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Micro/nano geometries with speciﬁed wall heat ﬂux are widely encountered in electronic cooling and
micro-/nano-ﬂuidic sensors. In the present study we introduce a new iterative technique to impose
a desired (positive/negative) wall heat ﬂux boundary condition in the DSMC method that can be useful
for simulation of Micro/Nano electro-mechanical systems (MEMS/NEMS) with given heat energy
exchange. In the proposed algorithm we use the non-dimensional difference between computed and
desired wall heat ﬂux rates to improve iteratively an initial estimate of the wall temperature. A relaxation
factor is applied to control the correction of wall temperature values. Effects of different numerical
parameters such as number of simulator particles per cell and relaxation factor on the accuracy,
performance and robustness of the iterative technique are investigated. We examine our iterative
technique by analyzing heating and cooling processes in rareﬁed pressure-driven micro/nanoscale
channel ﬂows. Some unique behaviors are observed. For example, it is observed that contrary to the
heating process, the cooling of micro/nano channel walls results in small variations in the density ﬁeld.
The upstream thermal creep effects in the cooling process decrease the velocity slip although the
Knudsen number increases along the channel. Additionally, the cooling process changes the curvature of
the pressure distribution making it below the linear incompressible one. For the cases considered here,
our results indicate that ﬂow cooling increases the mass ﬂow rate through the channel, and vice versa.
We also investigate the effects of wall heat transfer on the hydrodynamics and thermal behaviors of the
2-D micro/nano cavity ﬂow.
Ó 2012 Elsevier Masson SAS. All rights reserved.
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1. Introduction
Over the last several decades the improvements in performance
and shrinkage of device size have been dominant driving forces in
micro/nano electronics to promote scientiﬁc and economic progress. There has been signiﬁcant progress in the developments of
gaseous micro/nano-electro-mechanical-systems (MEMS/NEMS)
for measurement and manipulation at the molecular and atomic
levels. Consequently, a true understanding of the thermal behavior
of rareﬁed micro/nano gas ﬂows is crucial for an optimal design,
fabrication, and operation of MEMS/NEMS [1,2]. With the density
reduction in a gas ﬂow, the Knudsen number, deﬁned as the ratio of
gas mean free path to the characteristic length of the geometry,
Kn ¼ l/h, increases and the ﬂow analysis must be performed using
accurate approaches based on gas kinetic theory [3]. Due to
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complexities of the Boltzmann equation, the basic kinetic equation,
Sone and collaborators have proposed an asymptotic analysis of
the Boltzmann equation for precise studies of low speed nearequilibrium rareﬁed gas ﬂows [4e7]. Similarly, regularized 13
moment equation (R13) [8,9] and 26 moments equation (R26) [10]
has been derived on the base of the Grad-Hilbert expansion of the
Boltzmann equation. These moment equations had been successfully applied for accurate solution of rareﬁed gas ﬂows beyond the
limitation of the conventional NaviereStokes (NS) equations
[10e14]. Myong developed thermodynamically consistent
nonlinear coupled constitutive relation (NCCR) based on Eu’s
generalized hydrodynamic to effectively simulate rareﬁed gas ﬂows
[15]. An analytical solution of the NCCR for the force-driven
compressible Poiseuille is reported to explain the origin laying
behind the non-intuitive effects of central temperature minimum
and heat transfer from cold region to hot region [16].
Despite the undoubted success of the higher order equation
approaches, the discrete molecular modeling by using of the direct
simulation Monte Carlo (DSMC) method remains a key tool to
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model gas ﬂow ﬁelds at all degrees of rarefaction [17]. In the DSMC
method, the gas is modeled as a collection of moving particles
(simulators) that interact with domain boundaries and between
each other through binary collisions. Literature survey shows that
the speciﬁed wall temperature (SWT) boundary treatment has
been widely used to model the gas-surface interaction in DSMC. For
instance, Wu and Tseng [18] used DSMC and investigated subsonic
pressure-driven gas ﬂow through different geometries such as
T-shaped micro manifold, micronozzle and slider air bearing of
computer hard drive. Liou and Fang [19] used DSMC and studied the
supersonic nitrogen ﬂow through 2D microchannel with constant
aspect ratio and varying Knudsen numbers. Le et al. [20] studied
supersonic nitrogen and helium ﬂows through 2D microchannels
using DSMC. Roohi et al. [21] used DSMC method and simulated
choked/non-choked subsonic ﬂows through micro/nanoscale
channels. Darbandi and Roohi [22] extended an unstructured mesh
DSMC solver and analyzed rareﬁed subsonic/supersonic ﬂows
through micro/nanoscale nozzles under constant wall temperature
boundary conditions.
In addition to the SWT boundary treatment, there is serious
demand in imposing speciﬁed wall heat ﬂux (SWH) boundary
condition in many MEMS/NEMS applications, especially in electronic cooling. Typically, the power-dissipating semiconductor
devices in electronics MEMS/NEMS could be treated as heat
generation sources embedded on ﬂat surfaces [23,24]. Additionally,
the modern electronic cooling requires dissipation of great amount
of heat from regions with tiny structure. This cooling is usually
performed using a jet impingement technique. The simulation of jet
impingement cooling at small scales also requires ability to model
a wall boundary with speciﬁed heat ﬂux magnitude [25]. Another
application of micro/nano geometries with speciﬁed wall heat ﬂux
condition is micro-/nano-ﬂuidic sensors [26]. In these tools, ﬂow
rate differences are calibrated by differences in heat ﬂuxes dissipated by the heater. In such applications, speciﬁed heat ﬂux walls
are more common than those with speciﬁed temperature. In
practical engineering, this wall condition could be reached by
a heater which dissipates an amount of power. These widespread
industrial interests had led different researchers to study micro/
nano geometries under speciﬁed wall heat ﬂux condition using the
NS equations [27,28].
In contrast to the NS equations, there is no classical way to
implement a speciﬁed heat ﬂux distribution on the walls in the
DSMC method. This has encouraged the researchers to work on
developing a suitable scheme to impose the SWH. Wang et al.
[29,30] introduced an inverse temperature sampling (ITS) technique to implement SWH in the DSMC method. They validated their
approach by simulating the rareﬁed nitrogen ﬂow through microchannels. Their results showed that the ITS technique would be able
to impose the speciﬁed heat ﬂux rate distribution at the walls
correctly. They examined the effects of various wall heat ﬂux rates
and showed that the gaseous temperature increases almost linearly
along the ﬂow direction as the gas being heated under uniform wall
heat ﬂux rate. Further, they studied the gas-surface interaction from
kinetic theory viewpoint and proposed a uniform expression for
multi-atomic gases [31].
The previous works on wall heat ﬂux implementation have
mainly focused on negative wall heat ﬂux values, i.e., heating
application [29e31]. However, there are wide range of applications
in electronic industry which use cooling process that need the
introduction of positive wall heat ﬂux. This motivated the authors
to develop a general wall heat ﬂux implementation technique
suitable for both heating/cooling applications.
The rest of this paper is organized as follows. We present DSMC
algorithm and gas surface interaction models in Secs. 2 and 3,
respectively. The new iterative technique is presented in Sec. 4. We

