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A B S T R A C T

This paper presents numerical simulation of the heat storage problem via a conductive block containing a phase 
change material (PCM) placed inside a nanofluid. Energy storage during combined heat transfer using PCMs is a 
critical issue in modern thermal systems. In this research, natural convection and radiation mechanisms are 
examined inside the two-dimensional medium filled with water-Al2O3 nanofluid by considering the real radi
ation properties of nanoparticles in the governing equations. The radiation presence is assumed in the partici
pating medium to investigate its effects on the temperature distribution and phase change propagation. 
Numerical calculations are carried out utilizing the full lattice Boltzmann method (LBM). The variation of pa
rameters such as the Planck number, Rayleigh number, block size and nanofluid concentration is studied. The 
results show that volumetric radiation can enhance the phase change by >50 % compared to pure natural 
convection. However, the radiation effects decrease with increasing Planck number and block size. Moreover, 
increasing the nanofluid concentration from 0.1 % to 0.3 % reduces the liquid fraction by up to 5.5 % due to its 
absorbing and scattering properties. The findings confirm that LBM simulation can reveal the influences of 
integrating volumetric radiation into PCM block-nanofluid systems, providing applicable insights for the design 
of energy storage and thermal management systems.

1. Introduction

Thermal energy storage and thermal management are topics of in
terest in many thermal engineering systems such as solar power, bat
teries, equipment cooling and air conditioning. Critical factors such as 
cost and environmental issues should be considered in the efficient 
design of these systems. One of the most appropriate methods to 
improve energy management in thermal systems is the use of phase 
change materials (PCMs). These materials benefit from the advantages 
of storing and releasing large amounts of energy during phase change.

Therefore, it has caused them to be proposed as energy storage. 
Desirable characteristics such as high energy density, suitable melting 
temperature for the intended application, high latent heat, properties 
stability, and reasonable cost have increased the tendency to use phase 
change materials. Over the past decade, there has been a notable in
crease in research publications focusing on PCMs for engineering ap
plications including solar energy storage, electronic cooling, air 
conditioning, batteries etc. [1–3].

In previous investigations, heat transfer examination in the presence 
of a PCM block has always been the main focus of researchers due to its 
high compatibility with the practical concerns of energy systems. Seli
mefendigil and coworkers [4] investigated natural convection in a two- 
dimensional cavity filled with a nanofluid and a PCM block. A conduc
tive partition was attached to the right wall in the presence of an in
clined magnetic force. It was found that the increasing of thermal 
conductivity ratio and decreasing the height of the PCM block improved 
average and local heat transfer.

Boujelbene et al. [5] numerically examined the thermal behavior of 
an inclined heat sink by considering metal fins placed into PCM to 
improve thermal conductivity. This study showed that tree-shaped fins 
can create temperature uniformity in the heat sink. Also, the melting 
rate for fins with different shapes depends on the inclination angle of the 
device. Oztop et al. [6] analyzed the opening parameters effects on the 
natural convection in a partially open enclosure during melting of the 
PCM block inserted into it. Also, the bottom wall is covered by a finned 
heater. It was observed that a fully open cavity notably influences the 
dynamic of phase change while this effect reduces for a cavity with a 
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partially open geometry.
A numerical study about storing of thermal energy from a fined 

heater using various PCMs in a rectangular close medium was conducted 
by Oztop and coworkers [7]. The effects of physical and geometrical 
parameters were studied and the results indicated that different types of 
PCM can significantly change the total melting time, consequently, 
performance of the system. Bondareva and Shermet [8] analyzed the 
heat transfer of a wall with a multi-PCM block to build a renewable 
energy consuming system. The effects of different PCMs and locations 
were explored. The finding showed that a higher number of PCM blocks 
with fixed volume decreases the time of the phase transition process. 
Boujalbaneh et al. [9] studied PCMs in a vertical cavity with solid fins 
and differential heating, assuming non-Newtonian fluid flow. They 

found that increasing the number of solid fins significantly reduced the 
melting time and improved the phase change process near the fins.

Oztop et al. [10] numerically investigated the melting and natural 
convection of two nanofluids in a divided domain with nano-enhanced 
PCMs block. The nanoparticle volume fraction and a Grashof number 
were considered to control flow and thermal fields. It was concluded 
that the thermal gradient in the domain affects the melting layer 
thickness and a higher Grashof number is better for improving thermal 
energy storage.

Researchers have always been looking for ways to improve heat 
transfer in the thermal storage problem with and without PCM blocks in 
the working fluid. One of the ways to increase heat transfer and improve 
the performance of energy storage systems is to use nanoparticles. For 

Nomenclature

c speed of light
C lattice speed
Cs speed of sound
Cp specific heat
D nanoparticle diameter
En local enthalpy
e→i velocity in discrete direction i
fl liquid fraction
fi particle distribution function for velocity field
f (eq)i equilibrium distribution function for velocity field
gi particle distribution function for thermal field
g(eq)i equilibrium distributionfunction for thermal field
gy gravitational acceleration
Fo Fourier number
G incident radiation
H height and width of enclosure
I intensity
Ib black body intensity, σT4/π
Ii particle distribution function for radiative heat transfer
I(eq)i equilibrium distribution function for radiative heat 

transfer
J̇i buoyant body force term
k thermal conductivity
l height and width of PCM block
Lf latent heat
Ma Mach number
m relative refractive index
N refractive index
n→ outer normal unit vector
Nu Nusselt number
P scattering phase function
Pl plank number
Pr Prandtl number
Qabs absorption efficiency
Qext extinction efficiency
Qabs scattering efficiency
q→R radiative heat flux
R ideal gas constant
Ra Rayleigh number
Rk ratio of thermal conductivity
r→ position vector
s geometric distance
t time
St Stefan number
T temperature

u→ macroscopic velocity vector
U,V dimensionless velocity components
w weight
wg radiative weight
x,y x- and y-coordinate system
X,Y dimensionless coordinate of the 2D rectangular enclosure

Greek symbols
α thermal diffusion
β extinction coefficient
βt coefficient of thermal expansion
γ polar angle
δ azimuthal angel
ε emissivity of radiative wall
θ dimensionless temperature
κa absorption coefficient
κ complex component of the refractive index
ν kinematic viscosity
ρ density
σ Stefan-Boltzmann constant
σs scattering coefficient
ϕ volume fraction
χ size factor
λ wave length
μ dynamic viscosity
τi relaxation time for radiation
τt relaxation time for thermal field
τν relaxation time for velocity field
ω scattering albedo
Ω direction, (γ, δ)
ΔΩ solid angel,sinγdγdδ
Δt time step
Δx space step

Subscripts
b black
C cold
f fluid
H hot
i index for the discrete direction
m melting point
nf nanofluid
p particle
s solid phase
w wall
y y-direction

Superscripts
(eq) equilibrium
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this purpose, nanofluids were introduced, which are created by adding a 
certain amount of nanoparticles to a base fluid [11,12]. Adding nano
particles to the base fluid alters its thermophysical properties, leading to 
modifications in fluid flow characteristics. For example, the presence of 
nanoparticles increases the effective viscosity and thermal conductivity, 
which can affect convective flow at higher concentrations.

