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Abstract The present study is concerned with the elastic/
plastic buckling analysis of a skew plate under in-plane
shear loading. The governing equations for moderately
thick skew plates are analytically derived based on first-
order shear deformation theory, whereas the incremental
and deformation theories of plasticity are employed. Two
types of shear loads, i.e. rectangular shear (R-shear) and
skew shear (S-shear) have been investigated. The buckling
coefficient values are significantly affected by the direction
of stresses. Since the problem is geometrically and physi-
cally nonlinear, the generalized differential quadrature
method as an accurate, simple and computationally effi-
cient numerical tool is adopted to discretize the governing
equations and the related boundary conditions. Then, a
direct iterative method is employed to obtain the buckling
coefficients of skew plates. To demonstrate the accuracy of
the present analytical solution, a comparison is made with
the published experimental and numerical results in liter-
ature. The influences of the aspect and thickness ratios,
skew angle, incremental and deformation theories and
various boundary conditions are examined for R-shear and
S-shear buckling coefficients. Finally, some mode shapes
of the skew thick plates are illustrated. The present results
may serve as benchmark solutions for such plates.
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List of symbols
a Length of plate
c Ag, Weighting coefficients of the first-order derivative

Ajp Ay e .
in ¢- and n-directions, respectively

b Oblique width of plate

357 BZ Weighting coefficients of the second-order
" derivative in ¢- and #n-directions, respectively

c, k Ramberg—Osgood parameters

D Flexural rigidity of plate

E Young’s modulus of elasticity

G Effective shear modulus

h Thickness of plate

h/b Thickness ratio

Ne,N, Number of grid points in &- and #-directions,
respectively

Sij Stress deviator tensor

S(E;)  Secant modulus

ﬂ

(E;)  Tangent modulus
Strain energy

Vv Potential energy

Wi Deflection at grid point ij

X; Grid spacing

x,y,z  The Cartesian coordinate variables

Greek symbols

o, f,7, %, 1,0  Parameters used in stress—strain relations
& Total effective strain

€ Total plastic strain

x, &y, Exy Normal strain

@ys Pys Pz, 0,  Rotations about x-, y, ¢ and 7
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K? Shear correction factor _ .
Joxy Elastic/plastic shear buckling coefficient l = _—1 Z}LiR
AR Elastic/plastic buckling coefficient for I O < ? > i }
R-shear loading | 'g/ } It
As Elastic/plastic buckling coefficient for
S-shear loading l__ _— t R
) Poisson’s ratio (a)
0 Skew angle S ,
e Effective stress e, z_-i\__i‘s
Oy, Oy, Oy Normal stress / J / . i 1=
&n Oblique coordinate variables / L < 0 7 e =
S 4 V/ Vs
/ /7

1 Introduction

Skew plates under shear loading have found considerable
applications in structural engineering problems. Aircraft
wings and skew bridges are well-known direct applications of
these kinds of plates. The elastic buckling of skew plates has
been studied by some researchers [1-3]. However, to the best
of author’s knowledge, the plastic buckling of skew plates is
not available in open literature. There are many such kind
methods available, such as Rayleigh—Ritz, finite element,
finite difference and Fourier series methods. Rayleigh—Ritz
and Fourier series methods require less computational effort
as compared with finite element and finite difference methods.
Some researchers studied elastic/plastic buckling of rectan-
gular plates [4-9]. By contrast, no results exist for elastic/
plastic shear buckling of skew plates. Moreover, the discrep-
ancies between the incremental and deformation theories
results in skew plates have not been studied.

Two types of shear loading conditions on skew plates are
considered, i.e. (a) R-shear loading and (b) S-shear loading,
Fig. 1. The first type is the shear loading acting along the two
horizontal edges and the traction is a pure shear stress, whereas
along the other two oblique edges, the traction consists of both
shear and direct stresses of such magnitude that every infini-
tesimal rectangular element is in a state of pure shear, Fig. 1a.
The second type is the shear loads are uniformly applied along
the plate edges, Fig. 1b. For the R-shear loading, we have
o, =0 and 1, =R, while for S-shear loading o, =
—2Stan(0) and 1., = S. The positive and negative angle
values are defined in clockwise and anticlockwise directions,
respectively. The main difference between the shear buckling
of skew and rectangular plates is that a reversal of the direction
of the shear loading will not cause a change in the critical shear
load value for rectangular plates whereas it will affect the
critical shear load in skew plates [10].

The first studies on elastic shear buckling of skew plate
performed by Wittrick [11]. He solved the elastic buckling
problem of simply supported and clamped skew plates
under pure shear. Argyris [12], Ashton [13], Durvasula [14,

@ Springer

(b)

Fig. 1 Two types of shear loading conditions on skew plates, a R-
shear loading and b S-shear loading

15], Xiang et al. [16] and York [17] performed elastic
R-shear buckling of skew plates and Hamada [18], Fried
and Schmitt [19], Yoshimura and Iwata [20] and Xiang
et al. [16] studied elastic S-shear buckling of skew plates.