study both negative and positive heat ﬂux values and compare
hydrodynamics and thermal behavior of the gas ﬂow in micro/nano
channel and lid-driven cavity under different wall heat ﬂux
conditions. These results are presented in Secs. 5e9. Concluding
remarks are given in Sec. 10.
2. DSMC modeling
DSMC is a numerical tool to solve the Boltzmann equation based
on the direct statistical simulation of the molecular processes
described by the kinetic theory [17]. The primary principle of the
DSMC is decoupling of the stages of motion and collisions for all
simulated particles. DSMC is considered as a particle method in
which one particle represents a large number of real gas molecules.
After fulﬁlling all molecular movements, collisions between molecules are simulated separately in each cell of the grid covering the
computational domain. To simulate complex ﬂows more effectively,
improvements in the basic DSMC algorithm has been recently
suggested by Bird [32] and Stefanov [33,34]. However, in the current
work, we extend the DSMC code developed by Roohi and coworkers
[21,22,35e39] on the base of the traditional Bird’s code [17] to
include iterative wall heat ﬂux technique. Its implementation in the
more recent DSMC modiﬁcations is straightforward. The variable
hard sphere (VHS) model is applied as collision model in all simulations. We use the diffuse reﬂection model at the solid walls.
For a 2-D pressure-driven ﬂow in a plane channel, the values of
pressure and temperature at the inlet and outlet and the value of
pressure at the outlet are given. However, the DSMC calculation
does not use pressure magnitude directly. On the other hand,
density and velocity at the inlet and outlet and temperature at the
outlet are unknown while they are required for the DSMC simulation. For example, inlet and outlet density and velocity are required
to calculate the number of particles injected into the ﬂow ﬁeld or
the outlet temperature is required for calculation of the most
probable speed of particles [17]. Beneﬁting from the characteristics
theory, speciﬁed inlet/outlet pressure boundary conditions are
implemented implicitly into the ﬂow ﬁeld through correcting
density and velocity values [40]. For a backward-running wave, we
consider

dU=a ¼ dr=r

(1)

a2 ¼ dP=dr

(2)

Applying the deﬁnition of speed of sound to a boundary cell, we
ﬁnd a relation between the density and pressure at the outlet as
follows:





old
2
rnew
j;out ¼ rj;out þ Pout  Pj;out aj;out

(3)

Once the density is calculated, outlet temperature at the jth cell
could be obtained from the equation of state:



Tj;out ¼ Pout = rj;out R

(4)

The velocity is also computed from the characteristic wave
equation, obtained from multiplying Eq. (1) by speed of sound (a)
and substituting the deﬁnition of a2 from Eq. (2) in the resulting
equation. It yields:




new
old
rj;out aj;out
Uj;out
¼ Uj;out
þ Pj;out  Pout

(5)

The inlet velocity is also calculated in the same way, as follows:




new
old
rj;in aj;in
Uj;in
¼ Uj;in
þ Pin  Pj;in

(6)
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In addition, the density at the inlet is calculated from the
equation of state:



rj;in ¼ Pin = Tj;in R



(7)

Even though Eqs. (1),(2) describe a wave in the continuum limit,
their use in the DSMC simulation of rareﬁed ﬂow is justiﬁed. In fact,
DSMC algorithm assumes an equilibrium Maxwellian distribution
for the particles injected into the ﬂow ﬁeld from inlet/outlet
boundaries, as these particles come from free atmosphere [17,40].
From molecular gas dynamics, the Maxwellian distribution represents a local equilibrium state of a gas ﬂow, which could be
described by Euler equations. As a result, application of wave Eqs
(1),(2) from Euler equations is approved. Suitable accuracy of the
above equations in the simulation of internal micro/nano rareﬁed
ﬂows also conﬁrms the use of aforementioned equations in the
DSMC algorithm [20e22,35,37,38,40]. In our DSMC solver, the
above equations are called at the end of “Enter” subroutine, which
computes the properties of incoming particles into the computational domain. Consequently, the estimated values of density,
velocity, temperature and number of inserted particles in the inlet/
outlet cells are corrected through Eqs. (3)e(7). The corrections to
the old values in Eqs. (3), (5) and (6) are zero at the steady state
conditions. Thus, there is no change in the hydrodynamic and
thermal properties of gas ﬂows at the inlet/outlet cells at steady
state condition and correct values are applied.
3. Gas-surface interaction
When a particle collides to a surface, the energy is transferred in
the form of heat and stress. This leads to two main types of
accommodation coefﬁcients known as thermal and transverse
momentum coefﬁcients. The thermal accommodation coefﬁcient
(ac) represents the fraction of heat transferred between the surface
and the particle and is calculated from [17]



ac ¼ Ei  Er

.