Moreover, the optical properties of nanoparticles influence the way 
radiation interacts with the fluid and subsequently changes the 
convective flow structures [13,14]. Consequently, nanofluids create a 
coupled radiative-convective system that differs fundamentally from 
conventional pure fluids in terms of both flow patterns and thermal 
behavior. Therefore, many studies have been conducted on the nano
fluid effects in energy management and engineering applications 
[13,15]. It should be noted that in most of these studies, radiative 
transfer has been omitted or approximations such as the Roseland model 
have been used for its effect. So, the results are inconsistent with the real 
conditions and it may cause errors in the analysis.

Furthermore, the natural convection heat transfer of laminar flow is 
usually low, so radiative heat transfer can be compared to this mecha
nism even at moderate temperatures (i.e., in the melting temperature 
range of PCMs). On the other hand, nanoparticles have optical proper
ties that absorb, emit, and scatter radiation waves. Accordingly, nano
fluids create a radiation-participating media that should be considered 
in numerical investigations.

Numerical simulations of volumetric radiation have always faced 
various issues due to their high complexity and considering a spherical 
space, which has caused the solution time to increase significantly. In 
the last decade, Mishra et al. [16–18] presented the Lattice Boltzmann 
method (LBM) to solve the radiation transfer equation (RTE) in the 
medium that absorbs, emits and scatters thermal radiation. The results 
reported in the previous articles showed that this method can provide 
accurate results in solving the radiation equation and also reduce the 
calculation time noticeably.

The LBM has other advantages including the ability to solve fluid 
flow and heat transfer equations and simplicity in programming. 
Ahmadi Tighchi et al. [19–21] utilized the LBM to simulate the com
bined problem of natural convection and volumetric radiation in two- 
dimensional enclosures and showed that this method has a suitable 
ability to solve the coupled equations of flow, temperature and radia
tion. Also, Esfahani and coworkers [22,23] used this method for the first 
time to solve convection heat transfer and volumetric radiation 
considering the real optical properties of nanoparticles and reported 
novel results. This method is still of interest in recent years so re
searchers have solved the RTE coupled with other equations using the 
LBM and have presented the analysis of various physical domains 
[24,25].

Despite extensive research on PCM block-based energy storage sys
tems, the role of volumetric radiation in nanoparticle-enhanced heat 
transfer processes remains underexplored. Therefore, this research 
focused for the first time on the thermal energy storage system of PCM 
blocks with regard to volumetric radiation and natural convection 
considering the impacts of the absorbing, scattering and emitting 
properties of nanofluids. This study pioneers the use of a robust full LBM 
to solve all the governing equations of the considered system, including 
RTE. Consequently, both the upcoming issues, i.e. Roseland approxi
mation errors and the time-consuming nature of complex numerical 
methods, will be resolved. The results include radiation presence, Planck 
number variations, block size, and nanofluid concentration effects that 
can be used in the engineering design of energy storage and thermal 
management systems that utilize nanofluids and PCM blocks.

2. Problem statement

One of the applications of phase change materials is to use them in 
solar systems as energy storage. In these systems, with the use of PCMs, 
not only energy is stored during the day, but also the excessive increase 

in temperature is prevented, and then the stored energy is used during 
the night when the outside air is cooler. The considered system has a 
heat absorbing part assuming a high temperature on the inner surface 
and a cold surface with a low temperature for heat transfer to a cold 
space and the rest of the surfaces are insulated. The PCM block is located 
in the center of the system, around which nanofluid is used to improve 
heat transfer. The conjugate of natural convection and radiative heat 
transfer in nanofluid media with conducting PCM block is occurred 
during heat transfer from the hot wall to the cold wall. There is no heat 
dissipation/generation within the medium and PCM blocks. A schematic 
of the intended system is shown in Fig. 1(a).

Therefore, the physical model discussed in this research is a two- 
dimensional enclosure, with a hot boundary of constant temperature 
TH and a cold boundary of constant temperature TC, and the horizontal 
boundaries are insulated. The PCM block has a length of Xb and a width 
of Yb, (Xb = Yb = l). The phase change material is considered to be 
paraffin, whose melting temperature is within the working temperature 
range of solar systems.

The thermophysical properties of paraffin are tabulated in Table 1, 
which was previously presented in reference [26]. Around the PCM 
block is water-Al2O3 nanofluid. The average nanoparticle diameter of 
spherical shape Al2O3 powders is 13 nm, based on previous literature on 
nanofluid radiative properties [27]. The aggregation of nanoparticles is 
neglected due to the dilute nature of the considered nanofluid.

For the nanofluid, natural convection and volumetric radiation heat 
transfer are taken into account by considering the constant thermo
physical properties of nanofluid, except for density to perform the 
buoyancy force. The fluid flow is formed by the density changes due to 
the temperature difference, which is modelled using the Boussinesq 
approximation. The incompressible, laminar and Newtonian fluid flow 
in the system is assumed. Phase change and conduction are also domi
nant in the PCM block. All enclosure surfaces and PCM block walls are 
considered diffused and gray with constant emission. The nanofluid is 
considered a homogeneous and radiative participating medium, where 
the real optical properties of nanoparticles are used from experimental 
results in solving the radiation equation.

Effects of incorporating volumetric radiation, dimensions of PCM 
block, Rayleigh number, Ra, Planck number, Pl, and concentration of 
nanofluid, φ, on the heat transfer and phase change rate of PCM block 
are discussed. The default values of the non-dimensional numbers and 
parameters are based on previous studies and practical thermal energy 
storage applications such as [22,28].

3. Mathematical formulation/mathematical modelling

3.1. Radiative properties for nanofluid

The nanofluid optical properties including the scattering and 
extinction efficiencies are determined using the Rayleigh theory. These 
properties are significant parameters in the heat transfer simulation of a 
fluid zone considering the volumetric radiation. It is worth mentioning 
that these optical properties of nanoparticles should be controlled in a 
way that is in line with the application of nanofluids in the thermal 
system. The absorption and scattering coefficients of Al2O3 nanofluid 
have been examined in previous studies such as [29,30]. It was found 
that the radiation absorption property of the Al2O3 nanofluid could be 
the highest in a certain concentration of nanoparticles. In the following, 
a brief description of Rayleigh's theory is presented for estimating op
tical properties.

