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1 | INTRODUCTION

In this paper, we study a class of Lamé inverse source problem with
variable-exponent nonlinearities. Under some suitable conditions on the coeffi-
cients and initial data, we proved general decay of solutions when the integral
overdetermination tends to zero as time goes to infinity in appropriate range of
variable exponents. Furthermore, in the absence of damping term, we show that
there are solutions under some conditions on initial data and variable exponents
which blow up in finite time.

KEYWORDS

blowup, general decay, inverse problem, variable exponent

MSC CLASSIFICATION
35B35; 35B44; 35R30

This paper deals with the following Lamé inverse source problem of determining {u(x, ), f(£)}:

Uy — Aot — div (|Vu"72Vu) + pu, + hx, t,u, Vu) + alu " 2u, = blulP®2u + f(Hw(x), (x,1) € QX (0,00) (1)

ulx, t) = 3—t(x, =0, (xt) €0Qx(0,0) 2)
ux,0) = up(x), u(x,0) = u;(x), x € Q 3)
/ ux, Hw(x)dx = ¢(t), t > 0, 4)

Q

where Q C R*(n > 1) isabounded domain. Here, A, denotes the elasticity operator, which is the n X n matrix-valued

differential operator defined by

Aot = pAu + (a + WV(div w), u = Ui, Uy, ... ,up)’,

u and a are the Lamé constants which satisfy the following conditions:

u>0,a+u>0.

1864 | © 2021 John Wiley & Sons, Ltd.

wileyonlinelibrary.com/journal/mma Math Meth Appl Sci. 2022;45:1864-1878.


https://doi.org/10.1002/mma.7891
https://orcid.org/0000-0001-9308-0115

SHAHROUZI W I L EY 1865

Also B, a, and b are positive constants, and h(x, t, u, V u) and w(x) are real functions that satisfy specific conditions that
will be enunciated later (c.f. A2-A5). In addition, we assume that .
(A1) r(.), m(.), and p(.) are given continuous and measurable functions on Q such that:

2<rn<rx)<r<o

2<m; <mx) <m; <o

2<p1 £px) £pr< oo
with
r i=essinf, gr(x), r; = esssup, gr(x),

m; .= essin fxeﬁm(x), my .= esssupxeﬁm(x),

D1 = essinf, gp(X), p2 1= esssup, _gp(x).
The theory of inverse problems yields a theoretical basis for remote sensing and nondestructive evaluation. Many inverse
problems arise naturally and have important applications in identification of flying objects (airplanes missiles, etc.),
objects immersed in water (submarines, paces of fish, etc.), and in many other situations. As a rule, these problems are
rather difficult to solve for two reasons: They are nonlinear and they are improperly posed (see Isakov and Ramm®?).

Before going any further, it is worth pointing out some important prior results in the inverse problems. Eden and
Kalantarov® studied the following inverse problem:

u; — Au+ b(x, t,u, Vu) — [ulPu = FHw(x), x € Q,t >0

ulx,t)=0,x€0Q,t>0
u(x,0) = ug(x), x € Q
/u(x, Hw(x)dx = ¢(t), t > 0.
Q

They found conditions on data guaranteeing global nonexistence of solutions when ¢(#) =1, also established a stability
result with the opposite sign on the power type nonlinearity and b(x, t, u, V u) = 0. Next Tahamtani and Shahrouzi* extend
previous results to a Petrovsky inverse source problem (see also Tahamtani and Shahrouzi®). Shahrouzi® studied the
following damped viscoelastic inverse problem:

t
Uz — Vi(ao + a|Vu|™Vu] + / A g(t — ) Au(r)dr + bu, = h(x, t,u, Vu) + [ulPu+ f(Hw(x), x € Q, t > 0
0

uix,t)=0,xel’,t>0
u(x,0) = ug(x), x € Q
/ ulx, Ho(x)dx =1, t > 0,
Q

and proved the blowup of solutions under sufficient conditions on initial functions by using the modified concavity
argument. See, in this regard, Shahrouzi.”#
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On the other hand, it is known that modeling of some physical phenomena such as flows of electro-rheological
fluids, nonlinear viscoelasticity, and image processing gives rise to equation with nonstandard growth conditions,
that is, equations with variable exponents of nonlinearities. In direct problems, equations with nonlinearities of
variable-exponent type have largely been discussed by several authors. For instant, Antontsev® considered the equation:

ug = div (a(x, )| VulPSI72Vu) + aAu, + bx, Hulul*072 + f(x, 1)

inQ C R",where « >0 is a constant and a, b, p, o are given functions. For specific conditions on a, b, p, o, the existence
theorems for small and any finite time have been proved, and also blowup of solutions under some suitable conditions
on data has been established. Messaoudi and Talahmeh!® considered the following nonlinear equation with variable
exponents:

Uy — div (1Vul"07?Vu) + alu, "0 u, = blulPY%u. (5)

They proved a finite-time blowup result for the solutions with negative initial energy and also certain solutions with
positive energy in appropriate range of m(.), r(.) and p(.). Next, Messaoudi'! studied Equation (6) with a = 1, b = 0 in the
presence of damping term —Au, . He proved several decay results depending on the range of variable exponents m and r.
Recently, Antontsev and Ferreira!? studied a nonlinear class viscoelastic plate equation with a lower order by perturbation
of p(x, t)-Laplace operator of the form

t
Uy + A%u — Ai,(x,t)u + / g(t — s)Au(s)ds — eAuy + f(u) =0,
0

associated with initial and Dirichlet-Neumann boundary conditions. Here, A
defined as

B 1S the D(x, t)-Laplace operator that

N0 (02U =

Ape U = Z;d_xl <|(3_xl-|p 0_>q> , P, ) = (p1.p2, ... ,Pn)-
They proved a blowup in finite time with negative initial energy under suitable conditions on g, fand the variable exponent
of the p(x, t)-Laplace operator. For more results regarding this matter, we refer the reader to previous studies!*!8 and the
review paper.'’

Motivated by the aforementioned works, in the present paper, we study a class of elastic inverse source problem with
variable-exponent nonlinearities. As we mentioned before, existence of variable-exponent nonlinearities makes study of
inverse problems difficult. However, we try to extend the previous results’# to the inverse problems with variable-exponent
nonlinearities. To the best of our knowledge, this is the first work dealing with inverse source problem subject to the
variable-exponent nonlinearities.

The rest of paper is organized as follows. In Section 2, we recall some definitions and lemmas about the
variable-exponent Lebesgue space, LPY(Q) , the Sobolev space, W-P)(Q) , and additional conditions that be used for main
results. In Section 3, we prove the general decay of solutions for appropriate initial data and variable exponents. Finally,
the blowup result has been proved with positive initial energy and suitable conditions on data and variable exponents
when ¢(t)=1and a = p = 0, in Section 4.

2 | PRELIMINARIES AND MAIN RESULT

In this section, we recall some notations and functionals. We denote by ||.||; the L¢-norm over Q , and in particular, the
L?-norm is denoted ||.|| in Q . We shall assume that the functions h(x, t, u, V u), w(x) and the functions appearing in the
data satisfy the following conditions:
A(2)
(x) r(x)
lh(x, £, V)| < Miful™s + My|Vul s,
with some positive M7, M, and variable exponents satisfy (Al).

(43)

Up € H2(Q) N L'(Q) N LPY(Q), uy € L*(Q) N L™(Q), / Uo(X)(x)dx = $(0).
Q
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(A4)

w € Hy(Q)NLVQ) nL"(Q) nLPY(Q), / @*(x)dx = 1.
Q

In order to study problems (1)—-(4), we need some hypotheses and theories about Lebesgue and Sobolev spaces with
variable exponents (for detailed, see, other works?*-24). Let p(x)>1 and measurable, we assume that

C.(Q) = {hlh € C(Q), h(x)>1 for any x € Q},

h* = max h(x), h~ = min h(x) for any h € C(Q),
Q Q

LPOQ) = {ulu is a measurable real — valued function, /lu(x)|P(x)dx < oo} .
Q

We equip the Lebesgue space with a variable exponent, LP®(Q) , with the following Luxembourg-type norm:

J

Lemma 2.1. Diening et al. and Xianling and Zhang.?>?* Let Q be a bounded domain in R" .