Ei  Ew

(8)

where Ew is the reﬂected energy ﬂux if the molecular reﬂective
characteristic temperature is equal to the wall temperature Tr ¼ Tw.
Using the deﬁnition of thermal accommodation coefﬁcient, we can
impose specular and diffusive walls. For specular wall, the molecular reﬂective temperature characteristic is equal to that of the
incident molecule, Tr ¼ Ti. In diffusive wall case, the molecular
reﬂective temperature characteristic is equal to the wall temperature, Tr ¼ Tw. According to these expressions, there is no energy
transfer between wall and molecule for the specular wall, i.e.,
ac ¼ 0, and there is a complete thermal accommodation for diffusive wall, i.e., ac ¼ 1. The average total energy of a molecule consists
of three energy modes, namely translational ð3 tr Þ, rotational ð3 rot Þ,
and vibrational ð3 vib Þ, as follows
3 tr

¼

3 rot

3 vib

3

¼

3
1
kTtr ¼ mc02
2
2

¼

¼
3 tr

zrot
2

kTrot

zvib

(9)

(10)

kTvib

(11)

þ 3 rot þ 3 vib

(12)

2

Vibrational energy is negligible when the magnitude of the
temperature ﬁeld is very low compared with the motivation
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temperature of the vibrational mode [17]. This temperature is
around 3337 K for nitrogen gas.
In the DSMC method, the wall heat ﬂux rate is deﬁned as the
difference between the incident and reﬂected energy ﬂuxes per
unit time and per unit area of the wall. The deﬁnition of wall heat
ﬂux rate for a cell surface is given by

P
qw ¼

P
 3r
Dt$S

3

i

(13)

The incident and reﬂected energy ﬂuxes are obtained by
summing up the incident and reﬂected energy of the molecules
hitting the surface.

4. Iterative technique
As mentioned in Sec. 1, there is no published report of simulation of MEMS/NEMS under wall cooling condition using the DSMC
technique. In this paper, we introduce a new technique named as
“Iterative Technique” to implement both negative (heating) and
positive (cooling) wall heat ﬂux rate values. The foundation of the
iterative technique is based on the correction of the wall temperature during the DSMC simulation. We calculate wall temperature
from the following relation

Tw ðxÞnew ¼ Tw ðxÞold þDTw ðxÞ

(14)

Eq. (14) is a local relation which could be applied to every wall
boundary cells in the domain. We should deﬁne wall temperature
correction values DTw ðxÞ such that the iterative algorithm
converges and the ﬁnal wall temperature distribution is established. According to Eq. (13), the positive value of wall heat ﬂux
means a heat transfer from ﬂow to wall, i.e., we have a process of
cooling; correspondingly the negative value renders a heat transfer
from wall to ﬂow, i.e., a process of heating. Since the average total
energy of reﬂected molecules is proportional to the wall temperature, a higher wall temperature value results in a larger negative
wall heat ﬂux. Therefore, from stability viewpoint, DTw ðxÞ must
satisfy the following conditions

DTw ðxÞ>0 if qw ðxÞ>qdes ðxÞ
DTw ðxÞ < 0 if qw ðxÞ < qdes ðxÞ

(15)

According to Eq. (15), the local wall temperature correction for
each boundary cell should be adjusted considering local heat ﬂux in
that cell. To apply this criterion, we introduce a non-dimensional
proportionality based on conditions given by Eq. (15) as follows:

DTw ðxÞ qw ðxÞ  qdes ðxÞ
Tw ðxÞ

f

jqdes ðxÞj

(16)

The stability criteria given by Eq. (15) are well considered in the
suggested proportionality, i.e., Eq. (16), for both positive and
negative values of desired wall heat ﬂux. Substituting Eq. (16) in Eq.
(14), we obtain



qw ðxÞ  qdes ðxÞ
Tw ðxÞnew ¼ Tw ðxÞold 1 þ RF
jqdes ðxÞj þ 3 0

(17)