One of the imperative parameters in Rayleigh theory to find radia
tion properties is the dimensionless particle size χ. It is defined as follows 
[31,32]: 

χ =
πD
λ

(1) 
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Fig. 1. (a) A schematic of the desired problem of heat storage and transfer. (b) The coordinate system and schematic diagram of the problem.
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where, λ and D are the wavelength of incident light and the nanoparticle 
diameter, respectively. The Rayleigh equations to determine nano
particle efficiencies of scattering and absorbing properties are defined as 
follows [31,32]: 

Qscat =
8
3

χ4
⃒
⃒
⃒
⃒
m2 − 1
m2 + 2

⃒
⃒
⃒
⃒

2

(2) 

Qabs = 4χIm
{

m2 − 1
m2 + 2

[

1+
χ2

15

(
m2 − 1
m2 + 2

)

×
m4 + 27m2 + 38

2m2 + 3

]}

(3) 

where the relative refractive index m due to nanoparticles immersing in 
the fluid is calculated using the refractive index N by the following 
relationship [31,32]: 

m =
Np

Nf
(4) 

where Np and Nf are the refractive index of particle and fluid, respec
tively. The extinction efficiency defines the total values of scattering and 
absorbing efficiencies as follows [31,32] 

Qext = Qabs +Qscat (5) 

Accordingly, the extinction coefficient is represented by 

β = κa + σs (6) 

where κa and σs denote the absorbing and scattering coefficients, 
respectively. For a monodisperse media, the extinction coefficient can be 
calculated by the obtained data of the single particle [31,32] 

βp =
3
2

ϕ(Qext)

D
(7) 

Additionally, for the base fluid, the extinction coefficient is estimated 
as follows: 

βf =
4πκf

λ
(8) 

where κf indicates the base fluid complex component of the refractive 
index. Consequently, the extinction coefficient of nanofluid is computed 
as 

βnf = βp + βf (9) 

According to the mentioned relationships and using the data pre
sented in the literature [27], general radiation properties of nanofluid 
are provided in Table 2.

3.2. Models for the nanofluid thermophysical properties

The thermophysical properties of a fluid change due to the presence 
of nanoparticles. So, models must be provided to use in the simulation of 
nanofluid flow and heat transfer. These properties are usually estimated 
by correlations of pure properties and concentration. Table 3 presents 

the properties of base fluid and nanoparticles from [33,34], which are 
water and Al2O3, respectively.

Thermal conductivity at low volume fractions of spherical shape 
nanoparticles can be defined by the Maxwell-Garnett model [35] which 
has gained wide acceptance 

knf

kf
=

kp + 2kf + 2ϕ
(
kp − kf

)

kp + 2kf − ϕ
(
kp − kf

) (10) 

where k is the thermal conductivity and ϕ denotes the nanoparticles 
volume concentration. Also, the subscripts nf , f , p are the nanofluid, 
base fluid, and particle, respectively.

The famous Brinkman relation [36] is used to find effective viscosity 
for a nanofluid medium containing a dilute suspension of sphere-shaped 
nanoparticles. 

μnf =
μf

(1 − ϕ)2.5 (11) 

The effective density, heat capacitance and thermal expansion co
efficient, for an equilibrium condition, are considered by the following 
relations [37] 

ρnf = (1 − ϕ)ρf +ϕρp (12) 

(
ρCp
)

nf = (1 − ϕ)
(
ρCp
)

f +ϕ
(
ρCp
)

p (13) 

(ρβt)nf = (1 − ϕ)(ρβt)f +ϕ(ρβt)p (14) 

Finally, the nanofluid thermal diffusivity can be represented as [38] 

αnf =
knf

(
ρCp
)

nf

(15) 

3.3. LBM for natural convection

The unknown macroscopic processes including change of tempera
ture field, phase change, and fluid flow are determined using a meso
scopic solution approach namely the Lattice Boltzmann method. This 
approach utilizes particle distribution functions that indicate particle 
direction, position and time [39]. LBM simulates the phenomena by 
capturing an ensemble of particles and considering their collision and 
streaming [40,41].

Two distributions of function, f and g, are applied to fluid flow and 
temperature equations of a medium, respectively. In this way, macro
scopic parameters distribution, i.e. velocity, pressure and temperature 
are determined. For this purpose, the widely used D2Q9 model is chosen 
in the solution procedure, as shown in Fig. 2. In this model, 2 refers to 
the dimension of the problems and 9 refers to the number of streaming 
directions.

Bhatnagar et al. [42] approximated the collision term with a usable 
model. Using this approximation, fluid flow and temperature in LBM 
scheme are given as [43] 

fi

(

r→+ e→iΔt, t+Δt
)

= fi( r→, t) −
Δt
τv

[
fi( r→, t) − f (eq)i ( r→, t)

]
+ J̇i (16) 

Table 1 
Thermophysical properties of paraffin.

Cp (J/Kg.K) ρ
(
Kg/m3) k (W/m.K) Tm (C) Lf (KJ/kg)

Values 2412 804 0.148 50 184,480

Table 2 
Radiative properties of Al2O3 nanofluid.

Volume fraction σs
(
m− 1) β

(
m− 1)

ϕ = 0.1% 2.3 16.5
ϕ = 0.3% 6.8 20

Table 3 
Water and nanoparticles thermophysical properties.

Cp (J/Kg.K) ρ
(
Kg/m3) k (W/m.K) μ (Pa.s) βt (1/K)

Pure 
water

4179 997.1 0.613 8.91 ×
10− 4

21 × 10− 5

Al2O3 765 3970 40 – 0.85 ×
10− 5
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gi

(

r→+ e→iΔt, t+Δt
)

= gi( r→, t) −
Δt
τt

[
gi( r→, t) − g(eq)i ( r→, t)

]

−

(
Δt
ρCp

)

wi∇⋅ q→R

(17) 

where τv and τt are the relaxation time for the flow and temperature 
distribution, respectively. The discrete particle velocity denoted e→i in 
direction i, r→ indicates the position vector, and the external force term is 
defined by J̇i. Also, the impact of volumetric radiation is illustrated as an 
extra term in the energy equation. In D2Q9 model, the discrete velocities 
e→i and the weighting factors wi are represented as follows [40] 

e→i =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(0, 0)
(

cos(i − 1)π
2

,
sin(i − 1)π

2

)

C

̅̅̅
2

√
(

cos
(2i − 1)π

4
, sin

(2i − 1)π
4

)

C

i = 0
1 ≤ i ≤ 4
5 ≤ i ≤ 8

(18) 

w0 =
4
9
,w1− 4 =

1
9
,w5− 9 =

1
36

(
∑9

i=0
wi = 1

)

(19) 

where C = Δx/Δt is lattice speed and its value set to unity in this 
approach. The relaxation times are derived from the LB model using the 
Chapman-Enskog analysis and the kinetic viscosity ν and the thermal 
diffusivity α by follows [40]: 

τν =
ν

Cs
2Δt

+
1
2

(20) 

τt =
α

Cs
2Δt

+
1
2

(21) 

where Cs = C/
̅̅̅
3

√
is the local lattice sound speed. f (eq)i and g(eq)i indicate 

the functions of local equilibrium distribution to satisfy macroscopic 
expressions. These functions are generally given as [44] 

f (eq)i = wiρ

⎡

⎢
⎢
⎢
⎣

1+

3
(

e→i⋅ u→
)

C2 +

9
(

e→i⋅ u→
)2

2C4 −
3 u→2

2C2

⎤

⎥
⎥
⎥
⎦

0 ≤ i ≤ 8 (22) 

g(eq)i = wiρRT

⎡

⎢
⎢
⎢
⎣

1+

3
(

e→i⋅ u→
)

C2 +

9
(

e→i⋅ u→
)2

2C4 −
3 u→2

2C2

⎤

⎥
⎥
⎥
⎦

0 ≤ i ≤ 8 (22) 

where ρ and T are density and temperature to be calculated, and u→ is 
macroscopic velocity. Utilizing the Boussinesq approximation, the force 
term j in the flow equation under Boussinesq approximation is calcu
lated as follows [44]. 

