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1 Introduction

This study addresses the nonlinear system below

wtt - AeU’ + 71¢t(xat) + 72¢t(xat - U(t)) = 1/)|1/)|E72 In |1/J|K7 in §2 x (07 00)7

P(x,t) =0, on 042,
Yi(x,t — 0(0)) = fo(z,t — 0(0)), in (0,0(0)),
¢(l‘a 0) = ¢0($)7 1/%(3770) = wl(x)’ in £,

(1.1)
In this context, {2 represents a bounded domain of R? with a smooth boundary
082, and k, 1 denote positive constants, while s is a real number. Following
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Results on the logarithmic Lamé system

the stability framework of Nicaise—Pignotti [12], we assume

2| < V(1= do)/m, (1.2)

together with the structural condition on the delay derivative
o'(t) <dyp <1, Vt>0, (1.3)
meanwhile, o(t) > 0 refers to the time-varying delay, with
o € W%>(0,T), VYT >0, (1.4)

and
0<o(0) <o(t) <a, vt > 0. (1.5)

Moreover, consistent with the global existence and decay analysis, we assume
2 < ¢ < 4, which guarantees the necessary Sobolev embedding and the coer-
civity of the associated energy functional.

We indicate by A.v the elasticity operator

Aew = ’YA¢ + (Oé + ’Y)V(dl‘”ﬁ)a 1/1 = (1/117 1/)23 7/}3)T7
we call « and v the Lamé constants, these latter satisfy
v >0, a+vy2>0.

See that when a + v = 0, then A, = vA which means that (1.1) depicts the
vector wave equation.

The Lamé system incorporating a logarithmic source term serves as a versa-
tile model for a range of physical phenomena. It finds application in scenarios
like characterizing the stress distribution near singularities, such as cracks or
point loads within elastic materials. Additionally, it proves useful in fracture
mechanics for analyzing stress fields around crack tips displaying logarithmic
singularities. This source term is also relevant in geophysics, where it describes
subsurface stress and strain patterns in geological formations, and the defor-
mation induced by subterranean sources.

The act of incorporating a time-varying delay into the Lamé system broad-
ens its utility to dynamic scenarios. In this context, the time-varying delay
signifies a function that evolves over time. This delay is relevant to diverse
physical processes that manifest time-dependent behavior, encompassing phe-
nomena like material relaxation, wave propagation, and biological processes.

The introduction of the auxiliary variable associated with the delay follows
the ideas first developed by Nicaise-Pignotti [12] for delayed wave equations.
We therefore explicitly state that assumptions (1.3)—(1.5) are taken in accor-
dance with their abstract stability framework.

Furthermore, recent analytical advances on evolution equations with logarithmic-
type nonlinearities have also contributed significantly to the understanding of
well-posedness and blow-up phenomena. In addition, Pigkin, Boulaaras, and
Irkil [14] carried out a qualitative analysis of p-Laplacian hyperbolic equa-
tions with logarithmic nonlinearities, establishing global existence, uniqueness,
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and blow-up conditions. Their results further highlight the complex dynamics
produced by the interaction between nonlinear diffusion and logarithmic-type
sources, which is also a major aspect of our present investigation.

In addition, there has been a significant increase in research devoted to
evolution equations involving logarithmic source terms and time-varying delays.
Numerous works have contributed to the understanding of global existence and
decay properties for such systems. For example, in [15], the authors analyzed
a logarithmic Lamé system with an internal distributed delay and established
a general decay result for global solutions.

Related studies also include the analysis of Lamé systems with memory by
Costa et al. [6], the decay properties for thermoelastic laminated beams with
nonlinear time-varying delay examined by Djeradi et al. [7], and the polyno-
mial decay established by Doudi et al. [8] for a coupled Lamé system with
viscoelastic damping and distributed delay. The work of Saber et al. [16] ad-
dressed decay in thermoelastic laminated beams with nonlinear delay, while
Wang et al. [17] investigated global attractors and synchronization phenom-
ena in coupled critical Lamé systems with nonlinear damping. These studies
collectively highlight the continuous progress in understanding elastic systems
incorporating logarithmic nonlinearities and delay effects.

Additional relevant contributions include Al-Mahdi [2, 3], Al-Gharabli et
al. [1], and Al-Mahdi et al. [4], where logarithmic nonlinearities play a crucial
role in the stability analysis. We have incorporated a detailed comparison
between their decay results and our exponential decay rate, which is obtained
under the combined effects of the Lamé operator and the time-varying delay
feedback.

