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KEYWORDS Abstract A system of ordinary differential equation, which describes the interaction of HIV and T
Chemotherapy; cells in the immune system, is utilized, and optimal representing drug treatment strategies of this
HIV; model are explored. Control model, in the sense of an optimal control problem shows the strategy

Linear programming;
Measure theory;

Optimal control pair;
System of ordinary differen-
tial equation

of chemotherapy treatment setting through a dynamic treatment. In this model, the optimal control
pair represents the percentage effect the chemotherapy on the CD4 ™ T cells and virus production.
An objective function characterized based on maximizing 7 cells and minimizing the systemic cost
of the chemotherapy. The optimal control could characterize by using Pontryagin’s Maximum Prin-
ciple. Then by using an embedding method, we transfer the problem in to a modified problem in

measure space. This transformation is an injection; one-one mapping, so the optimal pair and its
image under the transformation could be identified. New problem could be solved by a linear pro-

gramming problem.
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1. Introduction

AIDS-Acquired Immunity Deficiency Syndrome is the disease
that has affected the whole world in the 20 years since it was
first detected. It is caused by Human Immunodeficiency Virus
(HIV). 34.3 million People live with HIV infection today that
more than 24 million are in the developing world [1].

There is still much work to be completed in the search for
an anti-HIV vaccine. Set of the chemotherapies are aimed at
killing or halting the pathogen, but treatment which can boost
the immune system can serve to help the body fight infection
on its own [2]. The new treatments are aimed at reducing viral
population and improving the immune response [1,3]. This
brings new hope to the treatment of HIV infection, and we
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are exploring strategies for such treatments using optimal con-
trol techniques.

There are two kind drugs for treatment of HIV infection
[1,4], the first kinds effect on the virus production and reduces
the virus production, the second kinds effect on the CD4™ T
cells production and access CD4 ™ T cells production [1,4]. In
this paper, it is presented a control model for medical control
of the chemotherapy treatment that uses the above two con-
trols. Pathologists attempt to obtain drugs that have capability
both works (access CD4 " T cells production and reduce virus
production). However some achievements obtained in this
case, but still don’t beget drugs that do this action [5].

Here our purpose was the representation control’s model
that control both cases and minimizing the cost of treatment.

2. The mathematical model

To begin the control procedure, it is necessary to have a model
that describes the infected scenario. In [2] a simple model is gi-
ven which simulates the interaction of immune system with
HIV. This model is used here.

Let T; V represent the concentration of the uninfected
CD; T cells and free infectious virus particles respectively,
and u;, u, represent two different treatment strategies. As
our control classes we choose measurable functions defined
on a fixed interval (as treatments can’t be continued for infinite
time period due to hazardous side effects) satisfying
0<a;<u;<b; < 1i= 12 For most of HIV chemotherapy
drugs, the length of treatment is less then 500 days [6].

The state system is

AR %(Vt)m — WT(0) = KV T() + 0 ()T (1)
" (1
%‘; _ (%W — V() T()

Satisfying V(0) = Vy, T(0) = T, where T represents the con-
centration of CDIT cells, V' the concentration of HIV parti-

V(1)
Bi+V(1)

unaffected T cells, u7(¢) is the natural loss of uninfected T
cells, kV(#)T() is loss by infection, g(lgﬁiw
tion to plasma and cV(¢)7(¢) is the viral loss. Similarly, u is
death rate of T cells, & is infection rate of T cells, g is the input
rate of an external virus source, c¢ is the loss rate of virus and
By, B> are half saturation constants. The controls u; and u,
represent the immune boosting and viral suppressing drugs

cles. The term s; —

is the source proliferation of

is viral contribu-

Table 1 The definitions and numerical data for the param-
eters [3].

Parameters and constant Values

S1 24 ' mm?

K 1.5d ' mm?®

It 0.002d~"

k 2.5x 1072 d' mm®
g 30d ' mm?

c 0.007 cd~' mm~3
by 14

b2 1

respectively. The definitions and numerical data for the param-
eters can be found in Table 1.
The objective functional to be maximized is

J(uy, uy) = /0’ [T — (Ayui (1) + Az (t))]dt (2)

The first term represent the benefit of 7 cells and the other
terms are systemic costs of the drug treatments. The positive
constants 4; and A4, balance the size of the terms, and u?, 3
reflect the severity of the side effects of the drugs. When drugs
such as interleukin are administered in high dose, they are
toxic to the human body, which justifies the quadratic terms
in the functional. Our goal is maximizing the number of 7 cells
and minimizing the systemic cost to the body. We seek an opti-
mal control pair uj, uj such that J(uj,u;) = max{J(u;,u,)|
(u1,uy) € U} where U = {(u, w) u; measurable i =1, 2
t €0, t], a; < u; < b} is the control set.