In Eq. (17) RF is a relaxation factor to control the convergence
progress and avoid solution divergence. RF must be adjusted in
a manner which ensures the convergence behavior. RF value could be
increased up to 0.09 depending on the desired wall heat ﬂux
magnitude, ﬂow rarefaction (Kn), wall sampling period (Dt), and
number of DSMC particles impinging the wall. However, based on our
numerical experiences for a large set of test cases in micro/nano
channel and cavity geometries, we recommend considering RF
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values no greater than 0.03 for an arbitrary problem with desired wall
settings in order to avoid divergence of the algorithm. The parameter
3 0 has a non-zero positive value which is negligible compared to the
incident energy ﬂux. It is deﬁned for adiabatic wall cases where the
denominator of Eq. (17) is zero, i.e., qdes ¼ 0. The iterative Eq. (17)
implements a desired wall heat ﬂux rate distribution by correcting
the wall temperature. There must be an initial wall temperature
distribution to start the iterative technique, in our calculations we
have used a constant wall temperature as initial conditions.
Fig. 1 shows the schematic algorithm of the iterative technique.
During one sampling period Dt, a speciﬁed wall temperature or
classical DSMC simulation is performed and incident and reﬂected
energy ﬂuxes for all wall cells are sampled. At the end of sampling
period Dt, new local wall temperature values Tw(x) are obtained by
Eq. (17) and an updated wall temperature distribution is used for
the simulation within the next sampling period. It should be noted
that there is no additional complexity in the use of our iterative
technique for ﬂow with multiple species. Fig. 2 presents the ﬂowchart of the DSMC method containing the iterative technique. The
basic DSMC algorithm starts with ﬂow ﬁeld initialization followed
by particle movement. The algorithm continues with indexing of
particles in the cells, binary collisions and ﬂow ﬁeld sampling. In
this ﬁgure, n is an integer number. For t < nDt, basic DSMC procedure is performed while t  nDt; the iterative technique is activated
and wall temperature values are updated.
5. Dsmc solver validation
First, we verify our extended DSMC solver. We evaluate the
solver by simulating subsonic pressure-driven ﬂow through
microchannels imposing constant wall temperature condition.
There is no limitation in the implementation of the iterative technique for subsonic or supersonic ﬂows and this technique could be
implemented for any desired geometries. We use plane channel
geometry in order to validate our solver to the available analytical
solutions for micro/nano channel ﬂows with constant wall
temperature. Our results are compared with the analytical solutions presented in Refs. [41,42]. Karniadakis et al. [41] proposed an
analytical solution for the channel velocity proﬁle using the second
order formula for the velocity slip on the wall, as follows

U
¼
Uc

P
Pout



 y 2 y
Kn
þ þ
H
H 1 þ Kn

¼ 6KnOut þ

1
Kn
þ
4 1 þ Kn

Fig. 2. DSMC ﬂowchart containing iterative technique.

Arkilic et al. [42] also proposed an analytical expression for the
pressure distribution along the channel. For full diffusive walls, it
reads

(18)

ﬃ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

x 
x
ð6KnOut Þ2 þð1 þ 12KnOut Þ þ PR2 þ 12KnOut PR 1 
L
L

Fig. 1. Schematics of iterative technique algorithm.

(19)

The simulated channel length and height are 8 mm and 1 mm,
respectively. Gas ﬂow enters at the condition of Tin ¼ 300 K,
Pin ¼ 1.2 atm. The channel pressure ratio is set to 2.4 and channel
walls have a uniform temperature distribution equal to 300 K.
Geometry of the channel and imposed boundary conditions are
shown in Fig. 3. Knudsen number ranges from 0.04 to 0.11 along the
channel. In all cases, the cell sizes are chosen such that Dx < 2l=3
and Dy < 0:2l. Each cell is subsequently divided into two subcells
in each direction. The DSMC time step (dt) is adjusted to be smaller
than mean collision time and satisfy a CouranteFriedrichseLewy
(CFL) number, based on the most probable molecular speed Vmp,
less than 0.3. All simulations were performed for diatomic nitrogen
ﬂow through micro/nano channels. Number of simulator particles
in cell (NMcell) is set to 20 at the initial state.
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with respect to the analytical results is equal to 6%. However, the
difference between the analytical and DSMC results increases along
the channel. It is because the Knudsen number increases and ﬂow
becomes more rareﬁed as passes through the channel and the
analytical solution loses its accuracy. The comparison of DSMC and
analytical solutions for the centerline pressure distribution is
shown in Fig. 4(b). According to the graph, pressure decreases along
the channel from the inlet to the outlet. There are slight differences
between both solutions at the second half of the channel. It is
because ﬂow rareﬁes more at the second half of the channel and the
analytical solutions become less accurate. However, the differences
are less than 2% relative to the analytical pressure distribution.

Tw(x) or qw(x)
Pin

Pout

H

Tin

y
L

x

Fig. 3. Micro/nanochannel geometry and imposed boundary conditions.

6. Negative wall heat ﬂux

Fig. 4(a) shows velocity proﬁles at different sections compared
with the analytical solution given by Eq. (18). The solid lines present
the analytical velocity proﬁles and symbols present the results
obtained by our extended DSMC code. As observed, the analytical
solution agrees well with the DSMC data. The maximum difference

a
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To examine the iterative technique, we ﬁrst implement a negative wall heat ﬂux value of qdes ¼ 4  106 (W/m) and compare our
results with those of the ITS technique. Wang et al. [29e31]

0.5
Analytical
Current
0.4

y/H

0.3

0.2

0.1
x/L=0.2
0

0.2

0.4

0.6
U/Uc

0.8

x/L=0.8
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1

0.4

0.6
U/Uc
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1
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0.8

1

Velocity profiles

b

2.4

Analytical
Current

P/Pout

2

1.6

1.2

0

0.2

0.4

0.6

0.8

1

x/L

Pressure distrbution
Fig. 4. a) Comparison of DSMC and analytical solutions for velocity proﬁles at different channel sections [41], b) Comparison of DSMC and analytical solutions for centerline
pressure [42].
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introduced inverse temperature sampling (ITS) technique and
implemented a speciﬁed heat ﬂux rate distribution on the wall.
They calculated the reﬂected energy (3 w ) carried away from the
wall from the incidence energy (3 i ) of the molecules colliding to the
wall as follows

¼

3 i ðxÞ

 D3 ðxÞ ¼

3 i ðxÞ



Dt$SðxÞ$qdes ðxÞ=ac

0.8

(20)

NCM ðxÞ

Subsequently, wall temperature is calculated from

Tw ðxÞ ¼

1

qw/qdes

3 w ðxÞ

1.2

3 w ðxÞ

(21)

kð4 þ zrot Þ=2

0.6
0.4

For the current iterative technique, relaxation factor RF is set
equal to 0.03, as recommended. The nanochannel height is
H ¼ 200 nm and its aspect ratio is L/H ¼ 6. The inlet pressure and
temperature are 3 atm and 300 K, respectively. Pressure ratio along
the channel is equal to 3. Knudsen number ranges from 0.09 to 0.53
in the channel. Fig. 5 shows the wall properties evolution during

t=100000 NPR
t=500000 NPR
t=1000000 NPR

0.2
0

0

0.2

0.4

0.6

0.8

1

x/L

a

Fig. 6. Non-dimensional wall heat ﬂux rate distributions at different times,
qdes ¼ 4  106.