In [5], the researcher investigated a coupled Lamé system that incorporates
viscoelastic and logarithmic source terms, providing proof of the global solu-
tion’s asymptotic stability. Additionally, the scenario involving time-varying
delays within the logarithmic nonlinear viscoelastic wave equation has received
recent attention, as explored by [10]. Their study established local existence
through the Faedo—Galerkin approximation method, and, interestingly, also
demonstrated that solutions experience finite-time blow-up.

This paper’s objective is to explore the logarithmic Lamé system within the
context of time-varying delay. The introduction of the delay term, denoted as
Yo iz, t—o(t)), sets this problem apart from those addressed in existing liter-
ature. When considering a constant delay 7(¢) = 7, recent research conducted
by Yiiksekkaya et al. [18] delved into system (1.1). Under specific assump-
tions regarding the time delay and frictional damping weights, they not only
confirmed the system’s well-posedness but also established a result related to
exponential stability.

We emphasize that the present work extends the aforementioned studies by
combining the Lamé operator, a logarithmic nonlinearity, and a time-varying
delay, producing an exponential decay estimate of the form

E(t) < Ce “'E(0),

which is sharper than the general decay obtained in previous works.



Results on the logarithmic Lamé system

The paper is divided into four sections, with the introduction included. In
Section 2, applying the semigroup theory, the well-posedness is established.
Moving on to Section 3, we achieve global existence results through the well-
depth method. Finally, in Section 4, we demonstrate exponential stability. We
employ € in this study to designate a generic positive constant.

2  Well-posedness

Employing the semigroup theory, this section intends to investigate the well-
posedness. The L? inner product is denoted by (-, ) as is customary, while the
notation || - ||, signifies the L’-norm. Note that we will continue to write || - ||
instead of || - ||z for reasons of clarity.

Following Nicaise-Pignotti [12], we now provide a new function similar to
that in [12],

C(x,0,t) = Yy(z,t — o(t)o), z e, 0e(0,1), t>0.
In turn, we obtain
o(t)Ce(z, 0,t) + (1 = a'(t)e)lp(x,0,t) =0,  we, 0€(0,1), t>0.

Thus, problem (1.1) can be rewritten as

Vi — Aetp + Mt(@,8) +720(@, 1,8) = P[P 2 In [y]7, in 2x(0,00),
o(t)G(z, 0,t) + (1 — o' (t)0)¢(x, 0,t) =0, in 2x(0,1)x(0,00),
((x,0,0) = fo(z, —00(0)), in £2x(0,1),
¥(z,t) =0, on 92x [0, 00),
¥(z,0) =vo(z),  Yu(z,0) =1(2), in 2.

(2.1)

The energy functional associated with (2.1) is

B() = 5l + 5 [ [HIV0R + (a+ mldiveR]do + il

-3 [ Wl da+ S ot // ¢, 0, 1) dod,

72| 72|
V1—=d, Vi=dy’
which is the natural coercivity interval appearing in the Nicaise-Pignotti delay
framework. Now, set

n =,

6 = (¥, 1,07,

©(0) = B = (v, V1, fo(-, —0o (0 )))T7
8(6) = (0,92 [¢]*,0)"

where £ fulfills

<E< 2 - (2.2)

Math. Model. Anal., 31(2):194-213, 2026.
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Hence, we obtain the abstract evolution equation

{at@ =R(t)O + S(6), (2.3)

©(0) = Oy,
where the linear operator R(t) : D(R(t)) — H is given by

n

| Acp — i — 2z, 1,0)
Rne = - 0’(t)29

G

Since 1 is a vector-valued function in the Lamé system, the appropriate phase
space must also be vector-valued . Therefore, the Hilbert space is

H = [H}(2) x [L2(Q) x L2(2 x (0,1))".

The inner product on H is
<8,é>H :/ n-ﬁdm—i—’y/ Vo : Vb da
0 [0

+(aJr”y)/Q(divq/;)(divﬂ;)dz+/Q/Olc'gdgdx.

D(R(t)) =

{ ©cH: ¢ e [H* Q) ne[H(R) }
CaCQ € L2(Q X (07 1))37 C(x707t) = 77(33775)’ .

Note that this domain no longer depends on ¢; hence
D(R(t)) = D(R(0)),  Vt>0.
We may now state the local well-posedness result.

Theorem 1. Let assumptions (1.3)—(1.5) hold, and suppose 2 < £ < 4. Then,
for any ©g € H, problem (2.3) admits a unique weak solution © € C([0,T); H).
Moreover, if ©g € D(R(0)), then,

© € C([0,T); D(R(0))) N C'([0,T); H).

Applying Kato’s variable norm approach [9] yields Theorem 1. For convenience,
we recall the abstract result from [9].