Is recommend that the reader see [2-4] for a more complete
background and analysis of the model.

3. Application of measure theory in optimal control problem

3.1. Further analysis of the classical control problem

In the section it is followed from Rubio [7].
Consider:

(1) A real closed interval J = [t,, t], with ¢, < ¢,. the inte-
rior of this interval in the real line will be denoted by
I = (1, 1,).
(ii) A bounded, closed, path wise—connected set 4 in R".
(iii) Two elements of 4, x, and x;,,, which are to be the initial
and final states of the trajectory of the controlled system.
(iv) A bounded, closed subset U of R™.
V) Let Q =JxAxU,and fo: Q> R, g: Q> R, i =1, 2,
..., n. a continuous function.
Consider the differential
u(t)), te g,
Where the trajectory function x(¢) € 4, t € J is a absolutely
continuous and the control function u(z) € U, t € J is Lebes-
gue-measurable.

equation () = g(1, x(1),

Let p = [x(.), u(.)] Be an admissible pair, and B an open
ball in R"*! containing Jx 4; we denote by C'(B) the space
of real-valued continuously differentiable functions on B.

Let ¢ € C'(B), and define

O (t,x,u) = . (1,x)"g(t, x,u) + ¢,(1,x).

dp 0 0 3
¢X(t7x):<%7£7""ai)7 (t7x7u)€Q ( )
Since p = [x(.), u(.)] is an admissible pair,

[ e xu0de = [ (000501 (0 + e 0]
JJ J
= [ #textopa
= ¢(th7 xb) - ¢(t(l7 xa) = A¢7 (4)

For all ¢ € C'(B).
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Let D(J°) be the space of infinitely differentiable real-val-
ued functions with compact support in J°.
Define

Wi(tx u) = x (1) + g (6, x, w0 (1), j=1,2,....n, ¥
e D(J°). (5)

Then, if p = [x(.), u(.)] is an admissible pair, we have, for
j=1,2,...n andlpeD(JO),

[ wlextutode= [ ware [ glexto.uopa
—5w0l+ [ {50 gl fpoa=o.  ©

Put ¢(t, x, u) = 0(¢). (¢, x, u) € Q, that is a function which de-
pends on the time variable only; then ¢ (¢, x, u) = 0'(¢), if
p = [x(), u(.)] is an admissible pair, then the equality (4) for
the function ¢ implies that

[ﬂw@wmw:w

3.2. Transfer the problem into measure space

Now consider the mapping: 4,: C(2) — R
A = [ St rec@) ™)

This well defined mapping is linear, positive, continuous, and
injection (see Rubio [6]) therefore, can be identified pairs
p = [x(.), u(.)] with the linear functional 4,,.

Some authors define such a functional as positive Radon
measure (see Rubio [7]),

Using this approach, the above optimal control now can be
written as follows:

Minimize 4,(fp)
Subject to : 4,(¢*) = A¢; ¢ € C'(B).
A,(0) =0, j=12,....n Yy €D (8)
A,(f) =an; fe Ci(Q)

A Radon measure on Q can be identified with a regular Borel
measure on this set (see Rubio [6]), thus A,(f) =

Jofdu = pu(f) f€ C(Q).

The space of all positive Radon measures on C(2) will be
denoted by M (Q).

We seck a measure in M (Q), to be normally denoted by
1", which minimizes

The functional

ne M (Q) — ufo) € R 9)

Subject to the constraints

w(@)=~Ap ¢ CBul)=0 j=12,....n &y € D(J").
w)=ar feCi(J).
(10)

The existence of the optimal measure for problem (9)
and (10) is based on analysis described in Farahi et al.

[8].

3.3. Approximation

We considering the minimization of u — u(fy) over a subset of
M ™ (Q) defined by requiring that only a finite number of the
constraints in (10) are satisfied.

Consider the first set of equalities in (10). Let the set
{¢)i=1,2, ...} be such that the linear combinations of the
function ¢, € C'(B) are uniformly dense in the space

C'(B). For instance, these functions can be taken to be mono-
mials in the components of the n-vector x and the variable ¢.

Consider the function in D(J°) defined by

o) = {Zin[2nr(t —1,)/Af] inJ':)7

1 —cos2nr(t —t,) /A1) t€J
0 t¢J°

(11)
Y1) =

where At=1t,—t, and r=1, 2, 3, . We shall call
{xdh = 1,2, ..} the sequence of functions of the type Wit
X, u) = xpp'(t) + glt, x, wy(r). j=1,2, ..., n, defined in
(10), when the functions () are the sine and cosine functions
(14) defined above and

j=12,....n

Theorem 3.1. Consider the linear program consisting in mini-
mizing the function p— p(fy) over the set Q(M;, M,) of
measures in M (Q) satisfying

w(@f) =Ap, i=1,2,....M,
1) =0 h=1,2,...,M,

As M; and M, tend to infinity, (M, M>) :inf,u(f)Q(Ml_Mz)

tends to n = infu(fo)o-
For proof see Farahi, et al. [8,9].