The plastic buckling analyses of rectangular plates by
incremental and deformation theories of plasticity and sub-
jected to in-plane loadings have been studied in the past several
decades. Durban [21] studied on the plastic buckling of rect-
angular plates. He found that the incremental theory predicts
more buckling load than deformation theory, and the experi-
mental data have more congruence with the deformation the-
ory. Durban and Zuckerman [22] carried out the plastic
buckling analyses of rectangular plates under uniaxial loading
for several various modes with the separation of variables
solution. However, their boundary conditions were limited to
clamped and simply supported types. Wang et al. [23, 24]
investigated the elastic—plastic buckling of thin and thick plates
based on deformation and incremental theories by use of sep-
aration of variables solution and Ritz method. They came to the
conclusion that the deformation theory predicts a lower buck-
ling stress factor, and as the thickness increases and hardening
decreases (Ramberg—Osgood constant increases), the differ-
ences between the two theories increase. Lotfi et al. [25] ana-
lyzed a skew isotropic plate subjected to in-plane loadings
using a stability analysis based on the isoparametric spline
finite strip method that includes inelasticity. The stiffness and
stability matrices were formulated by energy expressions using
small deflection theory. Jaberzadeh et al. [26] analyzed the
plastic buckling of thin skew plates using element-free Galer-
kin (EFG) method. They used Stowell theory for the plastic
buckling of skew plates with variable thickness and concluded
that the plastic critical stresses increased with increasing the
thickness of the plate. Zhang and Wang [8] confirmed the
reported results given by Ref. [23]. Kadkhodayan and Maa-
refdoust [9] studied the elastic/plastic buckling of thin
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rectangular plates under various loads and boundary condi-
tions. To the best knowledge of the authors, there is no solution
available in the open literature for plastic buckling analysis of
skew plates under R-shear and S-shear loading.

In the current study, the differential equations of elastic/
plastic buckling of skew plates are derived and the GDQ
method is used for solving those equations. The formulation is
based on first-order shear deformation theory (FSDT) and the
incremental and deformation theories of plasticity are used.
Two shear loading conditions containing R- and S-shear
loadings are studied. Results are compared with existing data
available from other analytical and numerical methods. The
effects of skew plate parameters such as aspect and thickness
ratios, skew angles, incremental and deformation theories and
boundary conditions on the R- and S-shear buckling coeffi-
cients are presented. Finally, some plots of the mode shapes
are illustrated for the R- and S-shear buckling.

2 Mathematical formulations
2.1 Governing differential equations

Let us consider a skew moderately thick plate with length
a, oblique width b, thickness 4 and skew angle 6 as shown
in Fig. 2. The stress rate corresponding to strain rate in
Cartesian coordinate are given by

O.-x = E(aéx + ﬁ‘OV + X?X}’)’
Gy = E(Béx + péy + ),
‘txy = E(Xbx + ,Uf'v + 5?)@)1

. 2 2
Txz = K G))xzv Tyz =K nyzv

(1)

where E is the Young modulus, G is the shear modulus, K2

is the shear correction factor and o, f, y, y, u, 6 and
G depend on theories of plasticity used. There are two
theories of plasticity used in this paper, the incremental
theory based on Prandtl-Reuss equation and the deforma-
tion theory based on Hencky equation. In the current study,
the first shear deformation theory which is suitable for

Fig. 2 The geometry of the skew plate

moderately thick plates is employed. The main difference
between these two is that the IT depends on incremental
plastic strain and DT depends on total strain. The strain-
displacement relations can be expressed as

o 6<px+a§0y Lo +6w .o +6w
o= Gy T ) e T T e = O T 0
(2)

where w is transverse displacement and ¢,, ¢, denote the

rotations of the transverse normal about x- and y-axis, respec-
tively. The strain energy functional for the plate is given by

U= E/ {6xéx + 636y + Tyl + Tulg + el AV, (3)
v

The potential energy V for the plate subjected to uniform
in-plane stress is given by

1 ow\? ow\? ow\ [ow
A

(4)
The principle of minimum total potential energy is
o(U+V)=0, (5)

where 0 represent the variational symbol. The material
points of skew plates in the physical domain can be
transformed into computational domain of the GDQM,
which is a rectangular one, without any approximation
using the following linear transformation rules

x= ¢ +n(sin0),

y =n(cos 0), (6)

where ¢ and # are natural coordinate variables of the com-
putational domain and 0 is the skew angle. The rotations
¢y, ¢, can be expressed in the skew coordinate system as

¢, (x,y) = @:(&,1) cos 0,

7
@y (x,y) = —@:(&n)sin0 + ¢, (& n). @

The fundamental equation of incremental theory with
Prandtl-Reuss constitutive equation is [23]

. . 1—2v, 36, (E
Biy = (14 035+ -5 oty 5 (1) 550 9

3
where T is the tangent modulus which is calculated through
stress—strain curved and o, is the effective stress. The tan-
gent modulus and effective stress are calculated as follow:

T =do,/de,,

2 _ 2 2 2
0, = 0y — 0x0y + 0, + 37,

©)
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where ¢, is the total effective strain. The parameters «, f3, 7,
%> 1, 0 and G in this method are defined as

1

2
a=;[022€33—623], B=-
1
2
VZE[C11€33—C13]7
1
,u:;[ClZCIS_CllCB]; L=
1
2
0= ;[Cnczz Clz];

E i1 C12 (13
p=7g|ca n cnl G=
31 €32 €33

in which

T\ [ o;
C11—l—3( )(40_2+

[013623 — c12e33),

1
—[c12¢23 — c13e,

E
2(1+0v)’

2
Dy

2 b
Ge

1 T 0c0, T2,
=—=11-(1-2v)==3(1——= Y 4
C12 2 [ ( U)E < ) (202 + 0_3>‘|7

(-5

20, — 0,

Tyy
o, )’
T o2
Cy = 1 —3(] —E) <40)'(2+

3 T\ (20, — 0 T
22D (2 O (e
=3 (-5 () ()

c33 :2(l+v)(£) +9<1—£> <f§>

(11)

The fundamental equation of deformation theory with
Hencky constitutive equation is [23]

o (FE 1=\ 1= o 36 (EE)
&= |\ 3¢~ ij i A \7 ¢ ijs
i=\2s7 2 e e O B

(12)

where S is the secant modulus which is calculated through
stress—strain uniaxial curve. The parameters o, f3, 7, ¥,
u, and 9 are calculated using Eq. (10), and G in this theory

is given by
- E
2+ 2043(E-1)’

in which

T\ ( o,
C11 21—3(1—5) (4—0)_}2

(13)

2
T
Xy
+-2,
O’E

1 T T\ (6.0, 72
— - -2 31—~ )Y
=73 [ (-2 ( S) (203 * agﬂ’
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3 T\ (20: — 0,\ [Ty
22DV (2 (T
o =3(1-5) (%) ()

2

033=3§—(1—2v)(§>+9(1—€> (o%) (14)

It can be notified that by setting 7T =S = E, the
parameters o, f5, 7, ¥, i, and 0 reduce to the parameters
for elastic buckling. Using Eqgs. (1)-(7) and calculus of
variations, the FEuler—Lagrange differential equations
associated with the minimization of the total potential
energy functional, the equilibrium equation of elastic/
plastic buckling of skew thick plate can be derived.

2.2 Discretization of governing equations

Employing the chain rule for the spatial derivatives and
coordinate transformation in Eq. (6), the derivatives in this
domain are expressed in terms of derivatives of space
variables of the computational domains. Simultaneously,
the GDQ discretization rules can be used to discretize the
spatial derivatives in the computational domain [27-29].
After that, the GDQ-discretized form of the equations of
elastic/plastic buckling of skew plates at each grid point
G j), with i =23,..., Ne—1 and j=23,.., N,—1
become

|: (SCCG ZAUN(PWI] tane ZA”’"('DV”/
sec 9 ZB”” m/ (SCC 9 Z jn Win

. N,
+(2tan Osec 0) Z ZA,m jnWinn
m=1 n=1

N,
(sec 0) Z @5, 1 (tan 0) Z n(pm 1k*Gh cos 0

—a.h [cos@ ZB;m W

m=

7
—oyh [(tanOsm() ZB”” Winj— 2tan0 Z ZAzm inWinn
m=1 n=1
eS|

Ne Ny
_2IU [Z ZAtm jn Winn SIH9 ZBlm mj

:07




J Braz. Soc. Mech. Sci. Eng. (2015) 37:761-776

765

Table 1 Accuracy of grid
points distribution for CCCC
skew plate (h/b = 0.001,

Source
coefficient

Shear buckling

Theories of Eq. (B.5) Eq.(B.4)
plasticity

Eq. (B.3) Eq.(B.2) Eq.(B.1)

0 =+ 45°, N-=N , = 13) Xiang et al. [16]
Present study
Xiang et al. [16]

Present study

I = 24.04
Ix
s = 89.16
Js

IT, DT 24.040 24.027 23.981 23.997 24.027

IT, DT 89.163 89.171 89.132 89.135 89.183

oER3 3

12

ER’ E
cos’ 0 + i (2B +46) sin* O cos 0 +

ZBzm(pmj +|:
3

(ﬁ+25)sm0cos€+%()}tan9 3u) sin® 0 — '{

"E3
4 ER
12

cos? Osin 9}

[ER?

[ ER ’

E
2—(/3+25)cos(9sm0+2 h
N.
Lm=1

[ER?