J̇i = 3wiβtgyΔTρ(r, t)eiy (23) 

where βt is the coefficient of thermal expansion. For buoyancy force, the 
gravitational acceleration gy is considered in the vertical direction.

The two dimensionless numbers, Rayleigh number (Ra) and Prandtl 
number (Pr), are critical in analyzing the natural convection process and 
are expressed as [43], 

Ra =
βtgy(TH − TC)H3

να (24) 

Pr =
ν
α (25) 

Finally, macroscopic velocity and scalar quantities are obtained 
using following equations [43]: 

ρ =
∑

i
fi, u→=

1
ρ
∑

i
e→ifi,T =

1
Rρ
∑

i
gi (26) 

It should be noted that Mach number Ma = | u→| ×
̅̅̅
3

√
/C is the 

parameter that determines the type of flow regime. For the assumption 
of incompressible flow to be true, the value of the Mach number must be 
<0.3 [45]. In the current research, its value is considered equal to 0.1 to 
achieve incompressible flow.

3.4. LBM for volumetric radiation

Volumetric radiation effects appear in the heat equation as the 
source term. In this term, there is a radiation flux divergence, ∇⋅ qR

̅→

whose value is determined by solving the radiation transfer equation. 
This is defined as follows using the incident radiation G [31]: 

∇⋅ qR
̅→

= κa

(

4π σT4

π − G
)

= β(1 − ω)(4πIb − G) (27) 

G =

∫ 2π

δ=0

∫ π

γ=0
I(γ, δ)sinγdγdδ (28) 

where ω = σs/β, γ (0 ≤ γ ≤ π) and δ (0 ≤ δ ≤ 2π) denote the scattering 
albedo, the polar angle and the azimuthal angle. 

G =

∫ 2π

δ=0

∫ π

γ=0
I(γ, δ)sinγdγdδ (29) 

To obtain the radiation intensity in a participating medium, the 
Lattice Boltzmann method scheme is used, which are briefly reviewed. 
This method provided by Mishra and Asinari etc. [16,18] has many 
advantages compared to the numerical methods. The radiative transfer 
equation (RTE) can be calculated in any direction s→ by the following 
equations [31] 

Fig. 2. Directions of D2Q9 lattice.
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s→⋅∇I = − βI+ κaIb +
σs

4π

∫

4π

I P(Ω,Ωʹ)dΩʹ (30) 

ŝ = (sinγcosδ)̂i +(sinγsinδ)̂j + cosγ k̂ (31) 

where Ib = σT4/π is intensity of the black body and σ = 5.67 ×

10− 8 W/m2K4 signifies the Stephan-Boltzmann constant. Moreover, P 
indicates the scattering phase function. Using the assumption of Asinari 
et al. such as local equilibrium and time-dependent condition, the ra
diation equation is modified as follows [16]: 

1
c

∂Ii

∂t
+ s→⋅∇Ii = β

(
G
4π − Ii

)

(32) 

where c and Ii are the light speed and radiation intensity travelling for 
direction i. Accordingly, the LBM formulation for radiation intensity is 
given as [16] 

Ii( r→+ eiΔt, t+Δt) − Ii( r→, t) = −
Δt
τi

[
Ii( r→, t) − I(eq)i ( r→, t)

]
(33) 

where the relaxation time for the collision of intensities is τi = 1/eiβ. 
The equilibrium distribution functions Ieq

i and corresponding weight 
factors wgi are determined by [16] 

I(eq)i =
∑M

i=1
Iiwgi (34) 

wgi =
1
4π

∫ π

0
sinγdγ

∫ δi+
Δδi
2

δi −
Δδi
2

dδ =
Δδi

2π (35) 

In a two-dimensional domain, the D2Q8 model is sufficient for the 
radiation equation due to no rest population of distribution function. So, 
2π angular space is considered for each direction as shown in Fig. 3. The 
velocity of these directions are represented as follows [16] 

e1,3 = (±1,0)⋅
Δx
Δt

, e2,4 = (0, ± 1)⋅
Δx
Δt

, e5,6,7,8 = (±1, ±1)⋅
Δx
Δt

(36) 

3.5. LBM for conductive PCM

The LBM approach is also used to solve the energy equation for the 
PCM block in order to simulate the phase change. The existing methods 
for modelling phase change in this approach are classified into two 
groups: 1. The phase field methods based on the theory stated by 
Ginzburg-Landau [46,47]; 2. The enthalpy-driven methods [48,49]. In 
the current research, the enthalpy-driven technique provided by Jiaung 
et al. [48] is used to find the temperature distribution and fraction of the 
melting amount over time.

The phase change term appears in the energy equation, which be
haves as a heat source or sink. It is included in the collision step of 
solving the Lattice Boltzmann equation. It is worth mentioning that in 
the PCM block, the assumptions of zero velocities, negligible radiation 
power, and properties different from nanofluids are considered. There
fore, the energy equation in the LBM form for the PCM block is as follows 
[50]: 

gn,k+1
i (x+ ei) = gi(x) −

1
τh

(
gi(x) − geq

i (x)
)
− wi

Lf

cp

(
fn,k
l (x) − fn− 1

l (x)
)

(37) 

where cP, Lf , and fl are specific heat capacity, latent heat of phase 
change, and liquid fraction, respectively. Therefore, in this area, the 
macroscopic temperature can be calculated from the following equation 
[48] 

Tn,k =
∑4

i=0
gn,k

i (38) 

where Tn,k ≡ Tk(t = n). The local enthalpy can be computed as below 
[48]: 

Enn,k = cpTn,k + Lf fn,k− 1
l (39) 

The liquid fraction at each time step is determined locally using 
enthalpy as follows [48] 

fn,k
l =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0 Enn,k < Ens = cTm

Enn,k − Ens

Enf − Ens
Ens⩽Enn,k⩽Ens + Lf

1 Enn,k > Ens + Lf

(40) 

The temperature and liquid fraction are calculated by converging to 
a specified value in each iterating. The time step n + 1 is determined 
through a similar process. In the phase change problem, two dimen
sionless numbers, Stefan number St and Fourier number Fo, are crucial. 
These numbers are defined as follows [51]: 

St =
cp (TC − Tm)

Lf
(41) 

Fo =
αt
l2

(42) 

The Fourier number is a dimensionless time indicator that is used to 
better analyze the phase change behavior as a transient phenomenon. 
Therefore, the results under different conditions are reported in the 
same Fourier number for better comparison.