(12)

The number of constraints in the original linear program
was limited; the underling space is not, however, finite-
dimensional. It is possible, though, to develop a finite-
dimensional linear program whose solution can be used to
construct one for the problem of minimizing u— p(fy) over
the set (12).

z was written for the triple (t, x, u) € Q. A unitary atomic
measure with support the singleton set {z}, to be denoted by

1 zed . . _
0,(4) = {0 Y is characterized by 0(z)(F) = F(2),
FeCQ),zeQ.

1t is possible to characterize a measure in the set Q(M;, M»)
at which the linear function u— u(fy) attains its minimum.

Theorem 3.2. The measure 1" in the set Q(M;, M>) at which
the function u— u(fy) attains its minimum has the form

* M+M>
w=>y %6

i=1
With  the triples z; € Q, and  the

0 >0, i=1,2,..., M + M.

coefficient

For proof see Rubio [7].

The measure—theoretical optimization problem is equivalent
to a nonlinear optimization problem; we shall take a different
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road this time, and try somehow to preserve the essential
linearity of the problem. The answer lies in approximating this
support, by introducing a set dense in €Q:

Theorem 3.3. Let w be a countable dense subset of Q. Given
¢ > 0, a measure v € M (Q) can be found such that

[ =V)fol <e

(v =¥)¢f| <e i=1,2,...,M,.

|V =Vl <e h=1,2,....M,

The measure v has the form v =Y, "8 z;.). with the triples

z; € w, and the coefficient of = 0,i=1,2,..., M, + M,.

For proof see Rubio [7].

These results suggest that the following linear program
should be considered. Given ¢ > 0 and z, zr € 0, k =1, 2, ...,
N, where w is a dense subset of Q,

Min Y ayf(z)
=

N

<Y odi(z) — A <&
=
N

—8<Zajxh(z,-)<8 h:1,2,.4.,M2
=1

Subject to: —¢

(13)
Note that the elements z; € w, k = 1, 2, ..., N, are fixed; the
only unknowns are the numbers o;, i = 1, 2, ..., N. There are

N unknowns and 2(M; + M) inequalities in this linear pro-
gramming problem.

We have chosen functions, 0, s=20, 1, 2, ..., L as
1 teds . _ _ _
Gx(t) - {O t¢Js > with J,&' - [[a + (S ])(tb la)/Ls

9 + S(th - ta)/L]

Now consider the optimal control problem

min 1= [ folt, x(¢), u(2)]dt
=gt x(1), u(7)]
Let Q = Jx AX U, divide the region Q to N grids Qg, so we

s.t :c(l) i=1,2,...,n

N
have: Q = KU1QK’ and choose zx € Qg, where z, = (t, X,

u), k=1, 2, ..., N. To define ¢'s, Y's and 0's functions, we
have chosen M ;, M > and L of these functions respectively, thus:
¢§(t7x7u):%'g(tax7u) i:1727"'7M1

We define y,, functions as follows:

w;(t7x7 Ll) = lell:,(l) + gj(t7 X, u)l//;(t)

where (t, x,u) €Q,j=12,...nr=12,...,
have:

2M >, and we

W, (1) =sin2zr(1 — ty) / Af] r=1,2,...M
{l//r(l) =1—cos2n(r— M )(t—10)/Af] r=My+1,....2M,

Where M2 = 2M21, h = ],2, . Mg, At = t1 — 1y,

Now the optimal control problem (9) and (10) is approxi-
mated by the following finite-dimensional linear-programming
problem:

(14)

min Z%ﬁ) (z)

N
s.t: Za,-qﬁf?’(zj) =A¢; i=12,....M
=1

N (15)
Z“/’X/z(Z/’)ZO h=1,2,...,M,

j=1

N

Z“jf)s(z;‘) = ay s=1,2,...,L

=1

where Ap; = ¢i(ty, xp) — Pi(ta, Xa)

4. Computational method

In the following the problem (1) was replaced by another one
in which the maximum of the functional (2) calculated over a
set of positive Radon-measure to be defined as follows. We fol-
low the analysis of the previous section.