N,

im ]n (pmn

ER®
AS [ (ytan 6 — 2u) sin(9—|—
i 12
N,

+

N:
h <
(ﬁ—f—é)cos(H—ZH(ytanG 2u) smé)} lz

n—=

— k*Ghcos 0 lqoz (sin0) q)U (sec ) ZAlm i (tan 6) Z

Eh3 3

{__

12

[ER®
> (ytan — 2p) sin0—|—

cos 0]

ZBM’[ mj
3

[ Eh ER® Y
2W(ytan9 2,u)sm0—|——(5—|—/3)cos0} L;

N
: : :Alm Jn mn

m=1 n=

Ny

n=

3

][5

[ ER
=
12

(ytan6 — u} [

— k*Ghcos 0 lq) — (sin )

m=1

(y tan 0 — 3p) sin® 0 —

Z Ag A}n (Pmn

3
(B +29) sinOcosO—%(ytan0—3,u) sin20+@

(rtan0 0] [

N,
¢ — (tan 0) ZAfmwmj+ sec 0) Z Wi

}; (ytan 0 — 4y) sin® 0

tan 9} [Z ,ﬁpm]

~—cos 0]

Z Btm q’mj‘|

cos? 9]

cos 0} [Z n(pm‘|

Al w

jn Win

LER3
2/(

(16)

1

¢ .
1

N,

E: UIPRS
Bjnqoin
n=1

|

:07

n=1

where Ag,AZ,Bf],BU, wij, @; are the weighting coefficients
of the first-order derivatives with respect to the variable of
¢ and 7, the weighting coefficients of the second-order
derivatives with respect to the variable of ¢ and 7 and

deflection and rotation at grid point ij, respectively. The

boundary conditions in this study are shown in Appendix
(A).
Now, the shear buckling coefficient A, can be defined as

x,hbz
(18)

Iy =
Xy 7T2D7
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Table 2 Convergence of B.C Theories of plasticity 0 h/b Ne =N,
R-shear and S-shear buckling ~
coefficient of SSSS and CCCC 7 9 11 13 15
skew plates under various skew
angles and thickness ratios with SSSS IT 0.001 g 9.6729 9.6633 9.6562 9.6535 9.6535
DT Js  64.6871 62.8196 62.3847 623214 623214
0.1 R 6.7740  6.7128  6.6996  6.6956  6.6956
As  34.6736 34.2546 34.1616 34.1615 34.1615
CCCC DT —45° 0.001 g 2052209 44.6192 32.7628 31.3899 31.3898
As 199406 10.5069  9.3207  9.2563  9.2563
0.1 AR 1.2562  1.1563  1.1343  1.1306  1.1306
As 1.0481 09992  0.9920 0.9920  0.9920

Table 3 Influence of skew angle on the accuracy and convergence of
R-shear buckling coefficient of CCCC skew plates with DT (h/
b = 0.001)

0  N:=N,

7 9 11 13 15 17
15°  14.4650 14.3629 14.3540 14.3540 14.3540 14.3540
30° 16.7630 16.6034 16.5954 16.5953 16.5953 16.5953
45°  24.5933 24.0842 24.0409 24.0401 24.0401 24.0401
60° 55.9250 50.5452 46.0918 45.4138 454138 45.4138

45

o

40 6 ]
a 35¢ AL7O75TS N T
e ——opT
&g 30 f | m
':u O  Experimental [33]
© 25t

20}

1.5 1 1 1 1 1 0

0.01 0.02 0.03 0.04 0.05 0.06 0.07

h/b

Fig. 3 Comparisons of buckling coefficients obtained by IT and DT
with test results (0 = 0, a/b = 1)

where D = is the flexural rigidity. For R-shear

ER
12(1-2)
loading (pure shear stress t,, = R), we have

lay = ARy =1y =0, (19)
and for S-shear loading (shear stress t,, = § and uniaxial
stress o, = —2Stan 0)), we have

)»xy =ls, A= —2)stan0, (20)

where Az and Ag are the elastic/plastic shear buckling
coefficients for R- and S-shear loadings.

@ Springer

3 Convergence and accuracy studies

The final equations matrix is a set of nonlinear eigenvalue
equations with the size of 3(N5)2 X 3(N,,)2. By solving the
generalized eigenvalue problem of Egs. (15)-(17), the
buckling coefficients (the lowest eigenvalue) are obtained.
The grid points employed in the computations are showed
in Appendix (B). A computer program EBSPSL (Elastic/
plastic Buckling of Skew Plates under In-Plane Shear
Loading) is developed based on the above-mentioned for-
mulation, which is very quick and easy to generate elastic/
plastic buckling coefficient of plate. The material used in
this study is a typical aerospace aluminum alloy (AL
7075-T6). Here the Ramberg—Osgood elastic/plastic stress—
strain relationship is used

o N koo (€ 1)
e=—+—[(—

E E () ’
where ¢ is the total effective strain and ¢ and k are material

parameters. The tangent and secant moduli used in equa-
tions are calculated as follow:

E o\ E a\!

~ =14k — i Y >1

F=1+c <O_O> o og= 1 <00> , (e>1)
(22)

The characteristics of this metal is obtained by means of
Eq. (21), E/oyp= 150, Ramberg—Osgood parameters
¢ = 9.2 and k = 3/7, shear correction factor k2 = 5/6 and
Poisson’s ratio v = 0.33 [23].

