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OPTIMAL APPRIXIMATION PROBLEM

A.R. SOHEILI , S. SALAHSHOUR , M. MAHDAVIE∗

Department of Mathematics University of Sistan & Baluchestan, Zahedan

Abstract. In this paper which involve relativity between Inverse
eigenvalue problem for Reflxive matrix and Optimal Approximation,
we get the sufficient and necessary condition for solving such prob-
lem.Furthermore,the algorithm to compute the optimal approximate
solution.

1. Introduction

First we introduce some symbols and notations.ORn×n denote the set of all n× n

orthogonal matrices.A+ be the Moore-Penrose generalized inverse of matrix A, ||.||
be the Frobenius norm of a matrix and for A, B∈ Rn×n, (A,B) = tr(BT A) denote
the inner product of matrices A and B.

Definition 1.1. A matrix P is said to be generalized reflection matrix if P satisfies
PT = P and P 2 = I(see[1,2]).

Definition 1.2. Let P ∈ Rn×n be a given generalized reflection matrix. A matrix
A ∈ Rn×n is said to be an n × n reflexive matrix with respect to P if A satisfies
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A=PAP;we denote the set of all n × n reflexive matrices by Rn×n
r (P ) .A matrix

A ∈ Rn×n is said to be an n×n anti-reflexive matrices with respect to P if A satisfies
A=-PAP,the set of all n× n anti-reflexive matrices denoted by Rn×n

a (P ).

The following Problems are studied.
Problem 1. Given X=(x1, x2, ..., xm) ∈ Rn×m, S⊆ Rn×n, Λ= diag(λ1, λ2, ...λm)∈Rm×m,
Find A∈ S such that AX=ΛX, where λ1, λ2, ...λm are the eigenvalues of matrix A, xi

is a eigenvector of matrix A associated with λi(i = 1, 2, ...m).
Problem 2. Given Ã ∈ Rn×n, find A∗ ∈ SE such that ||Ã−A∗|| = infA∈SE

||Ã−A||
where SE is the solution set of Problem 1.
These problems initially arise in the design and modification of mass-spring sys-
tems and dynamic structures have been applied in various areas.Many impotrant
results have been achieved on the discussions of the above problems associated with
many kinds of matrix set S, such as Jacobi matrices, symmetric(nonnegetive defi-
nite)matrices and so on.

2. Solvability conditions of Problem 1

let P∈ Rn×n be a given generalized reflection matrix.We have the following lemmas:

Lemma 2.1. (i) A∈ Rn×n
r (P ) iff PA=AP, (ii) A∈ Rn×n

a (P ) iff PA=-AP.

Lemma 2.2. Rn×n = Rn×n
r (P )+̇Rn×n

a (P )

Lemma 2.3. Given Ã ∈ Rn×n,then there exist unique Ã1 ∈ Rn×n
r and Ã2 ∈ Rn×n

a (p)
such that Ã = Ã1 + Ã2 and (Ã1, Ã2)=0 where

Ã1 = Ã+PÃP
2 , Ã2 = Ã−PÃP

2 .

A∈ Rn×n(p) if and only if that there exist M∈ Rr×r, H∈ R(n−r)×(n−r) such that

A=U

(
M 0

0 H

)
UT .

set

(2.1) P1 =
1
2
(P + I) and P2 =

1
2
(I − P )

It is easy to prove that P1 and P2 are orthogonal projection matrices,that is,

P 2
1 = PT

1 = P1, P1P2 = 0, P1 + P2 = I.

Let rank(P1)=r then rank(P2)=n-r.And let

(2.2) P1 = U1U
T
1 , P2 = U2U

T
2 , U1 ∈ Rn×r, U2 ∈ Rn×(n−r).
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Set U = (U1, U2) then

(2.3) U ∈ ORn×n, P = P1 − P2 = U1U
T
1 − U2U

T
2 .

Lemma 2.4. Given X1 ∈ Rr×m, Λ = diag(λ1, λ2, ...λm) ∈ Rm×m.Let the SVD of
X1 be

(2.4) X1 = W

(∑
1 0

0 0

)
V T = W1

∑
1

V T
1 .

where W=(W1,W2)∈ ORr×r,V=(V1, V2)∈ ORm×m, W1 ∈ Rr×r1 , V1 ∈ Rm×r1 , r1 =
rank(X1), Σ1 = diag(σ1, σ2, ..., σr1), σi > 0, 1 ≤ i ≤ r1.Then AX1=X1Λ is solvable
in Rr×r if and only if

X1ΛX+
1 = X1Λ.

Theorem 2.5. Given X ∈ Rn×m, Λ = diag(λ1, λ2, ...λm) ∈ Rm×m.Let

(2.5) UT X =

(
X1

X2

)
, X1 = UT

1 X ∈ Rr×m, X2 = UT
2 X ∈ R(n−r)×m.

Let the SVD of X1 be (2.3) and the SVD of X2 be

(2.6) X2 = Q

(
Σ2 0

0 0

)
ZT = Q1Σ2Z

T
1 ,

Where Q=(Q1, Q2)∈ OR(n−r)×(n−r), Z=(Z1, Z2)∈ ORm×m,Q1 ∈ R(n−r)×r2 , Z1 ∈
Rm×r2 , r2 = rank(X2),Σ2 = diag(σ1, σ2, ..., σr2),σi > 0, i = 1, ..., r2. Then AΛ=XΛ
is solvable in Rn×n

r (P )if and only if

(2.7) X1ΛX+
1 X1 = X1Λ, X2ΛX+

2 X2 = X2Λ

and its general solution can be expressed as

(2.8) A = A0+U

(
G1W T

2
0

0 G2QT
2

)
UT , ∀G1 ∈ Rr×(r−r1)andG2 ∈ R(n−r)×(n−r−r2),

Where

(2.9) A0 = U

(
X1ΛX+

1
0

0 X2ΛX+
2

)
UT , U is defined in (2.3).
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3. The expression of the solution of Problem 2

When the solution set SE of Problem 1 is nonempty , it is easy to verify that SE

is a closed convex set,therefore we have the following results.

Theorem 3.1. Given Ã ∈ Rn×n.Under the hypothesis of Theorem 1, if Problem 1 is
solvable,then Problem 2 has unique solution A∗,which can be expressed as

(3.1) A∗ = A0 + U

(
Ã11W2W T

2
0

0 Ã22Q2qT
2

)
,

Where A0,U are the same as in (2.9) and (2.3),respectively

(3.2) Ã11 = UT
1 (Ã1 −A0)U1 , Ã22 = UT

2 (Ã1 −A0)U2 , Ã1 =
Ã + PÃP

2
.

Now we give the procedure to compute the optimal approximate solution A∗ of the
Problem 2.

Algorithm

(1) Input Λ, X, P

(2) Calculate P1, P2, U1, U2, U according to (2.1) and (2.2)
(3) Compute X1, X2 according to (2.5)
(4) Find the SVDs of X1, X2 according to (2.4) and (2.6)
(5) if (2.7) holds, then continue; otherwise, go to 1
(6) Compute A0 according to (2.9)
(7) According to (3.1) calculate A∗

Using the software ”MATLAB” ,we obtain the unique solution A∗ of Problem 2.
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