝜆t∫Ω

1
p(x)

|b𝜆𝜔(x)|p(x)dx. (50)

Combining (45)–(50) with (44) to get

E′
𝜆
(t) − 𝜀E𝜆(t) ≥ 𝜀𝜆2

2
||v||2 + (

2𝜆 + 𝜀

2
− 1

2
(p2

2M3
1 + r2M3

2)
) ||vt||2 +(

𝜀 − 𝜆(r2 − 2)
r2

− 1
)
∫Ω

e𝜆t(r(x)−2)|∇v|r(x)dx

+
(

b[𝜆(p1 − 2) − 𝜀]
p1

− 1
)
∫Ω

e𝜆t(p(x)−2)|v|p(x)dx − e−2𝜆t
(
𝜆2𝜇

2𝜀
||∇𝜔||2 + 𝜆2(𝛼 + 𝜇)

2𝜀 ∫Ω
|div 𝜔(x)|2dx

+∫Ω

1
r(x)

(𝜆|∇𝜔(x)|)r(x)dx + 𝜆

2
(
√

p2M3
1 +

√
r2M3

2)||𝜔||2 + ∫Ω

1
p(x)

(b𝜆|∇𝜔(x)|)p(x)dx
)
. (51)

At this point, we set 𝜀 ∶= 𝜆(p1−2)
2

; therefore, we obtain

E′
𝜆
(t) −

𝜆(p1 − 2)
2

E𝜆(t) ≥ 𝜀𝜆2

2
||v||2 + 1

4
(
𝜆(p1 + 6) − 2(p2

2M3
1 + r2M3

2)
) ||vt||2

+
(
𝜆

2r2
(p1 − 2r2 + 2) − 1

)
∫Ω

e𝜆t(r(x)−2)|∇v|r(x)dx +
(

b𝜆(p1 − 2)
2p2

− 1
)
∫Ω

e𝜆t(p(x)−2)|v|p(x)dx − e−2𝜆tD1, (52)

where D1 satisfied hypotheses of Theorem 4.1.
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Finally, since p1 > 2r2 if we choose 𝜆 sufficiently large as

𝜆 ≥ 𝜆∗ = max
{2(p2

2M3
1 + r2M3

2)
p1 + 6

,
2r2

p1 − 2r2 + 2
,

2p2

b(p1 − 2)

}
,

then we have

E′
𝜆
(t) −

𝜆(p1 − 2)
2

E𝜆(t) ≥ −e−2𝜆tD1. (53)

Integrating (53) between 0 and t, we observe that

E𝜆(t) ≥ E𝜆(0) −
2D1

𝜆(p1 + 2)
, ∀t ≥ 0,

and proof of Lemma 4.1 is complete.

Proof of Theorem 4.1. To obtain the blowup result, the choice of the following functional is standard

𝜓(t) = ||v(t)||2, (54)

then

𝜓 ′(t) = 2∫Ω
vvtdx, (55)

𝜓 ′′(t) = 2∫Ω
vvttdx + 2||vt||2. (56)

A multiplication of Equation (34) by v and integrating over Ω gives

∫Ω
vvttdx = −2𝜆∫Ω

vvtdx − 𝜆2||v||2 − 𝜇||∇v||2 − (𝛼 + 𝜇)∫Ω
|div v|2dx − ∫Ω

e𝜆t(r(x)−2)|∇v|r(x)dx

−e−𝜆t∫Ω
vh(x, t, e𝜆tv, e𝜆t∇v)dx + b∫Ω

e𝜆t(p(x)−2)|v|p(x)dx + e−2𝜆t𝑓 (t). (57)