”Ll“p(x) = ll’lf{/l >0

? Ip(x)dx < 1}

(i) The space (LPP(Q), ||| p() is a Banach space, and its conjugate space is LI®(Q) , where $ + 1% = 1. For any
u € LPYQ) andv € LI¥(Q), we have

/ uvdx
Q

(ii) Ifp,q € C+(§), q(x) < p(x) forany x € Q, then LPY(Q) — LI®(Q), and the imbedding is continuous.

1 1
<|—+— ”u”p(x)”v”q(x)-
<P_ q_>

The variable-exponent Lebesgue Sobolev space WP¥(Q) is defined by
WPO(Q) = {u € LPY(Q)|Vuexistsand |Vu| € LPO(Q)}.

This space is a Banach space with respect to the norm |[u||wweo@) = [Ullpe + || Vullpe. Furthermore, let W;’p (x)(Q) be

the closure of C3°(Q) in WE-PD(Q) . The dual of Wé P (x)(Q) is defined as W1'®(Q), by the same way as the usual Sobolev
spaces, where L 41

S Ty
If we define

Np—(x) + N
p*(x) = esssup,_ 5 (N—-p(x))’ p<
00, pT >N,

then we have

Lemma 2.2. Diening et al. and Xianling and Zhang.?>?* Let Q be a bounded domain in R" then for any measurable
bounded exponent p(x) we have

1) W-PY(Q) and Wé ™ Q) are separable Banach spaces;
(i) ifq € C+(§) and q(x) < p*(x) for any x € Q, then the imbedding WPX(Q) — LIM(Q) is compact and
continuous;
(iii) if p(x) is uniformly continuous in Q then there exists a constant C > 0, such that

1,
llpeoy < ClVUllpe Y € WoPP (<),

By (iii) of Lemma 2.2, we know that the space W(} P (x)(Q) has an equivalent norm given by ||| w1y = |VUllp-
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We recall the Young's inequality

ab < 0a%% + C(0, gx)b?®, a,b >0, > 0, 1 1

+—— =1,
qx)  q'(x)
! (x)

where C(0, q(x)) = @(eq(x))_%. In special case when 0 =

(6)
L we have from (6)
q(x)

qi®  pa'®

b .
e I 1T

(7)
Adapting the condition (A4) and multiplying Equation (1) in w(x), the key observation is that the problems (1)—(4) are
equivalent to the following direct problem:

U — Aett — div (|Vu"72Vu) + pu, + h(x, t,u, Vu) + alu ™ 2u, = blulP®2u + f(Hw(x), (x,1) € QX (0, )

(®)
ou
u(x,t) = a—(x, ) =0, (x,t) € 02 X (0, 00) 9
v
u(x,0) = up(x), uix,0) = u(x), x € Q (10)
in which the unknown function f(¢) is replaced by

fO=¢"O)+ pP'(t) + u / VuVoXx)dx + (a + 1) / (div u)(div w(x))dx + / [Vu" ™1V o(x)dx
Q Q Q

(11)
+ /h(x, t, u,Vu)a)(x)dx+a/|u[|m(")‘1wdx— b/lulp(x)‘la)(x)dx.
Q Q Q

At this point, we state the local existence of solutions for the problems (1)—(3) that can be established employing the
Galerkin method as in Antontsev.’

Theorem 2.3. (Local existence) Let uy, € Wol’r(')(Q), u; € L*(Q) and assume that (A1)-(A4) be satisfied, then
problem (1)—(3) have a unique weak solution such that
ue L= (0.1, Wy @) n 120, 1), ), u; € L™ (0. T), 13@) n L"(©, T), Q),

forany T>0and - + —— =

Uy € L% ((0, 1), Wo—l,r’(,)(g)) ,
=1
) Q)

3 | GENERAL DECAY

In this section and in order to state and prove our result, we consider b = 0 and h(x, t, u, V u) =0. The energy associated
with problems (8)—(10) is given by

B =1 I|ur||2+ﬂ||Vu||2+(a+M)/|div ul2dx +/L|Vu|’<x>dx.
2 Q r(x)

(12)
Q
To obtain the exponential decay result, we assume that
(A5)
> my — 1 ”’1("2—1)S6< m
my; —e(my—1) r(n-1) my; —1
where € €(1, 2).