700

the simulation. Wall temperature distributions are plotted in
Fig. 5(a) for four different times. The wall sampling period Dt, as
used in Eq. (13), is set equal to 1  104 NPR. Wall temperature
distributions at t ¼ 1  104 NPR, t ¼ 5  105 NPR, t ¼ 1  106 NPR,
and t ¼ 2  106 NPR are presented in this ﬁgure. It is observed that
wall temperature distribution is converging and ﬁnal wall
temperature distribution has attained at t ¼ 1  106 NPR. Collision
rate distributions are shown in Fig. 5(b). This graph shows the rate
of colliding particles for each boundary cell along the channel wall.
According to the graph, convergence for collision rate distribution
is so quick that ﬁnal distribution is attained after t ¼ 5  105 NPR. As
ﬂow passes through the channel, it rareﬁes more and the rate of
colliding particles to the wall decreases. For example, collision rate
is about 4 times greater at the channel upstream than that of the
downstream.
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Fig. 5. Convergence progress for wall properties during the solution, (a) Wall
temperature and (b) Collision rate distributions, qdes ¼ 4  106.
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Fig. 7. Comparison of the results obtained by the current iterative technique and ITS
technique [30], qdes ¼ 4  106.
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Fig. 8. Effects of “number of simulator particles per cell” on wall heat ﬂux rate distributions, qdes ¼ 4  106.
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Fig. 9. Effects of “number of simulator particles per cell” on wall temperature distributions, qdes ¼ 4  106.
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Fig. 6 shows non-dimensional wall heat ﬂux rate distributions at
different times for iterative technique. Wall heat ﬂux rate distributions
at different times of t ¼ 1  104 NPR, t ¼ 5  105 NPR, and t ¼ 1  106
NPR are shown. According to the results, there are signiﬁcant deviations from the desired distribution at the initial stages of the simulation, however; non-dimensional heat ﬂux rate distribution
approaches to unity as simulation time increases. Fig. 6 shows that
convergence for wall heat ﬂux rate is faster at the middle section of
channel. Fluctuations in qw distribution are due to the positive/
negative values of wall temperature correction DTw. A comparison
between the iterative and ITS techniques is shown in Fig. 7. Final wall
temperature distributions obtained by the iterative and ITS techniques are shown by solid line and symbols, respectively. According to
the graph, the wall temperature distribution obtained by the iterative
technique is in good agreement with that of the ITS technique.
However, there are slight differences at both ends of the channel. It is
observed that wall temperature increases along the channel.
The number of simulator particles is a key parameter that affects
the accuracy of DSMC results. In the current study, this effect is also
investigated by simulating channel ﬂow with different numbers of
simulator particles in each cell (NMcell). Fig. 8 shows wall heat ﬂux
rate distributions at different simulation times for three numbers of
simulator particles in each cell, i.e., NMcell ¼ 10, 20, and 30. Graphs
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Fig. 10. Comparison of the inter-molecular collision rate convergence for iterative and
ITS techniques, qdes ¼ 4  106.
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Fig. 11. Comparison of wall temperature distribution convergence for iterative and ITS techniques, qdes ¼ 4  106.
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Fig. 12. Effect of relaxation factor on the convergence of computed wall temperature, qdes ¼ 4  106.

4

ΔTw (K)

are plotted at three different times of t ¼ 3  104 NPR, t ¼ 1.2  105
NPR, and t ¼ 3.99  105 NPR, respectively. According to Fig. 8,
statistical ﬂuctuations decrease as NMcell increases. During the
simulation, wall temperature correction values decrease. This leads
to smaller ﬂuctuations in qw distributions. In addition, convergence
of wall heat transfer rate is faster for higher values of NMcell. Effects
of different values of NMcell on obtained wall temperature distributions are also investigated. Wall temperature distributions at
different simulation times are plotted in Fig. 9. Left, center, and
right graphs denote wall temperature distributions for NMcell ¼ 10,
20, and 30, respectively. Graphs are plotted at the same times as
Fig. 8. Fig. 9 shows that NMcell has negligible effects on wall
temperature distributions compared to the wall heat transfer rate.
However, the wall temperature distributions are almost smoother
for higher values of NMcell. Different values of NMcell have no effect
on the convergence of wall temperature distribution.
Figs. 10 and 11 compare the speed of convergence for the iterative and ITS techniques. We have applied a uniform initial wall
temperature distributions equal to 300 K for all cases so that the
speed of convergence could be compared using the same initial
conditions. The convergence of inter-molecular collision rate as
a function of simulation time is shown in Fig. 10. The results of ITS
technique and iterative technique are shown for three relaxation
factors of RF ¼ 0.01, RF ¼ 0.03, RF ¼ 0.06. According to the results,
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Fig. 13. Wall temperature corrections during simulation, qdes ¼ 4  106, RF ¼ 0.03.
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Fig. 14. Divergence occurrence for (a) Wall temperature correction distribution, and
(b) Wall temperature distribution, qdes ¼ 4  106, RF ¼ 1.