Table 1 represents the accuracy of grid point’s distri-
bution. The analytical skew plate solutions given by Xiang
et al. [16] are also listed in this table for comparison. The
present results for skew plate are in close agreement with
results of Eq. (B.5). Hence, Eq. (B.5) has a good accuracy
of grid spacing.

Convergence studies of R- and S-shear buckling coef-
ficients are carried out first for skew plate with SSSS and
CCCC boundary conditions as shown in Table 2 to estab-
lish the minimum grid points required for obtaining
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Table 4 Comparison of Sources Method 0= 15° 0 = 30° 0 = 45°
R-shear and S-shear buckling
coefficients of CCCC skew AR As AR As AR s
plate (a/b = 1, h/b = 0.001)
Wittrick [11] FEM - - 16.69 - 2432 -
Argyris [12] Double-Fourier - - 16.69 - 24.41 -
Durvasula [14] Ritz 14.39 - 16.66 - 24.8 -
Xiang et al. [16] Ritz 1435 2229 16.60 39.89 24.04 89.16
York [17] Lagrangian multiplier 14.41 - 16.63 - 24.04 -
Hamada [18] FEM - 2228 - 3992 - -
Fried and Schmitt [19] FEM - 22.13 - 39.64 - 88.73
Present study GDQ 14.354 22294 16595 39.894 24.040 89.161
Table 5 Comparison of plastic Ref. [25] Ref. [26] Present method
pure shear buckling coefficients
of SSSS square plate with DT 20 2.504 2.50 2.4896
30 4.92 491 49012
40 7.39 7.37 7.3651
60 9.31 9.31 9.3083
100 9.32 9.32 9.3208
14 T 50
0=+45
i je — 45 | h/b=0.001, IT-DT R 6=-45 1
h/b=0.001, IT-DT h/b=0.025, IT sl $@T ]
35} h/b=0.025, IT | ‘.ekj R 1
h/b=0.1, IT h/b=0.025, DT 30 h/b=0.025, DT T
251 h/b=0.05, IT ]
h/b=0.05, DT 20r ]
al ’ 150 A h/b=0.1, IT ]
h/b=0.1,DT 10 h/b=0.05, DT
2l h/b=0.1, DT
5L o j
¥
0 1 1 1 1 0 1 1 1 1
0.5 1 1.5 alb 2 25 0.5 1 1.5 alb 2 2.5 3
(@) (b)
50 . pm 18
h/b=0.001, IT-DT 0=+ = g
451 N w0, m h/b=0.025, IT 7 75 16} Mb=0.001,IT-DT s 0=-45 .
a0l ol 7 1al h/b=0.025, IT \@ﬂ i ]
35l =005, T —— h/b=0.025, DT \&«J
12{ s ]
30 10 X
0 25] o . h/b=0.05, IT
201 h/b=0.025, DT 1 hib=0.05, DT
6l h/b=0.1,IT ]
15| -
10r h/b=0.05, DT 1 4 )
5l th=l}.1,DT ] ol h/b=0.1, DT ]
0 1 1 1 1 0 1 1 I I
0.5 1 15 2 25 3 0.5 1 15 2 25 3
a/b a/b
(¢ (d)

Fig. 4 The effects of aspect ratios on the R-shear and S-shear buckling coefficients of a SSSS skew plate for incremental and deformation
theories and various thickness ratios
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18 b " hib=0001, IT-DT ' ' J 60
16 1 50 h/b=0.001, IT-DT R 6= ]
h/b=0.025, IT hib=0.025, DT h/b=0.05, IT L A
14t / | - s Cs
[ i 40 h/b=0.025, IT ! —C 1\ ]
12 o ‘ [ 1
e hib=0.1, T
xr 10 J « h/b=0.025, DT
< 30 i ]
8| ,0=+45 R ] h/b=0.05, IT
ﬁr*’ S th=lI).1,IT
. f 20 ]
6| h/b=0.05, DT all ] J —
al 1 T i
h/b=0.1, DT 10 hm=01,DT h/b=o¢.05, DT 7
2 1 [
/ /
0 L L L L 0 i i i i
0.5 1 15 25 3 0.5 1 15 25 3
a/b a/b
(a) (b)
20 T T T T
160 E
» 18 ]
140} \ nm=0.001, T-DT =445 s J h/b=0.001, IT-DT 0=-45
% ) vorl
120 h/b=0.025, IT A g 181\ ppooozs T \@ ]
100 i 12} —= (s ]
h/b=0.05, IT
» ETIAR ]
< 80 hib=0.1,IT <
8 h/b=0.05, IT i
60 |
6 h/b=0.1, IT 3
40 4 [b=0.025,DT
h/b=0.025, DT ———
h/b=0.1,DT -y g
20 . jl i 3105' oT 1 2t h/b=01, DT h/b=0.05, DT E
0 4 0 1 1 1 1
0.5 1 15 2 25 3 0.5 1 15 2 25 3
a/b a/b
(c) (d)