3.6. LBM treatment for conjugate heat transfer

As mentioned, temperature distribution and phase change analysis in 
the PCM block are part of the results considered in this research. Due to 
the different thermophysical properties of the material inside the block 
and the nanofluid, assorted equilibrium distribution functions and 
relaxation time are employed for each phase. In order to apply the heat 
transfer balance in the block boundaries, a row of interfacial nodes is 
considered from the study of Seddiq et al. [52].Fig. 3. 1–8 directions of the D2Q8 lattice for radiation equation.
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Consequently, the distribution function related to the temperature 
equation can be directly calculated. To calculate the unknown distri
bution function at the interface, it is assumed that the gradient of the 
distribution function in the direction perpendicular to the boundary is 
related to the ratio of solid to liquid conductivity coefficient, i.e. 

Rk

(
∂gk
∂x,y

)

PCM
=

(
∂gk
∂x,y

)

nf
. Rk is the ratio of PCM to nanofluid thermal 

conductivity. In this way, the energy transferred from the fluid to the 
block is modelled at each lattice node, and the values are updated during 
the time marching step. Therefore, the distribution function at the 
interface is calculated as follows [25] 

gk(xi, yi) =
gk

(
xf , yf

)
+ Rkgk(xs, ys)

1 + Rk
(43) 

where i, f, b refer to interface, fluid, and block nodes, respectively. Ac
cording to above equation, the temperature of interface can be 
computed easily as follow 

θ(xi, yi) =

∑
kgk

(
xf , yf

)
+ Rk

∑
kgk(xs, ys)

1 + Rk
(44) 

It is worth mentioning that with the temperature update for each 
time step, the radiation intensity from the boundaries of the PCM block 
is also revised.

3.7. LBM for boundary conditions

Implementing appropriate boundary conditions for combined heat 
transfer problems is one of the most important tasks. In the flow equa
tion, the distribution functions are known on the boundaries, while their 
values are unknown inside the fluid domain. Therefore, the distribution 
functions inside the solution domain must be defined on the boundaries. 
For the walls of the enclosure and the block, the bounce back boundary 
condition is used. This way, the particles return to the solution domain 
in the opposite direction, and the zero velocity condition is satisfied. So, 
the post-collision distribution function can be known as follows for each 
node at wall boundaries [43] 

fk = fk̃ (45) 

where the k̃ shows the opposite direction of k. In the energy equation, 
the boundary conditions for the walls with a constant temperature are 
presented as follows in order to define the unknown distribution func
tions [48] 

gkt = Tw −
∑

k∕=kt

gk (46) 

where the kt denotes the unknown distribution function. In insulated 
walls, using the definition of heat flux at the boundaries, unknown 
distribution functions and temperature are determined according to 
references [32, 53].

The boundary conditions to achieve the unknown radiation distri
bution functions are determined by defining the radiative intensity from 
the gray and diffusion boundaries. Therefore, the radiative intensity 
equation is expressed as follows [32] 

Iw =
εσTw

4

π +

(
1 − ε

π

)

×

∫

n→⋅Ω→<0

⃒
⃒
⃒ n→⋅Ω→

⃒
⃒
⃒I
(

r, Ώ→
)

dΩʹ (47) 

where ε and n→ are emissivity and the unit vector of boundaries toward 
fluid domain. In this equation, Iw is the radiation intensity leaving the 

boundary surface and I
(

r, Ώ→
)

is the radiation intensity in Ωʹ direction 

arriving at that surface. If the walls are considered black surfaces (ε =

1), the above equation can be reduced as Iw = σT4/π. So, the radiation 
temperature is retrieved from the temperature field boundary condition.

4. Numerical solution procedure

In the current simulation, the full LBM method determines the flow, 
temperature, and radiation intensity distribution in the solution domain 
by benefiting from three distribution functions: f , g, and I. To solve the 
equations in this method, a single relaxation time model was used for the 
collision term. The time step and the grid size in the LBM approach are 
chosen to be 1, which are in lattice units. The target problem is the 
natural convection and volumetric radiation of Al2O3-water nanofluid in 
a two-dimensional enclosure containing a block of phase change mate
rial (paraffin). The procedure of the solution method in the LB scheme is 
summarized as follows: 

Fig. 4. Grid independency of Nusselt number at different Ra.
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• Provide constant parameters and compute the relaxation times of 
governing equations.

• Set boundary conditions and apply the required initial values.
• Compute the local functions of equilibrium distribution.
• Calculate the radiative intensity distributions Ii and ∇⋅ qR

̅→ needed in 
the energy equation.

• Perform collision and streaming steps to determine the fi and gi of 
flow and energy, respectively.

• In the area related to the PCM block, the collision term of the energy 
equation is determined according to the temperature value (material 
phase).

• Update the total enthalpy and the liquid fraction in the block domain 
by repeating the solution in a time step.

• Determine the macroscopic quantities in the solution domain.
• Update the distribution functions of velocity, temperature and in

tensity for satisfying the boundary conditions.
• Go to the step of calculating the equilibrium distribution functions.
• Repeat the iterative steps until convergence criteria are met for the 

macroscopic variables. The maximum relative error between two 
iterations is considered 10− 6 at each time step. The phase change 
process is a transient phenomenon that requires an appropriate time 
step to achieve correct results in an optimal runtime. In this study, a 
dimensionless time step of 1.5× 10− 6 was taken after examining the 
sensitivity of time discretization.

5. Mesh independency and method verification

To investigate the effect of mesh size on the accuracy of the simu

lation results, a conducting PCM block size of 25 % was placed in the 
center of the physical domain filled with Al2O3-water nanofluid, Fig. 1
(b). The average Nusselt number Nu of natural convection for the hot 
wall, at a nanofluid concentration of 0.3 %, was examined for two 
different Rayleigh numbers of 104 and 105. Fig. 4 shows an optimal grid 
size for each Rayleigh number to achieve valid results. In this way, 128 
× 128 and 256 × 256 grids are suggested for Rayleigh numbers of 104 

and 105, respectively.
At first, a comparison of the Al2O3 nanofluid natural convection with 

the numerical results of Lai and Yang [54] is presented. For this purpose, 
the Nusselt number on the enclosure wall was compared for three 
different concentrations of nanofluid at the Rayleigh number of 105, as 
shown in Table 4. From this table, the maximum relative error is 3.2 %, 
which indicates the accuracy of pure natural convection results for a 
nanofluid.

To validate the current code, it is necessary to compare the results 
with previously published experimental works. These validations were 
carried out during the simulation of natural convective heat transfer in a 
square cavity in the presence of a hot block with the experimental results 
of Paroncini and Corvaro [55]. The examination of the average Nusselt 
number on the lateral surfaces displays close conformity with the find
ings of Paroncini and Corvaro [55], as shown in Table 5.

To validate the accuracy of the LBM presented in this paper for 
combined volumetric radiation and natural convection, the dimension
less temperature at the midplane of a 2D enclosure (along the Y = 0.5) 
was compared with the data of Mondal and Li [28]. The results for 
validation cases were plotted in Fig. 5. These comparisons are provided 
for two different Rayleigh numbers of Ra = 103 and 104 at Prandtl 
number Pr = 0.71, extinction coefficient β = 1 and albedo scattering 
ω = 0.0.