convergence speed of the iterative technique for RF ¼ 0.06 case is
much faster than RF ¼ 0.01 case. It is also seen that convergence
speed for iterative technique could be faster or slower than that of
the ITS technique depending on the RF value. For example, with
RF ¼ 0.01 our iterative technique is much slower than the ITS one
while it is slightly faster than ITS at RF ¼ 0.06. The convergence
speed of the iterative technique is slightly slower than ITS for
RF ¼ 0.03 case. Corresponding wall temperature distributions at
three different times t ¼ 1  105 NPR, 2  105 NPR, and 6  105 NPR
are plotted in Fig. 11. According to the graphs, the ﬁnal wall
temperature distribution could be achieved by iterative technique
faster or slower than ITS technique depending on the value of the
relaxation factor. Even though the higher RF values enhance the
convergence speed of our scheme, the solution may diverge after
reaching a critical value of RF is used in the solver. This topic is
discussed in section 7.
According to the results reported in Sec. 6, iterative technique is
well capable to implement negative wall heat ﬂux rate in the DSMC
method. In section 7, we will examine the performance of the
iterative technique on implementing positive values of wall heat
ﬂux for cooling applications.
7. Numerical implementation of positive wall heat ﬂux

Fig. 15. Temperature ﬁelds for different values of wall heat ﬂux rate.

The main purpose of this paper is to suggest an efﬁcient algorithm capable to implement positive values of wall heat ﬂux in the
DSMC method. Further we analyze the channel of Sec. 6 under
a positive value of 4  106 (W/m) for the wall heat ﬂux distribution.
The Knudsen number ranges from 0.08 to 0.11 in this section. First,
we examine the effects of relaxation factor (RF) introduced in Eq.
(17). Fig. 12 shows the convergence behavior of wall temperature for
different values of the relaxation factor (RF ¼ 0.01, 0.03, and 0.06)
and simulation time. The higher values of RF lead to the faster
convergence. The ﬁnal wall temperature distributions for RF values
of 0.01, 0.03, and 0.06 are obtained at t ¼ 8  105 NPR, t ¼ 4  105 NPR,
and t ¼ 2  105 NPR, respectively. Contrary to the negative wall heat
ﬂux rate condition (see Sec. 6), wall temperature decreases along the
channel. From the physical point of view, as the ﬂow moves down
along the channel, bulk temperature drops. To have a constant heat
ﬂux along the wall, wall temperature must also decrease.

120

a

H. Akhlaghi et al. / International Journal of Thermal Sciences 59 (2012) 111e125

5.0

3.0

Wang et al.
Current

qdes< 0
qdes= 0
qdes> 0

2.5

Heating

m (kg/s) ×10

P/Pout

5

4.0

2.0

3.0
1.5

Cooling
1.0

0

0.2

0.4

0.6

0.8

1

2.0

-4

-2

b

2

4

Fig. 19. Dependence of the mass ﬂow rate on the wall heat ﬂux values and comparison
of the current results with those of Wang et al. [30].

0.3

0.2

(P-PLinear)/Pout

0

qdes (W/m) ×10-6

x/L

0.1

0.0

-0.1

0

0.2

0.4

0.6

0.8

1

x/L
Fig. 17. (a) Pressure distributions, and (b) Pressure deviation from the linear distribution, along the channel for different values of wall heat ﬂux rate.

0.5

According to Eq. (14), wall temperature correction values DTw ðxÞ
must approach zero to get a converging wall temperature distribution. Fig. 13 shows DTw ðxÞ corresponding to the RF value of 0.03
at different simulation times. It is observed that DTw ðxÞ decreases
during the simulation. However, this correction would not be
exactly zero due to wall heat ﬂux ﬂuctuations. Higher values of RF
may result in divergence of Eq. (17). Fig. 14 shows divergence in
iterative technique for RF ¼ 1.0. The distributions of DTw at different
times are plotted in Fig. 14(a). According to this ﬁgure, DTw distribution is converging until t ¼ 3  104 NPR, but it diverges from
t ¼ 3  104 NPR to t ¼ 1  105 NPR. Additionally, there are signiﬁcant
ﬂuctuations in wall temperature correction values at t ¼ 1  105
NPR. Divergence starts from the ﬁrst half of the channel. Wall
temperature distributions at different simulation times are plotted
in Fig. 14(b). Corresponding to divergence occurrence in DTw
distribution, ﬂuctuations in wall temperature distribution increases
dramatically at t ¼ 1  105 NPR in earlier distance of the channel,
see Fig. 14(b). Therefore, it is recommended to keep the RF values in
the range suggested in Sec. 4 for an arbitrary problem.
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8. Hydrodynamic and thermal behavior of the ﬂow ﬁeld
under positive wall heat ﬂux
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Fig. 20. Schematics of the cavity geometry and imposed wall boundary conditions.