Fig. 5 The effects of aspect ratios on the R-shear and S-shear buckling coefficients of SCSC skew plate for incremental and deformation theories

and various thickness ratios

accurate solutions. Two different values of thickness ratios
and skew angles are considered. Previous experience
showed that N: = N, = N gave the best convergence rate
[32]. From the data presented in Table 2, the fast rate of
convergence of the method is quite evident and it is
noticeable that thirteen grid point (N¢ = N, = 13) is suf-
ficient to obtain the accurate results. Moreover, in all cases
for N: = N,, > 13 no change in the results are visible. It is
seen that the convergence rate of GDQ method is excellent.
The convergence rate is found to be slower when the skew
angle increases, Table 3. It is found that thirteen grid points
can yield results with acceptable accuracy. Again, the fast
rate of convergence of the method is evident. A compari-
son between the obtained results and experimental data
showed that the results attained by deformation theory are
close to the experimental ones, Fig. 3.

The elastic and plastic shear buckling coefficients are
used here to validate the presented formulation and the
efficiency of the solution method. The elastic shear buckling
coefficients, /g and Ag (by setting S = T = E) subjected to
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different skew angles for CCCC skew plates are compared
with the published experimental and numerical results in the
literature, Table 4. It is seen that in all cases the results are in
very good agreement with those of the other methods.
Moreover, the plastic R-shear buckling coefficients obtained
from the present approach with DT have been presented in
Table 5 and are compared with those given by Lotfi et al. [25]
obtained by spline finite strip method and Jaberzadeh et al.
[26] obtained by the element-free Galerkin method. It is
obviously found that the present results are in excellent
agreement with spline finite strip and element-free Galerkin
methods. It should be pointed out that the results of Jaber-
zadeh et al. [26] could be correct only for thin plates and pure
shear buckling coefficient. However, they used the thin plate
formulation for thicker plates, as well, which could cause
some errors in their results. But, in the current study the
elastic/plastic buckling of thick skew plate along with the
deformation and incremental theories of plasticity are used.
Moreover, two shear loading conditions contain R- and
S-shear loadings are studied.
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Fig. 6 The effects of aspect ratios on the R-shear and S-shear buckling coefficients of CCCC skew plate for incremental and deformation

theories and various thickness ratios

Fig. 7 The relationships
between R-shear loading and
S-shear loading, a 0 > 0 and
b0=<0

4 Numerical results and discussion

In this section, the effects of skew plate parameters such as
aspect and thickness ratios, skew angle and boundary

—_— e - — — —-

0 =

=
N
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_——— e ———

o.=25tang /

(a) Skew angle 8 >0

| t
=l‘}

= .
\ P\ f

o.=2 Stanf -
(b) Skew angle 8 <0

\

condition on the shear buckling coefficients are compre-
hensively investigated in Figs. 4, 5,6, 7, 8,9, 10, 11, 12, 13
and 14. Finally, some mode shapes of the skew plates are
shown in Figs. 15 and 16.
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Fig. 8 The effects of skew angles on the R-shear and S-shear
buckling coefficients of SSSS skew plate for incremental and
deformation theories and various thickness ratios

4.1 Effect of aspect ratio on R- and S-shear buckling
coefficients

The effects of aspect ratio for incremental and deformation
theories and various thickness ratios on the R- and S-shear
buckling coefficients, Ag, 45 of SSSS, SCSCS and CCCC
skew plates are shown in Figs. 4, 5, and 6. Skew angles are
0 = —45° and 0 = +45° and the effect of both theories of
plasticity on Ag and Ag are presented. In all figures, the R-
and S-shear buckling coefficients predicted by IT and DT
are shown by solid line and dash line, respectively. It can
be seen that when the aspect ratio increases in the interval
of 05 <abh <1.5, the shear buckling -coefficients
decreases rapidly and for 1.5 <a/b <3, the buckling
coefficient decreases monotonically. The R-shear and
S-shear buckling coefficients have larger values when the
skew angles are negative (—0°) and positive (46°),
respectively. This is due to the fact that in S-shear loading
conditions, when 6 < 0 axial tension loading and when
0 > 0 axial compression loading are applied, Fig. 7. In
rectangular plate & = 0 and therefore 1z = Ag. It is obvi-
ous from Figs. 4, 5 and 6, that the R- and S-shear buckling
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Fig. 9 The effects of skew angles on the R-shear and S-shear
buckling coefficients of SCSC skew plate for incremental and
deformation theories and various thickness ratios

coefficients decreases as the thickness ratio increases. For
the smaller aspect ratios more reductions are observed.
Moreover, the maximum discrepancy between incremental
and deformation theories results occurs in R-shear buckling
coefficient, Az, when 6 < 0 and in S-shear buckling coef-
ficient, Ag, when 6 > 0. It is also observed that there is no
agreement between the incremental and deformation the-
ories results for the thickness ratio of 4/b > 0.05. With
increasing the thickness ratio and decreasing the aspect
ratio, the distinctions between the shear buckling coeffi-
cients obtained by two theories of plasticity increases. The
maximum variations between the incremental and defor-
mation theories results occur in S-shear buckling coeffi-
cient, Ay for different thickness ratios and boundary
conditions, when 6 > 0, Figs. 4c, 5c and 6¢.