Our main result in this section reads in the following theorem:
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Theorem 3.1. Let the assumptions (A1) and (A3)-(A5) are satisfied and assume that y and f are sufficiently large.
Also, suppose that ¢, ¢', qb” are continuous functions defined on [0, ), such that ([)” is a bounded function and ¢, ¢’
tend to zero ast — oo . Then the energy E(t) of problems (1)-(4) generally decays to zero along the solution.

To prove the above theorem, we need following Lemmas.

Lemma 3.2. Under the conditions of Theorem 3.1, the energy functional E(t), defined by (12), satisfies

E'(t) = —pllul® - a/luzlm(x)dx + (O . (13)
Q

Proof. Multiplying Equation (8) by u; and performing an integration by parts, we get

Lo+ plu? +a / " = £(t) / oo
¢ Q Q

by using integral overdetermination (4), our conclusion follows. O

Lemma 3.3. Under the conditions of Theorem 3.1, the function f(t), defined by (11), for some € > 0 satisfies

€’B;

2
Id>(t)+ed>(t)lf(t)<ﬂ 2 Va2 + L / \div ul?dx+ 2= / Vi @dx + T2 1 / " dx + H(p),  (14)

where B is the best constant in Poincaré’s inequality, and

19 (1) + ep(D)|? (a+p) M)

H(t) = |¢'(t) + ep®)||@" () + B’ (1)| + IVoll* +

CED, 41y + epo)? / \div )2

2p€2B; (1)
! r(x) / m(x)
+ |9 (1) + (D) V(o) @ dx + / (al@'(®) + ep()]) ()| dx.
o () Q m(x)
Proof. We have from (11)
|’ (1) + ep(O f (1) = |/ (1) + ep(D(@" (t) + ' () + uld' () + ()] / VuVa(x)dx + |¢'(t)
Q
+ed(d)] / [Vu|" OV eo(x)dx + (a + u)| @' (t) + ep(t)) / div w)(div w(x))dx (16)
Q Q

+alg'(t) + e(0)] / |ue | wo(x)dx.
Q

By using the Young's inequality and (A1), the last four terms in the right-hand side of (16) can be estimated as

follows:
2

B?
2 2
2|\Vul? +
2 11Vul

2 / 2
Ul () + (0| / Vuvo@d <2 1P + e(0)
Q

2ﬂ£ZB§

IVoll?, a7

— / r(x)
|¢'(t) + ep(D)].| / [Vu|" =V o(x)dx| < / reo-1 )1|Vu|’(x)dx+ / LACKZ Ol |Var(x)|"™
Q Q

o rx r(x)
— / r(x)
<ol / Vu @y [ 1P OFELOIT G irogy, (18)
rJo Q r(x)

(@+ W10 +ed(O)].| / (v widv o)y < LY / jdiv e+ D 1400) + crol? / div o)2dx, (19)
Q Q
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’ m(x)—1 mx)—=1 0 [ald),(t) + Sd)(t)” "
a|¢(t)+e¢(t)|.|/|u,| w(0)dx| S/—lutl dx+/
Q o mX) Q m(x)
my— 1 [al¢’®) + p0)]] ™
< / [Vu|"@dx + / | ()| ™ dx. (20)
m; Ja Q m(x)
Applying estimations (17)-(20) in (16) yields the desired result. O
Now define
F(t)y=EQ®) +¢ / uudx, 1)
Q
for some £ > 0.
The following Lemma estimates an appropriate upper bound for F'(t):
Lemma 3.4. Under the assumptions of Theorem 3.1, F(t) satisfies, along the solution, the estimate
2p2
F'(t) < —(g —ollwl’-a [1 —s< >] /Iu " Sedx — < en - % E
—&(a + p) / |div ul*dx — e / |Vul"@dx + |¢/(£) + ep(®)] (1) (22)
Q Q
Proof. Differentiating (21) with respect to ¢, we have
F©) === ellull = a | lul™ds = el Vul? ~ e(a+ ) [ Idiv ulde— e | (Vul@de—ep [ uns
Q Q Q
—ea / ulue "0 dx + (¢'(0) + (D) £(©), (23)
Q
where Lemma 3.2 has been used.
It is easy to see that
pe’B?
el [ wncts] < Sl + =52 v (24)
o 2 2

where the Young's inequality (6) has been used.
Again by using the Young's inequality (7) and Cauchy-Schwarz inequality, we get

_ 1 m(x) —
|/u|u[|m(x) 2uldx| S/ |u|m(x)dx+ (x) | |m(x)dx< /lulm(x)iJ +
Q am(x)

o mX)

Also, let c, be the best constant of embedding H} — L™(Q), then we have

/|u|”‘(x)dx<max{</|u|m(x)dx> </|u|m(x)dx> m}

< max{c; || Vul™, ¢ | Vull ™)

< max{ e} | Vul|™ 72, & [ Vull ™2 | Vull® < ClIVull®.