Theorem 2. Assume:
(i) D(R(0)) is dense in H;
(i) D(R(t)) = D(R(0)) for allt > 0;
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(iii) for all t € [0,T], R(t) generates a strongly continuous semigroup on H,
and the family {R(t) : t € [0,T]} is stable with constants C,m indepen-
dent of t, i.e.,

1K (ryolla < Ce™ |[v]a, >0

d
(iv) = R(t) € LE([0,T], B(D(R(0)), H)).
Then, for any @y € D(R(0)), system (2.4),
00 =R(t)O,
{@(O) — 6, (2.4)
admits a unique solution

6 € C((0,T); D(R(0))) N C'([0,T); H).

Proof. The proof employs the method from [12].
(7) As can be seen, D(R(0)) is a dense in H.

(#3) According to our selection, D(R(t)) has no dependence on ¢, and we get

D(R(t)) = D(R(0)), V¥t >0.

(797) Given a fixed t, we aim to demonstrate that the operator R(t) generates
a Cp-semi-group in H. For us to reach this, we propose an inner-product
on H which depends on ¢, and also is equivalent to the classical inner

product

(©,6), :/ i de 4+ | Veve de
0 0 5)

+(a+w)/d1vz/1 dive) dz + £o(t) // ¢¢ doda. *

Setting
x(t) = i (;)a(j) 2

Here is where the dissipativity of the operator R(t) = (R(t) — x(t)I) is estab-
lished, so given © € D(R(t)) and a fixed ¢, we derive

1
(R(1)6.0)= = [ f* do = /Q nC(e, 1, t)de—¢ /Q / (1—0'(£)e)CC, doda.

Nonetheless, from what we can observe, we write

/ / (1 - o' (H))C (@, 0)Colw, 0)dp i

(¢
// 28Q1—0’ ()0)¢? (2, 0)do dx =

+§/Q{(1—a—/(t))g (2.1,0) = C*(2,0.0)} da.
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This align implies that

(R()O,6); = — / nl? dz — 7, / 0, 1, t)da

5“ // ¢2(z, 0)dz do (2.6)

-5 [a-c@carods [ .

Cauchy-Schwarz inequality and (1.3) permit us to derive from (2.6) that

<R<t>@,@>ts( o '72 ) IR

<|’)’2|m fl*do >/C x,1,t) dz + x(t)(O, O),.

We obtain in light of (2.2) that

|72 ] § [v2]vV1I—=do  &(1—do)
(71+2m+)<0 and ( 5 — 5 ><0,

from which follows the dissipativity of R(t). Afterwards, we demonstrate that
(I —R(t)) is surjective:

VE = (h1,he,h3)t € H, 3V = (¥,n,O)T € D(R(t)): (I —-RH)V=F.

Therefore,
1/1 —-n= hlv
n— Ae¢+7177+’)’2C($717t) = ha, (2.7)
C+ 1—-o’ t)QCQ

now, (2.7)3 leads us to conclude that employing a similar technique to the one
n [12], we obtain

((x,0) = n(x)e= oMo + o (t)e=oMe [P hy(x,¢)e”Dods, if o’(t) =0,
C(x, 0) = n(w)ele®) + et [? IO =5t g, if o' (1) # 0,

with 8,(t) = ;T,((tt)) In (1 —o&’(t)o), after which, n = ¢ — hy allows to get

C(x, 0) =tp(x)e™° e _ pe—o(be

2.8
—l—o(t)e_”(t)Q/ hs(z,¢)e?®sds, if o' (t) =0, 28)
0

and
C(x’ Q) :@[J(l')eﬂg(t) _ hleﬁg(t)

¢ hy(x,S)a(t) . (2.9)
Bo(t) 3\ Be(t) t o
e /0 o ¢ M o
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Surjectivity of (I — R(t)), when o’(t) # 0.
Similarly, when ¢’ (t) # 0, the substitution into (2.7) yields

oY — A = I,
T2 =1+ + 727D,
Iy = hy + (1+ 7)1 — 7260 € L*(£2).
We now introduce the variational formulation corresponding to the two possible

situations o’ (t) = 0 and o’(t) # 0, as requested by the referees for clarity.
Define the bilinear and linear forms on Hg (£2):

M(¢7¢)=T1/ 1/)@4—7/ Vi -Vo+ (a+7) [ divy divp,

2 2 2 if o_l(t):()’
M) = [ T
M(ZZJ;‘P):TQ/ 1/)@4—7/ Vz/J-V<p+(oz+'y)/ div e div o,

« 2 g if o’ (t) # 0.
) = [ D

For completeness, we explicitly justify the properties of M and N:

- M is continuous on H}(§2) by Cauchy—Schwarz; - M is coercive because
71,7 > 0 and A, is strongly elliptic; - A is continuous since I, Iy € L%(£2).
Thus, by Lax—Milgram, there exists a unique solution ¢ € Hg(£2) of

M, ) =N(p),  Vpe Hy(9). (2.10)
Consequently, n =1 — hy € H}(£2). Using (2.8)—(2.9), we obtain
¢, ¢ € L2 x (0,1)), ¢(x,0) =n.