4.2 Effect of skew angle on R- and S-shear buckling
coefficients

Skew angle is an important parameter that affects the
buckling behavior of skew plates significantly. The effects
of skew angle for incremental and deformation theories and
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Fig. 10 The effects of skew angles on the R-shear and S-shear
buckling coefficients of CCCC skew plate for incremental and
deformation theories and various thickness ratios

various thickness ratios on the R- and S-shear buckling
coefficients, A and Ag of SSSS, SCSCS and CCCC skew
plates are illustrated in Figs. 8, 9 and 10. It is seen that the
R-shear buckling coefficient initially decreases with
increasing skew angle (from —45° to +45°) and then
increases as the skew angle increases. In the opposite skew
angles (—0° and + 0°), the R-shear buckling coefficient is
greater in negative skew angle (6 < 0) for all cases which
is more obvious for the incremental theory results. How-
ever, the S-shear buckling coefficient increases monotoni-
cally with increasing skew angle O(from —45° to +45°).
With increasing the skew angle, the effect of transverse
shear deformation on the S-shear buckling coefficient
increases.

The deformation theory generally gives consistently
lower shear buckling coefficients than incremental theory
and large discrepancy between S-shear buckling coeffi-
cient, Ag, from two theories with increasing the skew angle
fand thickness ratio is observed. This effect is more for /g
and Agin negative and positive skew angles, respectively.

According to Figs. 8, 9 and 10, the R-shear buckling
coefficients are about 2-3 times greater than those of
S-shear buckling coefficient for § = —45° in all cases. On
the other hand, for § = 4 45° the S-shear buckling coef-
ficients are about 3—6 times greater than those of R-shear
buckling. This is because the R-shear loading is equivalent
to the S-shear loading plus a tensile uniaxial load when the
skew angle is negative (0 <0) or plus a compressive
uniaxial load when the skew angle is positive (0 > 0),
Fig. 7. Generally, it may be seen that the minimum R-shear
buckling coefficient occurs in the interval of 0 < 0 < 30°
for various boundary conditions.

4.3 Effect of thickness ratio on R- and S-shear
buckling coefficients

Figure 11 shows the variations of the shear buckling
coefficients of SSSS skew plates versus thickness ratios
and skew angles (for 0 = + 30°, +45° and 0 = —30°,
—45°). It is seen that with the increase of thickness ratio,
shear buckling coefficients decrease, in all cases.

The shear buckling coefficients obtained from defor-
mation theory have less dependency on skew angle, in all
cases, Fig. 11. Moreover, the minimum variations between
the incremental and deformation theories occur in S-shear
buckling coefficient, Ag, with negative skew angle,
Fig. 11d.

Figures 12, 13 and 14 show the variations of shear
buckling coefficients in various thickness ratios and posi-
tive and negative skew angles 6 = 4 30° and 0 = —30°
and different boundary conditions. It is seen that with the
increase of thickness ratio, the maximum discrepancy
between the incremental and deformation theories results
occurs in R-shear buckling coefficient in negative skew
angle (0 = —30°) and S-shear buckling coefficient in
positive skew angle (0 = + 30°). For two opposite skew
angles, the differences of buckling coefficients results
obtained from deformation theory are much less than those
of the incremental theory. Moreover, for the elastic buck-
ling theses differences are more than the other cases.

4.4 Effect of boundary conditions on R- and S-shear
buckling coefficients

Generally, it can be seen from the figures that increasing
the constraint at the edges of the skew plates increases the
R- and S-shear buckling coefficients. Moreover, the
transverse shear deformation causes more variations of
buckling coefficient when more constraints applied on the
edges of plate, Figs. 12, 13 and 14. In addition, the
agreement between IT and DT results reduces with
increasing the constraint at the edges of the skew plates.
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Fig. 11 The effects of thickness ratios on the R-shear and S-shear buckling coefficients of SSSS skew plate for incremental and deformation

theories and various skew angles

4.5 Analysis of buckling mode shapes

Figures 15 and 16 show the buckling mode shapes for skew
plates under various boundary conditions and aspect ratios
for R- and S-shear loadings, respectively. It can be seen
that the buckling mode shapes are different for R- and
S-shear loadings when the same plate geometry is used.
Moreover, it is observed that the buckling occurs in higher
mode shapes as the aspect ratio increases which is more
observable in R-shear buckling rather than in S-shear
buckling, Figs. 4a, ¢, 15 and 16.

In R-shear loading under positive skew angle,
0 = +45°, the number of half-sine waves in the shear
buckling mode shape increases as the aspect ratio increa-
ses, Figs. 4a, 5a and 6a. Moreover, the locations of kinks
are not the same for different plate thicknesses. For DT
results, however, it is difficult to distinguish the location of
kinks. For S-shear loading under positive skew angle,
0 = +45°, the buckling coefficients decrease monotoni-
cally as the plate aspect ratio increases, Figs. 4c, 5c and 6c.
Furthermore, these kinks locations depend on the plasticity
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theories used. For example, the R-shear buckling mode
contains three half-sine waves for IT rather than two half-
sine waves for DT in SSSS skew plate for #/b = 0.05, a/
b =2 and 0 = +45°, Figs. 4a and 15.