Fig. 5 reveals a very good agreement between the results so that the 
maximum relative error was 7.6 %. The primary source of deviation 
could be that the numerical solution method in this study is full LBM, 
while in the reference paper, the finite volume method was used for the 
RTE. The approximations used in the mathematical modelling of both 
methods as well as the convergence criterion could cause differences in 
the results. Hence, demonstrating sufficient accuracy of the numerical 
model presented in this study for simulating coupled natural convection 
with volumetric radiation.

Finally, in order to investigate the presented method for solving the 
phase change of material in the block, the problem of solidification with 
dominant conduction in a semi-infinite corner is considered. At the 
starting moment, the solution domain is in the liquid phase and the 

Table 4 
Comparison of average Nusselt number.

ϕ (%) Ra Ref. [54] Present Relative error %

1 105 4.86 4.99 2.68
2 105 5.00 5.16 3.20
3 105 5.14 5.29 2.91

Table 5 
Comparison of average Nusselt number with experimental results.

Ra Ref. [55] Present Relative error %

1.02 × 105 10.49 10.19 2.9
1.68 × 105 11.89 11.68 1.76
2.11 × 105 12.71 12.53 1.43

Fig. 5. Validation of dimensionless temperature distribution at Y = 0.5 mid-plane of cavity for β = 1 and ω = 0.0 and for (a) Ra = 103 and (b) Ra = 104.
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initial temperature is set to 0.3. Then the temperature decreases to − 1 at 
the boundaries of x = 0 and y = 0 (Fig. 6(a)). The temperature of the 
solidification point is considered to be 0, so the phase change starts from 
these boundaries.

To solve the problem, Stephen number, St, has been assumed to be 4. 
The results of analytical and numerical solution of this problem from 
previous litterateurs [56,57] are compared with the results of the LBM 
approach presented in this article for the Fourier number of 0.25 in 
Fig. 6(b). It was observed that the present results are in good agreement 
with the results of the numerical and analytical solutions, so the pre
sented method is valid for simulating the phase change process.

6. Results and discussion

It should be remembered that the current study is an investigation of 
the combined problem of volumetric radiation considering the optical 
properties of nanoparticles with natural convection in the presence of 
PCM block, which is a model of the heat storage and exchange process in 
energy systems. Computations were performed on a uniform grid 
through the lattice Boltzmann method. Effects of the presence of volu
metric radiation, Rayleigh number, PCM block size, plank number, and 
nanofluid concentration on the results such as phase change propaga
tion, flow and temperature distribution, and liquid fraction are 
discussed.

6.1. Radiation effects

Fig. 7 shows the liquid fraction in the PCM block for both with and 
without considering radiation at Rayleigh 104 for four different Fourier 
numbers. Also, nanofluid concentration, Planck number, Stefan number, 
and block size are 0.3 %, 0.01, 0.5 and 50 %, respectively. Fig. 7(a), 
which is related to pure natural convection, indicates that the phase 
change within the PCM block starts at the left and upper boundary.

The melting progresses over time so that at the Fourier number of 
0.38 the upper of the diagonal of the PCM block is completely changed 
to liquid. The reason for this observation can be stated that for the 
Rayleigh number of 104, the effects of conduction and natural convec
tion are both significant, so the temperature gradient extends from the 
side of the hot wall (left boundary) and the upper horizontal wall. As a 
result, heat is transferred from these areas to the PCM block, which 
causes a phase change process.

Fig. 7(b) illustrates completely different liquid fraction results for the 
combination of natural convection and volumetric radiation. In this 
condition, the phase change in the PCM block begins to progress from 
the top, left and bottom walls, which indicates that the boundaries of the 
input heat to the block are different. In the presence of volumetric ra
diation, heat radiation is transferred from the hot wall to the PCM block 
through the nanofluid, so the PCM block receives more heat even from 
the lower boundary.

The results of the liquid fraction distribution in the PCM block can be 
better understood by observing the transient temperature contours that 
will be presented in the following. It was also found that at the same 
Fourier number for considering the radiation, the liquid fraction in
creases intensely compared to pure natural convection. For example, at 
the Fourier number of 0.38, the liquid fraction is 81 % for the combined 
heat transfer, while without considering the radiation 48 % of PCM is 
melted. This result proves that if volumetric radiation is considered, 
more amount of the PCM block changes phase in equal time, conse
quently, more capacity is used for energy storage.

The physical reason for this result can be stated that under the pure 
natural convection, thermal energy is transferred from the hot boundary 
layers to the PCM via natural convection heat transfer. However, when 
volumetric radiation is introduced, radiative thermal energy can also be 
contributed within the fluid bulk based on the optical properties of the 
nanofluid.

Fig. 8 shows the temperature distribution in the solution domain at 
Rayleigh number of 104 for the case of pure natural convection and in 
combination with volumetric radiation. From Fig. 8(a), without radia
tion, at the smallest Fourier number (0.028), the temperature gradient 
extends from the hot boundary and the upper regions, so that the tem
perature of the nanofluid increases near the upper adiabatic wall and the 
left wall. For larger Fourier numbers, the increase in temperature is 
observed in the entire solution domain and the temperature gradient is 
created in the nanofluid and the PCM block.

This temperature distribution is due to the buoyancy effect and heat 
transfer from the hot wall. Therefore, the fluid near the left boundary 
and the upper horizontal boundary of the block has a higher tempera
ture. This is because the heat transfer from the hot wall to the nanofluid 
reduces its density, so the hot fluid moves upwards due to buoyancy 
effects. As a result, more heat is transferred from these areas to the PCM 
block, beginning the melting process.

In the presence of volumetric radiation, the isotherms are distributed 

Fig. 6. (a) The coordinate system of a semi-infinite corner for solidification problem. 
(b) Comparison of temperature from the analytical solution with LBM results.
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completely differently. From Fig. 8(b), an increase in temperature is 
observed near the lower boundary, and the enclosure temperature also 
increases significantly for all Fourier numbers compared to pure natural 
convection. Therefore, heat is transferred to the PCM block through the 
upper, lower and left boundaries. Moreover, the heat transferred became 

higher for the radiation presence at the same Fourier number. The iso
therms of the nanofluid are almost vertical and the temperature gradient 
is lower in the areas near the hot wall due to heat radiation.

Therefore, the increase in heat transfer due to the influence of the 
radiation contribution is clearly observed in the temperature 

Fig. 7. Liquid fraction for Ra = 104 at ϕ = 0.3%, pl = 0.01 and block size = 50%.