In this section, we study the effects of different wall heat
transfer rates on the hydrodynamic and thermal behavior of the
ﬂow ﬁeld. We simulate the channel ﬂow described in Sec. 7. Fig. 15
shows the temperature ﬁelds for different wall heat ﬂux magnitudes. Temperature ﬁelds for negative (qdes ¼ 4  106 W/m), zero,
and positive (qdes ¼ 4  106 W/m) wall heat ﬂux rates are shown.
According to the ﬁgure, temperature increases along the channel
for negative heat ﬂux and decreases for positive wall heat ﬂux rate
condition. It is because of energy transfer from the wall to the ﬂow
or via versa. There is no gas-surface energy transfer in adiabatic
wall case. However, temperature decreases because of the gas ﬂow
acceleration along the channel.
The effects of gas-surface energy transfer on the rarefaction of
the ﬂow ﬁeld are shown in Fig. 16. This ﬁgure denotes distribution of
the centerline Knudsen number for negative, zero, and positive qdes
values. For all cases, the results show that the ﬂow rareﬁes along the
channel due to ﬂow acceleration. The ﬂows with maximum and
minimum rarefaction are attained for negative and positive values
of qdes, respectively. As energy transfers from the wall to the ﬂow,
density decreases and ﬂow rareﬁes more since the pressure ratio is
kept constant along the channel. Consequently, the gas rarefaction
increases with heat addition to the ﬂow and decreases with the heat
subtraction by the walls. Fig. 16 shows that the rate of increase of the
Knudsen number is faster for negative values of qdes. Interestingly,
we observe that variation of the Knudsen number for positive heat
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Fig. 21. Velocity proﬁles plotted along cavity mid sections, top: vertical section, bottom: horizontal section.
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Fig. 22. Temperature contours for different wall heat ﬂux conditions.

ﬂux case is quite small. It means that the increase of rarefaction due
to ﬂow acceleration is almost balanced with a corresponding
decrease caused by the heat transfer to walls. This observation
suggests cooling process as a useful strategy to minimize variation
of the density ﬁeld in MEMS/NEMS.
Fig. 17 shows the effect of various values of qdes on the pressure
distribution and pressure deviation from the linear distribution
along the channel. Fig. 17(a) plots pressure distributions for negative, zero, and positive values of qdes. According to this ﬁgure,
pressure increases for more negative values of qdes. The effect of
rarefaction is to reduce the curvature in the pressure distribution
while compressibility increases curvature and lead to a more
nonlinear pressure distribution along the channel [38,41,42].
According to Fig. 17(a), the effect of compressibility on the pressure