Utilizing (38) and (39) in (57), for any 𝛿 > 0, we obtain

∫Ω
vvttdx = 𝛿E𝜆(t) − 𝛿b∫Ω

1
p(x)

e𝜆t(p(x)−2)|v|p(x)dx + 𝛿∫Ω

1
r(x)

e𝜆t(r(x)−2)|∇v|r(x)dx + 𝜆2(𝛿
2
− 1)||v||2 + 𝛿

2
||vt||2

+𝜇(𝛿
2
− 1)||∇v||2 + (𝛼 + 𝜇)(𝛿

2
− 1)∫Ω

|div v|2dx − 2𝜆∫Ω
vvtdx − ∫Ω

e𝜆t(r(x)−2)|∇v|r(x)dx

−e−𝜆t∫Ω
vh(x, t, e𝜆tv, e𝜆t∇v)dx + b∫Ω

e𝜆t(p(x)−2)|v|p(x)dx + 𝜇e−𝜆t∫Ω
∇v∇𝜔(x)dx

+(𝛼 + 𝜇)e−𝜆t∫Ω
(div v)(div 𝜔(x))dx + e−𝜆t∫Ω

(e𝜆t(r(x)−2)|∇v|r(x)−1)∇𝜔(x)dx

+e−2𝜆t∫Ω
𝜔(x)h(x, t, e𝜆tv, e𝜆t∇v)dx − be−𝜆t∫Ω

(e𝜆t(p(x)−2)|v|p(x)−1)𝜔(x)dx. (58)

Again, the terms on the right-hand side of (58) can be estimated as follows. Recalling (A2), Cauchy–Schwartz
inequality, and Young's inequality (6), we deduce
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|e−𝜆t∫Ω
vh(x, t, e𝜆tv, e𝜆t∇v)dx| ≤ M1∫Ω

|v|.e−𝜆t|e𝜆tv| p(x)
2 dx + M2∫Ω

|v|.e−𝜆t|e𝜆t∇v| r(x)
2 dx

≤ M1

(
p2

2M2
1

8
||v||2 + 1

p2M1 ∫Ω
e𝜆t(p(x)−2)|v|p(x)dx

)
+ M2

(
p2

1M2
2

8
||v||2 + 1

p1M2 ∫Ω
e𝜆t(r(x)−2)|∇v|r(x)dx

)

≤ (p2
2M3

1 + p2
1M3

2)
8

||v||2 + 1
p2 ∫Ω

e𝜆t(p(x)−2)|v|p(x)dx + 1
p1 ∫Ω

e𝜆t(r(x)−2)|∇v|r(x)dx, (59)

e−2𝜆t|∫Ω
𝜔(x)h(x, t, e𝜆tv, e𝜆t∇v)dx| ≤ e−2𝜆t

(
M1∫Ω

|e𝜆tv| p(x)
2 .|𝜔(x)|dx + M2∫Ω

|e𝜆t∇v| r(x)
2 .|𝜔(x)|dx

)

= M1∫Ω
e−𝜆t|e𝜆tv| p(x)

2 .e−𝜆t𝜔(x)dx + M2∫Ω
e−𝜆t|e𝜆t∇v| r(x)

2 .e−𝜆t𝜔(x)dx

≤ M1

(
1

p2M1 ∫Ω
e𝜆t(p(x)−2)|v|p(x)dx +

√
p2M1e−2𝜆t

2
√

2
||𝜔||2) + M2

(
1

p1M2 ∫Ω
e𝜆t(r(x)−2)|∇v|r(x)dx +

√
p1M2e−2𝜆t

2
√

2
||𝜔||2)

≤ 1
p2 ∫Ω

e𝜆t(p(x)−2)|v|p(x)dx + 1
p1 ∫Ω

e𝜆t(r(x)−2)|∇v|r(x)dx + 1
2
√

2

(√
p2M3

1 +
√

p1M3
2

)
e−2𝜆t||𝜔||2. (60)

Also by using Cauchy–Schwartz inequality and Young's inequality (6), we have

𝜇e−𝜆t|∫Ω
∇v∇𝜔(x)|dx ≤ 𝛿𝜇

4
||∇v||2 + e−2𝜆t

𝛿𝜇
||∇𝜔||2, (61)