(a) Pure natural convection (b) Radiation and natural convection.
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distribution. This result can also be justified using the source term 
related to the radiative heat flux in the energy equation. The presence of 
a radiative flux gradient in this equation improves heat transfer, 
increasing the temperature of the medium. This leads to temperature 
uniformity in the upper and lower regions of the enclosure, unlike pure 

natural convection.
Fig. 9 displays the propagation of the phase change within the PCM 

block in terms of time for two conditions with and without radiation at a 
larger Rayleigh number, 105 (stronger natural convection). As can be 
seen from this figure, for the case of pure natural convection at the 

Fig. 8. Isotherm for Ra = 104 at ϕ = 0.3%, pl = 0.01 and block size = 50%. 
(a) Pure natural convection (b) Radiation and natural convection.
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Fourier number of 0.028, no phase change occurred in the block. As the 
Fourier number increases, the phase change starts from the top of the 
PCM block. This result is because the nanofluid near the hot wall is 
heated and the natural convection process starts. Subsequently, the 
nanofluid flows to the upper area of the enclosure faster compare to the 

previous case due to a higher buoyancy effect. Thus, the PCM block 
starts to heat up from the upper boundary.

The time-dependent liquid fraction for the combination of natural 
convection and radiation indicates a different behavior. In this case, the 
phase change starts from the upper and left boundaries, also, the rate of 

Fig. 9. Liquid fraction for Ra = 105 at ϕ = 0.3%, pl = 0.01 and block size = 50%. 
(a) Pure natural convection (b) Radiation and natural convection.
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phase change increases significantly. At the largest Fourier number (the 
Fourier number of 0.38), the liquid fraction in the PCM block for pure 
natural convection is almost equal to 47 %. While considering radiation, 
almost the entire PCM has turned into liquid (liquid fraction equal to 99 
%).

This result is due to the combination of two modes of heat transfer 
simultaneously. So, the radiation from the wall causes an increase in 
heat transfer from the left boundary of the block, and natural convec
tion, which is more intense at the Rayleigh number of 105, also causes 
heat transfer from the upper boundary of the block. As a result, the 
propagation behavior of the phase change alters and the melting rate 

increases significantly. These results can be interpreted by examining 
the transient temperature distribution in the conditions with and 
without radiation. It is worth noting that an important result that can be 
obtained from this simulation is that if radiation is omitted, an incom
plete phase change may occur in the PCM block while receiving heat 
over a certain period of time; consequently, its full capacity is not used 
for energy storage.

Fig. 10 shows the temperature distribution for the nanoparticle 
concentration of 0.3 % and the Rayleigh number of 105 for two condi
tions without considering radiation and with radiation. Transient results 
are shown for four different Fourier numbers to determine how the 

Fig. 10. Isotherm for Ra = 105 at ϕ = 0.3%, pl = 0.01 and block size = 50%. 
(a) Pure natural convection (b) Radiation and natural convection.
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temperature changes in the solution domain with time. As can be seen in 
Fig. 10(a), regardless of the volumetric radiation, the isotherms are more 
compact at the bottom of the hot wall, while in the upper region of the 
enclosure, the isotherms are distributed due to the buoyant flow.

Over time, the temperature gradient illustrated that a high- 
temperature nanofluid exists at the top of the PCM block and there is 
a cold nanofluid at the bottom. In this way, the isotherms tend to become 
nearly horizontal parallel lines inside the PCM block. Hence, as 
mentioned before, the melting propagation starts from the upper area of 
the PCM block without considering radiation. In this case, natural con
vection and the effect of buoyancy force are dominant, so the upper area 
of the block changed to liquid due to contact with the higher tempera
ture area.

Fig. 10(b) shows different results of the changes in temperature over 
time when volumetric radiation is taken into account. At the Fourier 
number of 0.028, the temperature contour indicates that the isotherms 
in the solution domain are more distributed compared to the without 
radiation results, and the temperature gradient is observed almost in the 
total of nanofluid and PCM block. Another main difference that can be 
observed is that in this case, the high-temperature nanofluid is located 
on the left and upper side of the PCM block. So, the isotherms inside the 
PCM block in the presence of radiation are not horizontal.

Over time, they change shape obliquely and almost parallel. These 
results can be justified by considering the radiation, the heat transfer 
from the hot wall will increase significantly and the temperature of the 
nanofluid near the radiant hot wall will increase intensively. Therefore, 
the combination of the effects of natural convection and volumetric 
radiation makes the left and upper sides of the PCM block have higher 
temperatures, unlike the pure convection situation, and the melting 
process starts from these areas. In addition, it can be seen that the 
temperature of the solution domain increases in the presence of radia
tion. So, at the Fourier number of 0.38, the temperature of the entire 
block for radiation presence is higher than the melting temperature.

6.2. Planck number and block size effects

The previous section showed that considering radiation can signifi
cantly affect temperature distribution, phase change behavior, and 
liquid fraction. This section aims to assess the effect of the Planck 
number Pl = knf /H

4σT3
0 

(ratio of thermal conductivity to radiation) as the main 

parameter for the amount of radiation heat transfer effects on fluid flow 
and overall heat transfer. In this dimensionless number, T0 is the 
reference temperature, which is described as the average of the hot and 
cold temperatures.

In radiative heat transfer, in addition to the temperature difference, 
the magnitude of the cold and hot temperatures is important. Therefore, 
at a constant temperature difference, when the cold and hot tempera
tures are higher, the reference temperature will be higher and as a result 
the Planck number will be smaller. Consequently, the effects of radiation 
are intensified in this condition. Figs. 11 and 12 show the temperature 
contour and streamlines, respectively, for the Rayleigh number 105 and 
Fourier number 0.38 to highlight the effect of the Planck number on 
temperature distribution and flow structure, and energy storage.

For all three PCM block sizes of 25, 50 and 75 %, the high temper
ature thermal layer is created near the hot wall at Planck number of 
0.01. The isothermal lines near the cold wall are more dense. This 
observation can be attributed to the exchange of radiation thermal flux 
between the hot wall and the medium, resulting in nanofluid warming 
along the hot wall, and gradients near the cold wall become more 
intense. This result shows that the radiation effects are very significant 
for the Planck number of 0.01.

The isothermal lines are different from the resulting temperature 
distribution due to the buoyancy force in pure natural convection. The 
dominant effects of radiation at lower Planck numbers are due to the fact 
that to reduce this dimensionless number for a given nanofluid, the 

reference temperature must be increased. Increasing the reference 
temperature, which is the result of increasing the hot and cold temper
atures, enhances the contribution of heat radiation.

With the increase in the Planck number, the isothermal lines are 
compressed at the bottom of the hot wall and the top of the cold wall. 
Moreover, the nanofluid has a higher temperature in the upper half of 
the solution domain and a lower temperature in the lower half. There
fore, the temperature contour is similar to the pure natural convection 
behavior. Accordingly, with the increase of the Pl, the effects of volu
metric radiation are weaker and the buoyancy effects play a main role. It 
should be noted that with the increase in the size of the PCM block, the 
blockage effect prevents circulation and heat transfer through the 
nanofluid, so the temperature of the nanofluid and the PCM block is 
reduced especially in the lower and right regions.

Fig. 12 also shows that in all three Planck numbers, a rotating flow in 
the clockwise direction causes the heated fluid to rise along the left wall, 
collide with the upper adiabatic wall, move toward the cold wall come 
down and turn around again. Consequently, a single vortex around the 
cavity forms. This circulation in Planck 0.01 is more intense, and the 
symmetric flow circulation is generated around the PCM block. While 
increasing the Planck number, the fluid rotation is weakened and the 
streamlines of the ellipse are formed, which is more visible for the 
smaller PCM block. This is due to the attenuation of heat radiation and 
the reduction of heat transfer to the nanofluid. Thus, the processes of 
fluid flow and heat transfer are controlled by natural convection at 
higher Planck numbers.