Hence,
V= (0" € H.
We now show that 1 € H?({2). Applying (2.10) to all ¢ € H{(£2) and inte-
grating by parts, we recover the strong form:
le—Ae’L/J :Fl, ile(t):O,
TQ’L[)*A@w :FQ, 1fcr'(t)7£0
Since I, I, € L2(£2) and A, is elliptic, the standard elliptic regularity theorem

gives

Y€ H*(2) N H(2).
We recall from the definition of the auxiliary delay variable that

M%@ﬂZ;%ﬂ%@J—me—d@mq%@ﬂ% 0<o<1, (211)

Math. Model. Anal., 31(2):194-213, 2026.
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and, evaluating at o = 1, we obtain
C(z,1,t) = Pu(x,t — o(t)). (2.12)
Then, recalling that n = ¢ — ii; and using (2.11)—(2.12), one obtains
(14 7)1 = Deth +72C(, 1,8) = iy € L2(92).

Thus,
V= (,n,Q)" € D(R(1)).

This proves the surjectivity of (I — R(t)) for any fixed ¢t > 0. Finally, since
(I =R(t) = 1 +xO) =R(E),  x(t)>0,
and (I — R(t)) is surjective, we deduce that (I — R(t)) is also surjective.

Estimate of the variable norm. Now, proving the inequality

Vs E—|s—r
||WH = 62£0‘ l’ vs,'r € [OvT]v (213)

where ¥ = (¢, n, ()T, will complete the verification of condition (iii). Using the
definition of the variable inner product (2.5), we have

1
712 = [ (5l 0R + @+ ldiveR) do+gots) | | a0 deas.

and similarly,

1
12 = [ (2l V0R + o+ ldiveR) do+ o) [ [ ) dode.

Subtracting the two expressions gives
2 = e = (1= ) [ (TP + (o)l div o) da
¢

1
+¢ [o(s) — emls_rla(r)} / / C*(x, 0)dodx.
2Jo
To establish (2.13), it suffices to show that
o(s) < e " "lg(r)  for some p > 0.
By the mean value theorem, there exists a € (r, s) such that
o(s) =o(r) +o'(a)(s — 1),

and therefore

~

|0’ (a)]
a(r)

71y
o(r

|s —r|.

~
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Since o € W2%(0,T) and o’(t) is bounded, say |o’(t)| < p, and since o(r) >
oo > 0 by (1.5), we obtain

sl

<14 — |s—7’|<62<’0
o0

where the last inequality follows from the elementary bound 1+ u < e%/? for
sufficiently small v > 0. Thus,

a(s) — e o (r) <0,

and inequality (2.13) follows.
This completes the verification of condition (iii) in Kato’s framework.
(iv) Regularity in time. A direct computation shows that

0
d 0
¢ o=
a0 o (t)o(t)o— o’ (t) (o' (t)o — 1)
o G

Since 0 € W2°°(0,T) and o(t) > oo > 0, the coefficient is essentially bounded;
hence 4R (t) € L([0,T); B(D(R(0)),H)), as required.
We conclude, exactly as in [12} that the problem

)év é(O) = @07

R(t
admits a unique solution © € C([0,T); H). Define

o) = VD1, W) = /0 x(s) ds.
Then,
O:(t) = x(1)eV I O(t) + VIR (1)O(t) = R(1)O(t),

showing that © is the unique solution of (2.4), as required.
Let us now verify that the nonlinear mapping

S:H—-H,  S,n,¢) =(0,h),0),
is locally Lipschitz. Define
r[=2 7 In|r|®, r#0,
oy Il

0, r=20,

then,
K(r)=x[l+—D)lr|]|r[*2 r#£0,  K(0)=0.

From the definition of the H-norm and &, we have
IS(6) = 8(O)IIzx = [1~(v) = h(®) 72 (- (2.14)

Math. Model. Anal., 31(2):194-213, 2026.
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Applying the mean value theorem pointwise, for each x € {2 there exists v =
v(z) € [0,1] such that

|A(w) = h($)| = |F (v + (1 = v)¥)| [ — ¢

e (215)
:H]H (6= D) nfwep + (1= v)l| s + (1 = )2 = ]

To handle the logarithmic factor, we separate the cases of large and small
arguments. Using the classical fact

In |r|

=0 (Ye>0),

|r|—00 |'f‘|6

there exists D > 0 such that lrrllfl < 1 whenever |r| > D. Hence, if
v+ (1 — v)Y| > D, then,