(𝛼 + 𝜇)e−𝜆t|∫Ω
(div v)(div 𝜔(x))dx| ≤ 𝛿(𝛼 + 𝜇)

4 ∫Ω
|div v|2dx + (𝛼 + 𝜇)

𝛿
e−2𝜆t∫Ω

|div 𝜔(x)|2dx. (62)

Using (A1) and Young's inequality (7) yields

e−𝜆t|∫Ω
e𝜆t(r(x)−2)|∇v|r(x)−1∇𝜔(x)dx| = e−2𝜆t|∫Ω

|e𝜆t∇v|r(x)−1∇𝜔(x)dx|

≤ e−2𝜆t
(
∫Ω

r(x) − 1
r(x)

|e𝜆t∇v|r(x)dx + ∫Ω

1
r(x)

|∇𝜔|r(x)dx
)

≤
(

r2 − 1
r2

)
∫Ω

e𝜆t(r(x)−2)|∇v|r(x)dx + e−2𝜆t∫Ω

1
r(x)

|∇𝜔|r(x)dx, (63)

be−𝜆t|∫Ω
e𝜆t(p(x)−2)|u|p(x)−1𝜔(x)dx| = e−2𝜆t∫Ω

|e𝜆tv|p(x)−1.b𝜔(x)dx|
≤ e−2𝜆t

(
∫Ω

p(x) − 1
p(x)

|e𝜆tv|p(x)dx + ∫Ω

1
p(x)

|b𝜔|p(x)dx
)

≤
(

p2 − 1
p2

)
∫Ω

e𝜆t(p(x)−2)|v|p(x)dx + e−2𝜆t∫Ω

1
p(x)

|b𝜔(x)|p(x)dx. (64)
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Let 𝛿 ∶= 2r2, then by combining estimations (59)–(64) with (58), we obtain

∫Ω
vvttdx ≥ 2r2E𝜆(t) +

[
𝜆2(r2 − 1) − 1

8
(p2

2M3
1 + p2

1M3
2)
] ||v||2 + r2||vt||2 + 𝜇( r2

2
− 1)||∇v||2

+(𝛼 + 𝜇)( r2

2
− 1)∫Ω

|div v|2dx − 2𝜆∫Ω
vvtdx +

(
p1 − 2r2

p1r2

)
∫Ω

e𝜆t(r(x)−2)|∇v|r(x)dx

+
[

b(p1 − 2r2)
p1

−
p2 + 1

p2

]
∫Ω

e𝜆t(p(x)−2)|v|p(x)dx − e−2𝜆tD2, (65)

where D2 satisfied Theorem 4.1.
Now if we choose

𝜆 ≥ max{𝜆∗,

√
M3

1p2
2 + M3

2p2
1

8(r2 − 1)
}, b ≥ p1(p2 + 1)

p2(p1 − 2r2)
,

then since p1 > 2r2, we deduce

∫Ω
vvttdx ≥ 2r2E𝜆(t) + r2||vt||2 − 2𝜆∫Ω

vvtdx − e−2𝜆tD2. (66)

Now, by using Lemma 4.2 and since E𝜆(0) > 2D1
𝜆(p1+2)

+ D2
2r2

, we get from (66)

∫Ω
vvttdx ≥ −2𝜆∫Ω

vvtdx + r2||vt||2. (67)

By substituting (56) in (67), we get

𝜓 ′′(t) ≥ −4𝜆∫Ω
vvtdx + 2(r2 + 1)||vt||2,

thus

𝜓 ′′(t)𝜓(t) ≥ −2𝜆𝜓 ′(t)𝜓(t) + (r2 + 1)
2

[𝜓 ′(t)]2, (68)

where

[𝜓 ′(t)]2 ≤ 4||vt||2||v||2
has been used.

Hence, the concavity argument gives us

lim
t→t∗

𝜓(t) = ∞;

this yields solutions of problems (34)–(36) blowup in a finite time t∗. Since this system is equivalent to (1)–(4), the
proof of Theorem 4.1 is complete.
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