Combining (25) with (26), we deduce

E m;—1
< —|IVul]? + —— [ |u,|"¥dx.
m my Q

u|u, |02y, dx
Q

Replacing inequalities (24) and (27) in (23), then the proof of Lemma 3.4 is completed.

/ lu |"@dx.  (25)
Q

(26)

(27
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Proof of Theorem 3.1. Inspired by the definition of F(¢) and Lemma 3.4, we have for any § > 0

5 m, — 1 e 5 C Pe’B;
F’<r>+6F<t>s—<£—5—e>||ut||2—a[1—e<;—2>]/|ut| ”dx—(eu—?"—i——z I Vul)?
Q

2 ms 2
—(a+p) [5 - g] /ldiv ul|*dx — <g - ré> /|Vu|’()‘)dx+ Se/uutdx+ |’ (t) + ep(D)| £ (2). (28)
Q 1 Q Q
Utilizing Cauchy-Schwartz, Poincaré, and Young inequalities to get
C m,6*B2 C m,6%B2
58|/uutdx| < €2+ 2 2 < S Vg 2 (29)
Q mB; 4aC m 4aC

Combining Lemma 3.3 and (29) with (28) yields

m,6%B? _ _
F’(t)+5F(t)§—<é—é—e— ! _2>||ut||2—a<[1—e(m2 1)] _ M 1>/|u1|m(x)dx
2 2 44C m m; Q

1 2eaC a+ .
- <e,u 2 ;—a - pezB§> IVull? - %(e - 5)/|dw ul2dx
Q

- <£ _8 = 1> /|Vu|’(x)dx+H(t). (30)
ry Q
Consequently, let § := ¢, then by (A5) and for sufficiently large 4 and g, we deduce
F'(t) + eF(1) < H(®), (31)

and so by a simple integration over (o, t), we get

t
F(t) < g0t <F(t0)+ / eé“‘fo)H(s)ds). (32)

[0
Since H(t) — 0 as t —» oo by the condition imposed on ¢(¢), inequality (32) indicates that the functional F(t) decays to

zero in the sense of ¢(t). Thus for some positive Cy, the result follows from CyE(t) < F(t), and proof of Theorem 3.1 has
been completed.

4 | BLOWUP

In this section, we are going to prove the blowup result for certain solutions with positive initial energy. Our approach in
this section is based on concavity method.®'* In order to prove this result, we set a = § = 0 and ¢(¢) =1 and define

vx, t) = e Mu(x, t). (33)
A direct computation by substituting (33) into the problems (1)-(4) yields
Vi + 240 + A% — Apv — div (e | Wy "2y 4 e~ h(x, 1, €My, e V) = be P2 |y|Po=2y
+e M f(Hwx), (x,1) € Q% (0, ) (34)

v(x, ) = Z—v =0, (x,t) € 0Q X (0, ) (35)

Vv
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v(x, 0) = ug(x), vi(x, 0) = uy(x) — Augp(x), xeQ, (36)

/ vix, Ho(x)dx = e, t>0, (37)
Q
where the value of the parameter A will be prescribed later.

Similarly, adopting to the condition (A4) and integral overdetermination, the inverse problems (34)-(37) are equivalent
to the direct problems (34)-(36) when the unknown function f(¢) is replaced with

ft) = pe* / VuVeo)dx + (o + p)e / (div v)(div w(x))dx + / M= vy -1y g (x)dx
Q Q Q

+ / w(X)h(x, t,e*v, e*Vv)dx — b / @(x)eM PO~ |PE-1 gy, (38)
Q Q
The energy function related with problems (34)—(36) is given by