In order to provide a quantitative comparison of the contribution of 
radiation to the total heat transfer from the hot wall into the medium, 
the ratio of the radiation Nusselt number to the total Nusselt number for 
three Planck numbers of 0.01, 0.1, and 1 at two Rayleigh numbers of 104 

and 105 with a PCM block size of 25 % is shown in Fig. 13. As can be seen 
in this figure, the contribution of radiation to heat transfer decreases 
significantly with increasing Planck number, so that for both Rayleigh 
numbers, with the Planck number rising from 0.01 to 1, the ratio of the 
radiation Nusselt number to the total Nusselt number attenuates from 
>90 % to <1 %. These results indicate that in this problem, at Planck 
number 1 or larger, radiation has a negligible contribution to the total 
heat transfer that can be neglected. In contrast, the contribution of ra
diation dominates at smaller Planck numbers, which completely 
changes the temperature distribution.

The effects of decreasing heat transfer to PCM by increasing the Pl 
values can significantly reduce energy storage. To quantitatively 
examine this, Fig. 14 shows the liquid fraction for three Planck numbers 

Fig. 11. Isotherms at ϕ = 0.3%and Ra = 105 of radiation and natural con
vection for (a) pl = 0.01, (b) pl = 0.1 and (c) pl = 1.
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of 0.01, 0.1, and 1 as a function of block size at a given time (Fourier 
number 0.38). As shown in this figure, the liquid fraction decreases with 
increasing Planck number for all three PCM block sizes. For example, in 
the block size of 50 % with the increase of Planck from 0.01 to 0.1 and 
then to 1, the value of the liquid fraction decreases from 99 % to 62 % 
and 49 %, respectively. So, by increasing the plank number, which 
subsequently reduces the effects of radiation, less phase change occurs in 

a given time. This may make it impossible to fully store energy through 
the PCM block in a short time and a large amount of PCM is left unused.

6.3. Nanofluid concentration

The purpose of this subsection is to analyze the effects of nanofluid 
concentrations on the energy storage capacity provided over a given 
period of time by calculating the liquid fraction in the PCM block. Fig. 15
shows the liquid fraction for Rayleigh numbers of 104 and 105 at fixed 

Fig. 12. Streamlines at ϕ = 0.3%and Ra = 105 of radiation and natural convection for (a) pl = 0.01, (b) pl = 0.1 and (c) pl = 1.

Fig. 13. Ratio of radiative Nusselt number to total Nusselt number.

Fig. 14. Liquid fraction for different Planck number and PCM block size at Fo =

0.38, ϕ = 0.3% and Ra = 105.
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Planck number 0.01 for two nanofluid concentrations 0.1 % and 0.3 % at 
Fourier number of 0.38. The results are presented for three different 
sizes of PCM block 25, 50 and 75 %.

The liquid fraction is lower for the larger PCM block due to the 
blockage effect and lower heat transfer through the weak circulation of 
the nanofluid while increasing the amount of PCM. However, the sur
prising result is that for both Rayleigh numbers, the liquid fraction de
creases with the increase in nanofluid concentration. From Fig. 15, 
increasing the nanofluid concentration from 0.1 % to 0.3 % reduced the 
liquid fraction up to 5.5 %. It is known that nanoparticles improve 
thermophysical properties in convection and conduction heat transfer. 
So, the reason for this observation should be found in the radiative 
properties of nanofluid, which increases the scattering and absorbing 
properties of radiation by nanoparticles in higher concentrations.

The change in these properties, including absorption and scattering, 
can be due to factors such as nanoparticle interactions that affect the 
radiation transfer. Therefore, it causes the radiative heat transfer 
through nanofluid to attenuate. The mathematical expression of this 
interpretation can also be seen in the source term of the energy equation. 
In this source term, β(1-ω) quantifies the radiative properties, and 
decreasing its value leads to a reduction in the effect of the radiative 
term in the energy equation. Decreasing heat radiation at nanofluid 
concentrations of 0.3 % reduces heat transfer to the PCM block and 
makes lower energy storage. As a result, for energy storage in the 
presence of nanofluids, the radiative properties of nanofluids are very 
important parameters that must be taken into account to achieve proper 
performance.

7. Conclusion

This study revealed a comprehensive numerical analysis of volu
metric radiation and natural convection effects on phase change mate
rials (PCMs) block located in nanofluids, employing a fully coupled 
Lattice Boltzmann Method (LBM) approach. The key findings are: 

1. Volumetric radiation significantly enhances heat transfer, leading to 
faster PCM melting rates by >30 % and 50 % at Rayleigh numbers of 
104 and 105, respectively, and improved energy storage efficiency.

2. Reducing the Planck number from 1 to 0.01 leads to increase in 
contribution of volumetric radiation >90 %, significantly improving 
thermal performance.

3. Increasing the block size from 25 % to 75 % causes a blockage effect 
on the circulation, which results in reduced heat transfer to the right 
and bottom areas of the enclosure.

4. The increase in nanoparticle concentration from 0.1 % to 0.3 % leads 
to a slight decrease (<5.5 %) in the liquid fraction.

5. The heat reduction by increasing nanofluid concentration is attrib
uted to the increased scattering effects of the nanoparticles, which 
attenuate the radiative heat transfer.

6. The LBM is a robust numerical approach for solving coupled volu
metric radiation-natural convection-melting in thermal storage 
problems, offering accurate and beneficial results.

These findings provide crucial insights for designing PCM-nanofluid 
thermal storage systems, with applications such as solar energy storage, 
building heating and cooling, and thermal management devices. In 
order to validate the results of the present numerical method, future 
work can focus on experimental measurements. Simultaneous applica
tions of Particle Image Velocimetry (PIV) and holographic interferom
etry to investigate the combined heat transfer inside the heated 
enclosure containing nanofluid and PCM block is suggested for the 
design of the experimental setup.
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Fig. 15. Liquid fraction for ϕ = 0.1 and 0.3%, pl = 0.01 and block size of 25,50 and 75% of radiation and natural convection at (a) Ra = 104 and (b) Ra = 105.
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[7] H.F. Öztop, H. Coşanay, N. Biswas, F. Selimefendigil, Thermal energy storage via 
waste heat from finned heater by using different phase change materials in a closed 
space, J. Energy Storage 70 (2023) 108002.

[8] N.S. Bondareva, M.A. Sheremet, A numerical study of heat performance of multi- 
pcm brick in a heat storage building, Mathematics 11 (2023) 2825.

[9] M. Boujelbene, S.A. Mehryan, M. Sheremet, M. Shahabadi, N.B. Elbashir, 
M. Ghalambaz, Numerical study of a non-newtonian phase change flow in finned 
rectangular enclosures, Facta Univ. Ser.: Mech. Eng. 22 (2024) 1–24.
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