distribution is dominant compared to that of rarefaction for adiabatic and negative qdes. Interestingly, curvature is positive for
positive qdes. In other words, pressure distribution is below the
linear incompressible one if we effectively cool down the ﬂow ﬁeld;
see Fig. 17(b). This behavior may be attributed to the thermal creep
effect. For qdse > 0 case, wall temperature falls from 280 K to 90 K.
As is known, thermal creep leads to an induced ﬂow and pressure
gradient from the cold region to the hot one [41]. This negative
pressure gradient counteracts positive pressure distribution along
the channel. This effect is negligible for the zero qdes case because
there is small variations in the wall temperature for this condition,
namely from 300 K to 307 K along the channel. Thermal creep effect
is concurrent with the compressibility one and both effects inﬂuence pressure proﬁle curvature along the channel.
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Fig. 18 shows the effect of different qdes values on the velocity
proﬁles at the initial, middle, and terminal sections of the channel.
Left, center, and right graphs plot velocity proﬁles for the negative,
zero, and positive values of qdes, respectively. The velocity proﬁle is
non-dimensionalized to its magnitude at the centerline, Uc. We
observe minimum and maximum variations in the velocity slip for
the qdes > 0 and qdes < 0 conditions, respectively. This behavior is
attributed to the Knudsen number variation along the channel, i.e.,
largest variation is observed for negative heat ﬂux case and smallest
variation is observed for positive heat ﬂux case. It is expected that
velocity slip increases along the channel as the ﬂow rarefaction
increases [16]. However, positive heat ﬂux (qdes > 0) case shows
different behavior and velocity slip slightly decreases despite of the
increase in the gas ﬂow rarefaction. However, velocity slip variations are very small in this case, see Fig. 18. Again, we could attribute this behavior to the thermal creep effects. Thermal creep
effects produce an additional slip velocity which is directed to the
cold region [41]. This effect is concurrent in the qdes < 0 case and
increases the velocity slip along the channel, but it leads to
a negative velocity slip in qdes > 0 case. According to Fig. 18, it is well
seen that thermal creep effect is dominant compared to the rarefaction effect for qdes > 0 case. In case of zero qeds, wall temperature
variation is small and thermal creep effect is negligible. Consequently, velocity slip increases along the channel as ﬂow rareﬁes
more.
The effect of the heating and cooling processes on the mass ﬂow
rate of the channel is investigated in Fig. 19. The results are
compared with those of Wang et al. [30], which correspond to the
ﬂow heating simulation. By comparison, it is well seen that there is
a good agreement between the current results with those of
Ref. [30]. According to this ﬁgure, the ﬂow heating from the walls
decreases mass ﬂow rate through the channel, and vice versa. The
rate of mass ﬂow rate increase is faster for more positive values of
qdes. The increase in mass ﬂow rate for this condition could be
attributed to smaller decrease in the density ﬁeld along the channel
for cooling conditions, see Fig. 16. According to this observation, we
could use normal heat ﬂux parameter as a suitable tool to control
and adjust desired mass ﬂow rate in micro/nano devices.
9. Cavity ﬂow
Square cavity geometry could be used to present powerdissipating semiconductor devices in micro/nano electronics
applications [24]. DSMC simulation of cavity ﬂow under constant
wall heat transfer had been reported [43e45]. However, accurate
simulation of electronic MEMS/NEMS devices requires considering
constant heat ﬂux walls. In this section, simulations of micro/nano
cavity ﬂows are reported. As shown in Fig. 20, the upper wall has
a constant temperature and other three walls have a constant wall
heat ﬂux value. The speciﬁed temperature of the upper wall allows
the absorbed heat from bottom and vertical walls to be balanced
with the heat ﬂux through the upper wall. In our simulations, the
upper wall has a temperature equal to 300 K and a velocity equal to
Uw ¼ 100 m/s. The square cavity length is L ¼ 1 mm. We have
implemented negative (qdes ¼ 105 W/m), positive (qdes ¼ 105 W/
m), and zero (qdes ¼ 0 W/m) wall heat ﬂux values. Relaxation factor
RF is set equal to 0.03. All computations performed under three
different initial Knudsen numbers of 0.1, 0.5, and 1.
Fig. 21 shows the effect of different wall heat ﬂux on the velocity
proﬁles under different degrees of rarefaction. Velocity proﬁles are
plotted at the horizontal and vertical mid sections of the cavity. At
Kn ¼ 0.1, the effect of qw on the velocity proﬁles is almost negligible.
However, the effect of wall heat ﬂux values is stronger in higher
Knudsen cases. In cavity ﬂow, energy is transferred from the moving
lid to the ﬂow. The amount of transferred energy depends on the
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ﬂow rarefaction and decreases for more rareﬁed ﬂows because of
increased ﬂow viscosity and dissipations. However, heating
increases variations of the velocity ﬁeld in the rareﬁed ﬂows as
more energy is transferred to the ﬂow during molecularewall
interactions.
Fig. 22 shows the temperature ﬁeld in the cavity for aforementioned Knudsen numbers and heat ﬂux magnitudes. Two main
mechanisms determine the heat ﬂux behavior. One is the expansion/compression occurring near the cavity top wall due to lid
movement, and another is the heating/cooling of the ﬂow through
walls. For adiabatic case, Fig. 22(b), it is observed that only the
former affects the ﬂow ﬁeld and as a result, maximum temperature
occurs near the right wall and minimum temperature occurs near
the left wall, in accordance to the direction of wall motion.
However, for heating/cooling conditions, the ﬂow is much hotter/
colder at the bottom section of the cavity. The increase or decrease
in the temperature ﬁeld becomes stronger as ﬂow rareﬁes. It is due
to non-equilibrium effects which establish the ﬂow and thermal
ﬁeld behaviors as Kn number increases. In other words, as the ﬂow
becomes more rareﬁed, there are less inter-molecular collisions
and the energy absorbed by the particles during wall interactions is
transferred by the particles directly to the bulk ﬂow.
10. Conclusions
We introduced a new technique to implement desired wall heat
ﬂux rate in the DSMC method for MEMS/NEMS applications. This
technique was based on an iterative progress on the wall temperature magnitude. It was found that the proposed iterative technique has a good numerical performance and could implement
both positive and negative values of wall heat ﬂux rates accurately.
A relaxation factor (RF) was introduced to ensure the convergence
of the iterative technique. It was shown that higher values of RF
results in faster convergence. However, there are divergence risks if
high values of RF are used. We recommended a value of RF smaller
than 0.03 for an arbitrary problem with desired setting. We
extended our study with evaluation of the effect of the number of
simulator particles on the accuracy of the iterative technique. Our
study showed that the effect is negligible on the achieved wall
temperature distribution and considerable on the wall heat ﬂux
distribution. For the investigated cases, it is observed that the
cooling of micro/nano channel would result in small variations in
the Knudsen number along the channel. Therefore, if one would
like to increase the mass ﬂow rate and prevent excessive rarefaction
at the outlet of micro/nano devices, he should develop and utilize
effective tools to cool down these devices. Similarly, our results
detected that there is a positive curvature in pressure distribution
for positive heat ﬂux wall boundary condition. In other words,
pressure distribution is well below the linear incompressible one
for cooling condition. We observed that under cooling conditions
the upstream thermal creep results in a small decrease in the
velocity slip magnitude along the channel. This behavior is
observed in spite of the fact that the Knudsen number (rarefaction
effect) increases as the ﬂow approaches the outlet. We also simulated 2-D cavity ﬂow under different heat ﬂux boundary conditions
and studied hydrodynamics and thermal behaviors. It is observed
that heating and cooling of the ﬂow ﬁeld is more effective at higher
Knudsen numbers due to increasing non-equilibrium effects.
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Nomenclature
a
c0
E
H
k
Kn
L
m
_
m
NCM
NMcell
NPR
N_
col

P
PR
q
R
RF
S
t
T
DTw
Dt
U
Vmp
x, y
Dx
Dy
dt

speed of sound, m s1
thermal molecular velocity, m s1
energy ﬂux, J m2
channel height, m
Boltzmann constant, N m K1
Knudsen number (Kn ¼ l/H)
geometry length, m
molecular mass, kg
mass ﬂow rate, kg s1
number of collided molecules to the wall cell
number of simulator particles in cell
a unit of time equal to 20 DSMC time step
inter-molecular collision rate
pressure, Pa
pressure ratio
heat ﬂux rate, W m2
gas constant, J kg1 K1
relaxation factor
surface area, m2
time, s
temperature, K
wall temperature correction, K
time period of wall sampling, s
stream velocity, m s1
most probable molecular velocity, m s1
Cartesian coordinates, m
cell size in x-direction, m
cell size in y-direction, m
DSMC time step, s

Greek symbols
ac
thermal accommodation coefﬁcient
r
mass density, kg m3
z
number of degrees of freedom
3
molecular energy, J
30
negligible energy value, J
D3
molecular energy change, J
l
mean free path, m
Subscripts
c
center
des
desired value
i
incidence
ini
initial velocity
ind
individual
g
gas velocity
r
reﬂected
s
slip velocity
w
wall
in
inlet
j
jth boundary cell
out
outlet
rot
rotational
tr
translational
vib
vibrational
Superscripts
i
incidence

r
w
new
old
¯
tr
rot
vib

reﬂected
wall
value at present time step
value at the previous time step
averaged value
translational
rotational
vibrational
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