Eﬂ(t)z-/ b MPe)— Z)IVIP(X)dx / /lt(r(x)—2)|vv|r(x)dx_ ll(t), (39)
apx ¢ r(x) 2

where
I(t) = |vll” + A NI1* + ullVvIl* + (4 + ﬂ)/ldiv v|dx.
Q

Now we are in a position to state our blowup result as follows:

2,
A(p,+2)

_H4 2 A4+ p) . 2 1 r(x) A 3 3 2
= p—2||V60|| + o2 Q|dW ()| "dx + Q@(MVW(X)D dx+ 2/ pM; + 4/ M)

+ [ sl
obP

Theorem 4.1. Let the conditions (A1)-(A4) are satisfied. Assume that p, > 2r, and E;(0) > + =2 where

5
Dy = Vol + S [ woiar+ [ i Vo + Lty ot +pD
+ [ slow s
oP(X)

Then for sufficiently large A, b there exists a finite time t* such that the solution of the problems (1)-(3) blows up in a finite
time, that is,
[[u@®|| » +coast — t*. (40)

To prove the blowup result, we need the following Lemma.

Lemma 4.2. Under the conditions of Theorem 4.1, the energy functional E;(t) , defined by (39), satisfies

2D,

— vt € R*, 41
Ap1 +2) @D

E;(t) > E;(0) —

Proof. A multiplication of Equation (34) by v, and integrating over Q gives

2
E/(6) = 2A|lv1* + e"”/vth(x t,e*v, e Vv)dx — A —(r(xz ) ) eMr™=2) | 7y |"®dx
Q

+ bﬂ/ (p(x) - 2) e,{[(p(x)—z)lvlp(x)dx + ),e_ZMf(t). (42)
o P
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Employing the last equation, we obtain from (39) the following inequality for some £ > 0:

2
E(t) — eEx(D) = %nvu2 + ‘%"nwnz + W/ldiv v|2dx + (24 + §)||v,||2 + e"”/vlh(x, t, ey, e Vv)dx
Q Q

- / ) = 2) = €] -2 gyt + b / PO —2) = €] ey piy 4 2e72% £ s, 3)
Q r(x) Q px)

Taking into account (A1) and (38), we deduce

2 +
E\(t) — eEx(H) 2 %uvu2 + %”uwnz + y/ldiv v|2dx + 24 + §)||vt||2 + e""/v[h(x, t, ey, eM'Vv)dx
Q Q

_n=2) =€l / HMII=D vy ") dy A D)~ / PO PO 4 fpe / VuVa(x)dx
2 Q P Q Q

+Ma+ pe / (div v)(div w(x))dx + le™* / eMr=2) | vy | " ®-1y go(x)dx
Q Q

+e™H / o(X)h(x, t, e*v, e’ Vv)dx — bie™* / M2y [P () dx. (44
Q Q

Now, the terms on the right-hand side of (44) can be estimated as follows. First recalling (A2), Cauchy-Schwarz
inequality, and Young's inequality (6), we get

ey _ S
|e"“/v,h(x, t, e*'v, e Vv)dx| §M1/|vt|.e‘“|e’“v| 2 dx+M2/|v,|.e “1eMVy| = dx
Q Q o

212

2A02
psM —24t r2M —24t
<M [ Z L+ < /|e“v|P<X>dx My [ 22t + £ /le’“Vvl’(")dx
2 2p2M1 Q 2 2V2M2 Q

( 2M3 +r2M3)
< —p2 1 22 [lvell? + L/eit@(X)—2)|v|p(X)dx+ L/eif(r(X)—Z)wwr(X)dx, (45)
2 2p2 Ja 2r Jo

Je M) / w)h(x, t, e, e Vv)dx| < e (Ml / 9] Alw(o)ldx + M; / Ie“VvI%ﬂIco(x)ldX>
Q Q Q

A2y/paM; /P—\/DA/IZIICO(X)HZ)

1 1
<Me M| —— [ 1e*PPdx + ———|lo®)||* | + Mae 2| —— [ [ Vv]"@dx +
<M oo, Q| | > loCol 2 I, Q| | 3

2
< L [ ere-2pypeogy . L / -1y + 2 (3 poM 4 [raM3 ) e o). (46)
2p2 Q 2r2 Q 2
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Also by using Cauchy-Schwarz inequality and Young's inequality (6), we have