We consider again state system (1) and for simplicity, it was

assumed that:.) = x,, T = x; Hence (1) change to:

dx1 S$2X72

— =5 — — pxy — kxp) t

d N T By ke (i (16)
dx, _ g —w(1)x2 xox

d By +x; B
Putting parameters from Table 1 we have

d;t] =2 0 505;;2 —0.002x; — 0.00025x5x7 + 14 (I)Xl

b 73001;{353)'*2 —0.007¢x2x;
where the objective functional is as follows:

I
J(uhuz) :/ [X| — (Alu%(l)-f—AzM%(l))}dl (17)
0

A, = 250000, or 500000, and A, =175

The initial values of x;, x, are given, while the final values of
these variables are indefinite. Define x = g(¢,x,u) where

x = {\} g= [?} so we have

X2 )
d 1.5
gl(z,x,u):%: e 07’3 £ =0.002x, —0.00025 521 +1n (1),
761’)(2730(] —uz(f))XZ ’
g2([7x7u)_ dt - ]4+X2 0.007X2,\1

(18)

Here the optimal control problems (14) and (15) were approx-
imated by a finite dimensional linear programming problem.
Suppose t€J = [tg, 4], x;€ A i = 1, 2uy € Uy and u, € Us.
It was assumed that m; = 10, m, = 5, m3 = 5, my = 6 and
ms = 6, are the number of partitions respect to J, Ay, 4>, U;
and U,, respectively. We define:

N =my X my X my X myg X ms = 9000

Let Q = Jx A, X A, x U, where U = (U, U,) is control func-
tion pair and g: @ — R’ is the continuous function. Now
divide the region Q to N grids Qg, so we have:

N

Q= U Q, and
K=1

2k = (i, 5, X5, b 1), k= 1,2,...,9000.

choose zx € Qg, where
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The functions ¢’s, ¥'s and 0's are defined as in [7].
So, the approximated linear programming problem which
approximates the action of optimal control problem would be:

max %xj [/l/ [+ - A,uf(t)JrAzu%(t))]dr]

9000
15’62
st _Z“’< 0.007+ 4,

9000 17u/
(

—0.002%; —0.00025x,, + 1/ (1) >+[f’1 400

0.007.xg,d> +p=2.5

9()0()
T ‘C

cos(2mit;/5) + g, %m(2ml,/5)> i=1,2

‘)OUO 2

9000 27‘[1‘6
Zx,( sin(2mit;/5) 4+ g, (1 —cos(2mt,/5))> 0; i=1,2

cos (2mit;/5) + g, sin(2mit; /5)) i=1,2

D0 iy
Zz,( s 2 sin(27it;/5) +g,(1 7005(2711'1,/5))) =0; i=1,2

Jj=8101

0 >0; j=1,2,3,...,9000

The linear programming problem has 9000 variables and 20

constraints. This problem was solved for initial values,

Ay = 250000 and 4, = 500000, by using MATLAB’s software

for the following defined intervals:

A, = [400,1000], A4, =10,3.5], U, =
=1[0,0.9], J=1]0,9]

0,0.2] U,

The objective function’s value is equal to 6139.69, and the
piecewise constant controls «; and u, shown below.

4.1. Conclusion

There are generated several treatment schedules for various
time periods. A case for two different values of A, for a 5-
month treatment schedule is illustrated. Figs. 1-3 are plotted
using A; = 250000; 4, = 75; b; = 0:02; b, = 0:9,

Fig. 1 represents the controls u; and u; for drug administra-
tion schedule for these parameters.

Fig. 2 represents the number of 7 cells during our treatment
period. The T cell population increases almost linearly up to5
month.

Fig. 3 represents the virus population during treatment per-
iod. In the beginning, a sharp decrease was showed in the virus
population and after few days it started to increase steadily
with some fluctuations.

Fig. 4 represents the optimal controls u; and u, for drug
administration schedule for the second set of parameters.

In the compare of Figs. 5 and 6 for T and V with Figs. 2
and 3, it showed that higher 4; values reduced the T cell pop-
ulation and increased the virus population.

Nowadays the dynamic behavior of the immune system in
dealing with different diseases are expressed in equations and
nonequations forms until the best way to control the immune

system and treatment be resulted by mathematical science
[6,10].

In the treatment of diseases Factors such as duration of
therapy, the amount of prescribed medication, Intervals for
drugs and treatment costs can form parts of the control of sys-
tem [6].

Considering that the optimal control models made in most
cases leads to the complex nonlinear with high Dimension,
solving these models with the help of the classical methods
optimal control or other numerical methods is very difficult.
In addition in these methods restrictions are imposed on the
system such as the derivative of the functions, which may be
caused that the problem is not answer in the space of derivative
functions [7].

Using of measure method for solving optimal control prob-
lems has some benefits such as using of this method for liner
and nonlinear problems. This method can find the answer in
the highest space size and then can be return the answer to
the functions space using the approximation method. The
complexity of problem and high dimension in measure space
douse not so long the time of solution of problems. In measure
method global answer can be found while in the most methods
local answer can be found [7]. Therefore using of measure
method in solving of these problems could be recommended.
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