Infvg+ (1= )| < |v + (1 - )9,
and thus
In v + (1= )| v + (1= )72 < [ + (1 = )9 2T,
On the other hand, for the bounded region |vt) 4 (1 — v)ih| < D, the quantity
In v+ (1= ) [pip + (1 — )|~

is uniformly bounded by a positive constant, say G > 0.
Combining the two regimes, we have

In v + (1 = )| [vep + (1 — )| 2 < G + v + (1 — )|~
Using this in (2.15) gives
() —R()| <K (E=1) [+ (1—v)p| 2 | — | + kG (L — 1) ¢ — 3|
v+ (1= )92 — ] < w0 —1)(|9] + [$)) 2|y — 9|
+ k(9] + [D)) 2 — | + kG — 1) — ).

Now use Hélder’s inequality and the Sobolev embedding HE(£2) < L*(£2),
1<s<6.
Estimate of the term with exponent ¢ — 2:

N

- -2 ~ =2 ~
/Q [+ 19D 3] dxsc(uwni&ézf&+\\w||i<f<zf3>) =12 a0
< (IR + 19128) T e - B2 (2.16)

Estimate of the term with exponent ¢ — 2 4 €:
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£—2

~ 12 - . =1 ~
[ [ty o) dos ([ qul41307 ) ™ o = B,
(2.17)
where ¢* = 2(¢ — 1) +2¢({ —1)/(¢ —2). Since £ < 4, we may pick € > 0
sufficiently small so that £* < 6; thus by Sobolev embedding

[Pl 19llzer < g, €lellag
and (2.17) becomes

[ 01+ 00l — G < (ol + 1915,) ™ I~ Bl 219

Final estimate.
Combining (2.14)—(2.18) yields

IS(©) = S(O) i < K*G* (£ = 1) ¥ — 3y
+ e[l + Il )= + (il

N ) ~
G e = D2

Since the right-hand side depends continuously on [|¢[| 53 and HJHHé, we con-
clude that on every bounded set in H the map S satisfies a Lipschitz estimate
with a constant depending only on the size of the ball.

Thus, S is locally Lipschitz on H. The conclusion follows from standard
semigroup theory (Pazy [13], Thm. 1.2, p. 184; Komornik [11], p. 118). O

3 Global existence

In this segment, we ascertain that the solution of (2.1) is global in time and
uniformly bounded.

Lemma 1. Let (1.3), (1.4), (1.2), and (2.2) be satisfied. Then,
E'(t) < —Qfo/ (|wt|2 + [¢(x, 1,t)|2> dx <0, for some €y > 0.
Q

Proof. We begin by multiplying (2.1)2 by £¢ and integrating over 2 x (0, 1).
Since o € W2°°(0,T) and ¢ € L*(£2 x (0,1)), all terms are well-defined. We
obtain:

2dt// <2d@df”_*f// (1=0'(t)e) (o dodu+50'( )/Q/Olg%gdx.
(3.1)

Using the identity
1
CCo= 5006,
and integrating by parts in g, we get

—g//l o' (t)0)¢ Co= 5/ <2x0t) C(,l,t /g2 x,1,t)d

Math. Model. Anal., 31(2):194-213, 2026.
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which yields (3.1). Next, multiplying (2.1); by 1; and integrating over (2, then
summing the result with (3.1), we obtain

dl|1 1

|51 + 5 [ Q170 + @l diveR)ds + ol
/|¢|51n|¢|ndx+ 20(t // dede}z —(m-9%) (3.2)
/|1/1t| d:c—'yQ/yjt xlt)da;+ Eo(t /(Qxlt

Using Young’s inequality in the mixed term, we obtain

72 2 Iw\v —do )2
< g2 [ e+ VIR [ g de,

which, inserted into (3.2), gives

d
7]3?) < - (’Yl—g— 5 ;172_%)/ || da

+(f(”'(2‘1>+'”2“2“10)/Q|<<x,1,t>|2dx.

" / Wl(e,1,¢) dx

Now using the structural conditions (2.2) and (1.3), each coefficient on the
right-hand side is nonpositive, and therefore

B() < —¢ / (e + ¢, 1, 0)[2) der < 0,
(]
for some €3 > 0. O

Introducing the functionals
P(t) = V] + [ divepl? - /Q ol In [ da,
1 . K 1 .
sty =1 / (VI + (o + )| div ) da + 2 Jpllf - 2 / o[ In | de
2/, 7 v/,

1
£y t)/g/o P2 do dz, (3.3)

we clearly have the decomposition

B() = S() + 5ol

Lemma 2. Let 1o, € H}(2) x L*(2) satisfy

2E(0)) 2
vl — 2

20E(0)
la+v)—2

)

P(0) > 0, p=max< Cpiy (

Then,
P(t) >0, vVt e 0,T).
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Proof.  Since P(0) > 0 and P is continuous on [0, T], there exists T* € (0, T
such that
Pt) >0, Vtelo,T7.