2
e / ViVaololdx < 2 ||Vv||2 e (47)
.S

2 —2At
Aa + e / (div v)(div w0o)dx] < 20T / \div v[2dx + 2@ meT / div w(0)|?dx. (48)
Q 2 Q 2e Q

Using (A1) and Young's inequality (7) yields

Ae M| / MDYy OV () dx| = AeH| / le* V"™~ Vo (x)dx]|
Q Q

<o ( / M~ 1oty + / L|,1Vco(x)|r<">dx>
o 1) o)

< (rz - 1> /e,it(r(x)—z)lvvlr(x)dx_i_ e'”t/LMVa)(x)V(x)dx, (49)
p) Q Q)

e"“|/e’”(p(x)‘2)|u|P(x)‘1a)(x)dx| = e‘z’“/|e’“v|"(")‘1.bﬂa)(x)dx|
Q Q

< e < / PO Lty g 4 / L|b,1w(x)|"<">dx>
o PX) op(x)

-1

< <p—2 ) / MWDy P e 4 g2t / b Aeo(x) PWdx. (50)
P2 Q op(x)

Combining (45)-(50) with (44) to get

2 —Ar, -2
E'(t) — eEx(t) > —E; lv||> + (2/1 += - —(p2M3 + rzMg)) lvell? + (—5 (:2 ) _ 1) /e“<’<X>—2>|Vv|’<x>dx
2 Q

b[A 2) — 2 2
< [ (p1 )l 1) /e“(p(x)‘z)lvﬁ’(")dx —e M </1—M||Va)||2 + Hatn M)/ldiv w(x)|*dx
Q 2e 2e Q

+/L(/1IVw(X)I)’(x)dX+ 4( PaM; + /1 M3)|wl|* + —(bﬁIVw(X)I)"(")dX> (51)
LAY 2 x)
At this point, we set € := Mp A=), therefore, we obtain

/ A(p1—=2) 2, 2013 3 2

E}(t) = ———E;(t) > 5 2 upi + (A(pl +6) = 2(p3M; + 12M3)) [Ivll

-2
" <i<p1 Can 42— 1) [ <—“(p1 ) 1) [t - e,
2r, o 2p; Q

where D, satisfied hypotheses of Theorem 4.1.
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Finally, since p; > 2r, if we choose A sufficiently large as

i ma [ 2EMIATMY o 2p
p1+6 p1—2r+2 b(p; —2)
then we have
Apr =2
E\(t) - %Em) > —¢ 24D, (53)

Integrating (53) between 0 and ¢, we observe that

2D,

Ej(t) > E»(0) - m, vVt >

bl

and proof of Lemma 4.1 is complete. O

Proof of Theorem 4.1. To obtain the blowup result, the choice of the following functional is standard

w(® = vll?, (54)
then
() =2 / wdx, (55)
Q
V0 =2 / W + 2{ell% (56)
Q

A multiplication of Equation (34) by v and integrating over Q gives

/vvndx = —2/1/vvtdx = Z2II* = pllVvl* = (a + u)/ldiv v|%dx — /e“(’(x)‘z)Wvl’(")dx
Q o o o

—e M / Vh(x, t, e, e Vv)dx + b / eHMPE=2) |y |POdx 4 24 £ (1), (57)
Q Q
Utilizing (38) and (39) in (57), for any é > 0, we obtain

/ Wydx = 8E,(f) — 6b / L pto-2)1,p) g 4 5 / L o102y 0y + 222 Z 1) vl? + Sl
Q aPp(X) o) 2 2

+,u(é —D[IVV|I* + (a + ;4)(é - 1)/|div v|%dx — Zﬂ/vv[dx - /e'“(’(x)‘z)Wvl’(x)dx
2 2 Q Q Q
—e / vh(x, t, e*v, e Vv)dx + b / eMPX=D) |y PO dx 4 ye M / VuVo(x)dx
Q Q Q
+(a 4 p)e / (div v)(div w(x))dx + e~ / (M= | vy ")V o(x)dx
Q Q

_i_e—let/w(x)h(x7 t e/ltv, eMVv)dx _ be—ﬂt/(eﬁt(p(X)—Z)|v|P(X)—1)w(x)dx. (58)
Q Q