5 Conclusions

In this study, the equilibrium and stability equations for
elastic/plastic buckling of skew plates under shear loading
are obtained. Derivations are based on FSDT and incre-
mental and deformation theories of plasticity. The gov-
erning equations are discretized via the generalized
differential quadrature method as a simple and accurate
numerical method and used for the first time to obtain the
plastic R- and S-shear buckling coefficients. Closed form
solutions for the R- and S-shear buckling coefficients are
presented. The obtained results are compared with those
obtained in the literature and good agreement is found. The
effect of aspect and thickness ratios, skew angle, incre-
mental and deformation theories and various boundary
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Fig. 12 The variations of shear buckling coefficients in various
thickness ratios and skew angles of 0 = +30° and 0 = —30° for
SSSS skew plate

conditions on the R- and S-shear buckling coefficients of
the skew plate are investigated. Finally, plots of the mode
shapes are given for R- and S-shear loadings with different
boundary conditions and aspect ratios. Based on the
numerical results, the following conclusions are reached:

e The discrepancy between IT and DT results for shear
buckling coefficients increases with decreasing the
aspect ratio and increasing the thickness ratio, con-
straint at the edges of skew plate and skew angle.

e In the opposite skew angles, the R- and S-shear
buckling coefficients are greater in negative (6° < 0)
and positive (0° > 0) skew angles, respectively.

e The S-shear buckling coefficient increase as the skew
angle increases (from —6° to +6°). However, the
R-shear buckling coefficient initially increases and then
decreases.

e The DT is more sensitive to thickness ratio than IT.
Moreover, with increasing the thickness ratio it is more
likely that plastic buckling take places than elastic one.
On the other hand, more plasticity occurs in thicker
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Fig. 13 The variations of shear buckling coefficients in various
thickness ratios and skew angles of 6 = +30° and 0 = —30° for
SCSC skew plate

plates which cause more discrepancy between IT and
DT results. Furthermore, with increasing the thickness
ratio, the results of the IT stand out of stress—strain
curve gradually which shows this theory predicts
invalid data.

e The maximum discrepancy between the incremental
and deformation theories results occurs in R-shear
buckling coefficient when 0 < 0 and S-shear buckling
coefficient when 0 > 0.

e In the shear buckling of skew plates the deformation
theory generally gives consistently lower shear buck-
ling coefficients than those of the incremental theory.

e For the negative skew angles, the R-shear buckling
coefficients are greater than those of S-shear ones and
for the positive skew angles it is vice versa.

e The variations of buckling mode shapes depend on the
type of plasticity theory used.

The authors believe that the presented GDQ solutions
for plastic R- and S-shear buckling solutions of skew plates
are valuable as they may serve as benchmark results for
future researchers in this area.
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Fig. 14 The variations of shear buckling coefficients in various
thickness ratios and skew angles of 6 = +30° and 0 = —30° for
CCCC skew plate

Appendix (A): The boundary conditions in this study
(a) Clamped edge (C)
— foré=0and & =a

¢ ¢
wy = wy,; =0, Pij = Pn.j = 0,

goq’j:go;(,ijzo, j=10,..,N,. (A1)
— fory=0andn=">b

Wil = WiN, = 0, <P,-£1 = QDiéN,, =0,

o = QDZV” =0, i=1,..,Ng. (A.2)

(b) Simply supported edge (S)
— foré=0and £ =a
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_ _ no_
Wij = WN;j = 0, ¢y =

i=1,...

(pN/ 07
,Ng, j=1,. N,7

(xcos*(0) + fsin*(0 ZAlm(pm] psin(0)

N¢
(ZA"”(’D’”I + ZAV!(/)W> + ﬁz n(pm
m=1

(A.3)
— fory=0andyn=1>
wir = wiy, =0, 90,-51 = QDEN,] =
i=1,..,Ne, j=1,..,N,.
NE 5 .
(Beos™(0) + 7sin®(0) 3 AL, g5, — 7sin(0)
m=1
N’I
(St + D) + 73 -
n=1
(A4)
Appendix (B): The grid points employed
in the computations are designed as follow: [30]
i—1 }
& = —cos Ng—ln , i=1,2,...,Ne (B.1)
¢ 1 i1 3 N:—2
=—(1-cos = - -
1 2 1\[@t _ 3 us 3 l ) ) 6
(B.2)

1 )
2 :§<1 _cos<A’7§ _37‘[)), i=1,2,...,N:. (B.3)

s=1(1 2] i =1,2,....,N,
i=5 cos N )|, i=1,2,.....,N¢.

The distributions of grid spacing of Chebyshev—Gauss—
Lobatto (C-G-L) have the best convergence and highest
accuracy [31, 32]. In this study, the following relation is
used

(B.4)
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