Using P(t) > 0 in (3.3) yields

20 2
+2P(t),  telo,T.

0—2 ¢ —2 !
st = 252 1vu1? + D=2 e + il + 52 [ [ ¢ dpas
20

Thus,

vl — 2
st > X2 v

Since E(t) = S(t) 4+ 1||¢x||* and E(t) < E(0), we obtain

20
< E(0). .
Vol < 5 EO) (35)
A similar argument gives
20
ivy? < —————— E(0).
I divel? € g = BO)

Now, since In|r| < |r|? for any 0 < ¢ < 2, we have

/ [ n ] d < / [+ da. (3.6)
0 0

Because 0 < ¢ < 2, £+ g < 6, the Sobolev embedding Hg(£2) — L‘T9(0)
implies

/!2 97 doe < Cpag [ VI = Corg [V V]2 (3.7)

Using (3.5) we estimate

S 20 2
R (T I C Oy

Thus from (3.6)—(3.7),

L4q—2

20E(0)\ %
[ mltas < €, (2ED) T joule

Moreover, the term involving || div1||? enters because the potential
PO = Vol + [ divel? - [ ol nfui
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requires a bound for both gradient and divergence. Using

) 20
ldiv ol < £(0)

(a+7)—2

we incorporate this as the second contribution to p. Therefore,

[ 1ol wlglde < (19017 + [ divol?) (38)
2

where

B 20E(0)\ “ 52 20E(0)
S I = =)

Returning to (3.3),
P(t) = [V]® + | diveg||? - /Q | In ] d

Since In||* = k1n ||, using (3.8) gives
P(t) = (1= (IVe* + [ divel?),  te0,17].

Because p < 1 by assumption (3.4), P(t) > 0 on [0,T"].

Finally, since the positivity does not degenerate at ¢ = T*, the same ar-
gument applies starting from 7™, hence by continuity we extend the interval.
Repeating this argument shows that no maximal time T* < T is possible.
Therefore, T* =T. 0O

Theorem 3. Let 1,1 € Hi(2) x L*(£2) satisfy (3.4). Then the solution of
(2.1) is uniformly bounded and global in time.

Proof. Using Lemma 2 and P(¢) > 0 for all ¢ € [0, 7], we get

1 1 1
E(0) 2 E(t) = S llel® +S() = Sllnll® + 5 (1= m) (IV]* + || div $[[*).

Thus,
el + IV9I* + || divep|* < C E(0),

for a positive constant C' depending only on ¢, k, {2 and the embedding con-
stants. Since E(t) is nonincreasing and bounded from below, the solution
cannot blow up in finite time. Therefore, the solution is global and uniformly
bounded. O

4 Exponential stability

This part involves demonstrating our decay results.



Results on the logarithmic Lamé system m

1
0 = Eolt) /Q /0 =2070)|¢(z, 0, 4)|2 do d,

Q1 (t) gf/gwt\?dx—zgl(t), vt >0. (4.1)

Lemma 3. Let

then,

Proof. We first compute

—Ql = ¢o'(t // e 20Mec2(x 0. t) doda
— 280 (t) // oe % 9C2 (z,0,t) dodx (4.2)

+2£0(t)/9/0 e 2°We¢(z, 0,t)¢(z, 0,t) dod.

Using Equation (2.1)2, we obtain

// e 2oMecy, dgdx—// —20e(o' (1) o — 1)¢ ¢, do da.
Next,
// ~2002(o/(t)0 — 1)¢ ¢, do do = // ag (202" (D)0 ~ 1)¢?) dods

+ U(t)/n/o e 20Me (! (1) o — 1)¢2 do dx —
(4.3)

Combining (4.2), (4.3), using ((z,0,t) = ¢¢(z,t) and integrating the total
derivative in p, we obtain

1
t)=— 2§U(t)// e20Mec? go dx
nJ0
Le /Q V2 da — £(1 — o' (£))e=2® /Q Cla,1,1) da

Since o'(t) < 1, the last term is non-positive and inequality (4.1) follows. O
Lemma 4. Let

% () =NE@) + < [ vindo+ T [ 10 da,

Q1) < — (€ — ) [ell? — ey — - =) [Vl 6(a+7*u)/9\divwzdx

ed* 9
_ _ > .
<N€o 4@) /Q [¢(x,1,¢)|” d, t>0, (4.4)

for some positive constants X, e, w, d*.