Again, the terms on the right-hand side of (58) can be estimated as follows. Recalling (A2), Cauchy-Schwartz
inequality, and Young's inequality (6), we deduce
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20 )
|e"”/vh(x, t, e, eMVv)dx]| le/Ivl.e‘Mle’“vl 2 dx+M2/|v|.e"”|e’“Vv| 2 dx
Q Q Q

2M2 2M2
<M, h”vHZ + ;/eﬂt(p<x)—2)|v|p(x)dx + M, P vl + 1 /eﬂt(r(X)—2)|Vv|r(x)dx
8 P2Mi Jg 8 M Jq

273 Ve
< (ple ;leZ)”V”z + l/eit(p(x)—2)|v|p(x)dx+ l/e/lr(r(x)—z)lvwr(x)dx’ (59)
P2 Ja Pi1Ja

e‘“ﬂ/w(x)h(x, t,e*v, e Vv)dx| < e” <M1/|e’”v|¥.|w(x)|dx+M2/|e’”Vv|%.|w(x)|dx>
Q Q Q

o _ o
=M1/e"”|e’”v| 2 e ’“co(x)dx+M2/e ety 2 e M w(x)dx
Q Q

Mje 24 Moot
<M, L/em<p(x>—2)|v|p(x>dx+ pz—lnwuz +M, L/e“(’(")_z)|Vv|’(x)dx+ —Vp12||a,||2
Q Q 2\/5

p2My 2¢/2 p1M>

<> / MWD |y P gy 4 L / MO0 gy 4 L (w/ paM3 +4/ leg) e M|l (60)
P2Ja P1Ja 2\/5

Also by using Cauchy-Schwartz inequality and Young's inequality (6), we have

Yy ou , e 2
ue ™| [ VwVo)|dx < —||Vv||” + —|| V||, (61)
Q 4 ou

(@ + we | / (div V)(div wo)dx| < w / |div v|?dx + (“Jg—”)e—w / |div w(x)|?dx. (62)
Q Q Q

Using (A1) and Young's inequality (7) yields

e—ﬁtl/elt(r(x)—Z)|Vv|r(x)—lvw(x)dx| — e—Zﬂtl/|e/ltvv|r(x)—lvw(x)dx|
Q Q

< g2 </ re) -1 e V| @ dx + /walr(x)dx)
o ) ()
r—1 Ar00—-2) o) 2t 1 ()
< | = e [Vv|"™Pdx + e —|Vo|"Mdx, (63)
ra Q ()
be 1| / APCI=2) |y PO~ ) x| = =2 / |e* V[P~ beo(x)dx|
Q Q

< o2 (/p(x) -1 M |PD dx + /L|bw|l’(x>dx>
o PX) QPpX)

-1
< <p—2 > / HPW-2) | POy 4 g2 / L booo)P9dx. (64)
D2 Q aPp™)
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Let § := 2r,, then by combining estimations (59)-(64) with (58), we obtain

1 r
/ wudx 2 2B, + |22 = 1 = S0IM + I IV + ol + w2 = DIV
Q

-2
a+ )2 - 1)/|div v|?dx — Zi/vvtdx+ <u> /e’“(r(x)‘z)lvwr(x)dx
2 Q Q pir2 Q

+ [b(Pl —2r;) _patl
b1 D2

where D, satisfied Theorem 4.1.
Now if we choose

/ellt(p(x)—Z)lv'p(x)dx _ e—ZMDZ, (65)
Q

Mip; +Mpi, o D2t D)

A > max{A*, ,b> )
8(r—1) Dp2(p1 — 2r2)
then since p; > 2r,, we deduce
/vvndx > 2nE,(t) + r2|[vel]? — Zﬂ/vv,dx —e 24D, (66)
Q Q
Now, by using Lemma 4.2 and since E;(0) > D &, we get from (66)

A(p1+2) 2r,

/vvt,dx > —22/vv,dx+ rallvel|?. (67)
Q Q

By substituting (56) in (67), we get

v (t) > —4/1/vvtdx +2(r, + D|vell?,
Q

thus

1

v’ (O, (68)
where
' (O < 4wl |v]|?

has been used.
Hence, the concavity argument gives us

limy (£) = oo;

this yields solutions of problems (34)-(36) blowup in a finite time t*. Since this system is equivalent to (1)-(4), the
proof of Theorem 4.1 is complete. O
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