6_2”(t)9C2 dodzx.

then,
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Proof. Direct differentiation of Qq(¢) and use of system (2.1) give
%(t) < N [ (6l + 16l P )do — era [ w¢(a1,8)da
2 Q
e</|wt|2dx—'y/|V1/J|2dx—(a+7)/| divz/;|2dx+/ |¢|€1n|¢|“dm). (4.5)
2 2 7 o)

To estimate the coupling term, Young’s inequality gives for all w > 0,

(4.6)

b

—vz/gwqx, 1) do < w|| Ve |? +

where 0* > 0 arises from the trace inequality [|9||12a0) < 6*[|Vi)]|.
Next, from inequality (3.6) and Lemma 2,

[ 1ol mlplde < (IV0l + [ divol?)
Q
Combining (4.5), (4.6) and the above estimate yields inequality (4.4). O

Theorem 4. Let (3.4) be satisfied. Then, there exist two positive constants cs
and ¢4 such that
E(t) < cze 4!, vt > 0.

Proof. As a starting point, define Q(¢) = Q;(¢) + Qa(¢), and recall that
ot) ~ B(1). (47)

that is, there exist two positive constants mj,mo such that miE(t) < Q(¢) <
meE(t). Using estimates (4.1) and (4.4), we obtain

() < SR &) el — el — 1 — )V — e+ — )] div g
(Nco - ) 11, 8) 220y — 204 (1), (4.8)

Since pu < 1, one may choose w > 0 sufficiently small such that A = vy—p—w >
0. Next, using the Sobolev embedding Hg (§2) < L*(£2),

£—2
Iz < €lVell® = €Ve ]2 Vyl* < ¢B0) = VY| < w| Vi,
for some w > 0. Therefore,

AW

€A
— S IVel? < == HMD
Substituting into (4.8) gives

eAw
ku—da+7 )|l div||?

(mvo - ) 11 8) a0y — 204 (0). (4.9)

A
Q(t) < — (N€o—e=E) [[a]|* = Vo[> -




Results on the logarithmic Lamé system

We now choose X > 0 sufficiently large so that

ed*

NE —e—& >0, NQ:O?ZHU

> 0.

With these choices, (4.9) yields
Q' ()< = C([9el*+IVR P+ div o [P+ IS, 1Ol ) = €S2 (0,10

for some € > 0. Recalling that the expression inside the brackets is equivalent
to E(t), we infer
Q'(t) < —CE(t).

Finally, using the equivalence (4.7),
miE(t) < Q(t) < maoE(t),

we conclude ¢
Q(t) < —€Q(t), C=—>0.

Applying Gronwall’s inequality gives
Q(t) < 9(0)e™,

and hence m _
E(t) < —2E(0)e~% =: cge— ",
my
This completes the proof. O

5 Conclusions and perspective

In this work, we investigated the well-posedness and stability of a logarithmic
Lamé system incorporating a time-varying delay within a bounded domain.
Using semigroup theory, we proved the existence and uniqueness of local solu-
tions, while the well-depth method enabled us to extend these solutions globally
in time. Moreover, under suitable assumptions on the time-varying delay and
the frictional damping parameters, we established an exponential decay esti-
mate for the associated energy, thereby confirming the long-term stability of
the system.

Several directions for future research naturally arise from the present study.
A first possible extension consists in considering Lamé-type systems with more
general nonlinear or state-dependent delay terms, or in analyzing the model
in unbounded or exterior domains, where additional mathematical challenges
appear due to the lack of compactness. Another interesting line of investigation
involves the development of numerical schemes capable of capturing simultane-
ously the logarithmic nonlinearity and the time-dependent delay, together with
numerical simulations that illustrate and validate the theoretical decay rates
derived here. Finally, the design of efficient control or feedback mechanisms
to mitigate destabilizing effects caused by delays remains an important prob-
lem, with potential applications in material science, continuum mechanics, and
engineering.

Math. Model. Anal., 31(2):194-213, 2026.


https://doi.org/10.3846/mma.2026.24819

212 F. Yazid, S. Boulaaras and M. Shahrouzi

Acknowledgements

The authors would like to thank the anonymous reviewers for their valu-
able comments and suggestions, which greatly improved the quality of this
manuscript.

References

(1

2]
8l

(4]

(6]

(7]

(9]

[10]

[11]

[12]

(13]

(14]

M. Al-Gharabli, M.A. Al-Mahdi and A. Soufyane. Well-posedness and logarith-
mic decay for nonlinear wave equations with delay. Nonlinear Anal., 216:112678,
2022.

M.A. Al-Mahdi. Decay and stability for wave equations with logarithmic non-
linearities. J. Math. Anal. Appl., 488:124067, 2020.

M.A. Al-Mahdi. Stability of nonlinear wave equations with logarithmic damping
and source terms. Math. Model. Anal., 28(1):123-145, 2023.

M.A. Al-Mahdi, M. Al-Gharabli and M.M. Kafini. Energy decay for wave and
elastic systems with logarithmic nonlinearities. Appl. Math. Lett., 143:108704,
2023.

S. Boulaaras. A well-posedness and exponential decay of solutions for a coupled
Lamé system with viscoelastic term and logarithmic source terms. Appl. Anal.,
100(7):1514-1532, 2021. https://doi.org/10.1080/00036811.2019.1648793.

A. Costa, M. Freitas, E. Tavares, S. Moreira and L. Miranda. Dynamics of a
critical semilinear Lamé system with memory. Z. Angew. Math. Phys., 74:190,
2023. https://doi.org/10.1007/s00033-023-02086-7.

F.S. Djeradi, F. Yazid, S.G. Georgiev, Z. Hajjej and K. Zennir. On the time decay
for a thermoelastic laminated beam with microtemperature effects, nonlinear
weight, and nonlinear time-varying delay. AIMS Math., 8:26096-26114, 2023.
https://doi.org/10.3934/math.20231330.

N. Doudi, S. Boulaaras, A.M. Alghamdi and B. Cherif. Polynomial decay for a
coupled Lamé system with distributed delay and viscoelastic damping. J. Funct.
Spaces, p. 8890328, 2020. https://doi.org/10.1155/2020/8879366.

T. Kato. Linear and quasilinear equations of evolution of hyperbolic type. In
C.I.M.E. Lect., pp. 125-191. Springer, 1976.

O. Khaldi, A. Rahmoune, D. Ouchenane and F. Yazid. Local existence and blow-
up for a logarithmic nonlinear viscoelastic wave equation with time-varying delay.
Math. Comput. Modell. Dyn. Syst., 14:721-736, 2023.

V. Komornik. FEzact Controllability and Stabilization: The Multiplier Method.
Wiley—Masson, Paris, 1994.

S. Nicaise, C. Pignotti and J. Valein. Exponential stability of the wave equation
with boundary time-varying delay. Discrete Contin. Dyn. Syst. Ser. S, 4:693—
722, 2011. https://doi.org/10.3934/dcdss.2011.4.693.

A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential
Equations.Springer New York,1983. https://doi.org/10.1007/978-1-4612-5561-1.

E. Pigkin, S. Boulaaras and N. Irkil. Qualitative analysis of p-Laplacian hy-
perbolic equations with logarithmic nonlinearities. Math. Methods Appl. Sci.,
44:4654-4672, 2021. https://doi.org/10.1002/mma.7058.


https://doi.org/10.1080/00036811.2019.1648793
https://doi.org/10.1007/s00033-023-02086-7
https://doi.org/10.3934/math.20231330
https://doi.org/10.1155/2020/8879366
https://doi.org/10.3934/dcdss.2011.4.693
https://doi.org/10.1007/978-1-4612-5561-1
https://doi.org/10.1002/mma.7058

[15]

[16]

[17]

18]

Results on the logarithmic Lamé system

E. Pigkin and E. Sancar. Existence and decay for the logarithmic
Lamé system with internal distributed delay. ASETMJ, 16:63-78, 2023.
https://doi.org/10.32513 /asetmj/19322008238.

H. Saber, F. Yazid, D. Ouchenane, F.S. Djeradi, K. Bouhali, A. Moumen,
A. Jawarneh and T. Alragad. Decay of a thermoelastic laminated beam with
microtemperature effects, nonlinear delay, and nonlinear structural damping.
Mathematics, 11(4178), 2023. https://doi.org/10.3390/math11194178.

R. Wang, M.M. Freitas, B. Feng and A.J. Ramos. Global attractors and synchro-
nization of coupled critical Lamé systems with nonlinear damping. Differential
Equations, 359:476-513, 2023. https://doi.org/10.1016/j.jde.2023.03.021.

H. Yiksekkaya, E. Pigkin, M.M. Kafini and M.A. Al-Mahdi. Well-posedness and
exponential stability for the logarithmic Lamé system with a time delay. Appl.
Anal., pp. 1-13, 2023. https://doi.org/10.1080/00036811.2023.2196993.

Math. Model. Anal., 31(2):194-213, 2026.


https://doi.org/10.32513/asetmj/19322008238
https://doi.org/10.3390/math11194178
https://doi.org/10.1016/j.jde.2023.03.021
https://doi.org/10.1080/00036811.2023.2196993
https://doi.org/10.3846/mma.2026.24819

	Introduction
	Well-posedness
	Global existence
	Exponential stability
	Conclusions and perspective
	References

