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This paper combines a new structure of artiﬁcial neural networks (ANNs) with a 3rd-order numerical algorithm and
proposes an improved hybrid method for solving forward kinematics problem (FKP) of parallel manipulators. In this
method, an approximate solution of the FKP is ﬁrst generated by the neural network. This solution is next considered as
an initial guess for the 3rd-order numerical technique which solves the nonlinear forward kinematics equations and
obtains the answer with a desired level of accuracy. To speed up the method, a new structure is proposed for designing
the ANN which is called Same Class One Network. In this structure, the outputs of the ANN are classiﬁed into classes
of similar variables with an individual network designed for each class. The proposed method is then applied to a planar
3-RPR parallel manipulator and a spatial 3-PSP parallel robot. The results show that using this method will lead to a
55% reduction in required iterations and a 20% reduction in the FKP analysis time, while maintaining a high level of
solution accuracy.
Keywords: forward kinematics of parallel robots; improved hybrid method; artiﬁcial neural networks; SCON structure;
3rd-order numerical algorithm

1. Introduction
Because of their unique properties like high precision
and high load to weight ratio, parallel robots have found
wide applications in different industries such as simulators,[1] machine tools,[2] and CNCs.[3] Obtaining a precise and fast forward kinematics model is an essential
step in modeling and control of the parallel robots, especially for real-time applications. By decreasing the
required time for calculation of kinematic parameters,
more time can be devoted to calculations of the control
algorithm. Therefore, complex algorithms with more
computation loads and better performances can be
employed to control the parallel robots. Thus, ﬁnding a
way to reduce the computation time of the forward kinematics analysis of parallel robots has always been in the
focus of researchers.
The forward kinematics problem (FKP) of parallel
robots usually includes highly nonlinear equations
which cannot be analytically solved. Therefore, in most
cases numerical techniques are used to solve this problem.[4–10] Among different numerical algorithms, the
Newton–Raphson method is widely used in the forward
kinematics analysis of parallel robots.[5–10] The main
disadvantage of this method is its high sensitivity to
initial guesses. In fact, for some initial guesses the
algorithm may diverge, resulting in a decrease in performance. Various methods like the robust Newton–
Raphson,[11] the global Newton–Raphson,[12] and the
*Corresponding author. Email: Iman.Kardan@stu.um.ac.ir
© 2015 Taylor & Francis and The Robotics Society of Japan

modiﬁed global Newton–Raphson [13] are proposed to
overcome this limitation. Although the divergence problem is somehow resolved in these methods, the algorithms will take a long time to converge if the initial
guess falls away from exact solution.
An effective way for increasing the convergence
speed of numerical algorithms is to provide them with
more accurate initial guesses. Guez and Ahmad [14]
have proposed a hybrid strategy which uses artiﬁcial
neural networks (ANNs) to prepare suitable initial
guesses for inverse kinematics analysis of serial robots.
By combining ANNs and the Newton–Raphson algorithm, this method largely resolves the problems with the
accuracy of ANNs and the convergence speed of numerical algorithms.
Parikh and Lam [15] extended the hybrid method to
the forward kinematics analysis of parallel robots and
applied it to a Gough–Stewart parallel platform. They
showed that using the hybrid strategy reduces the duration of the FKP analysis to two-thirds of the time
required for solving the same problem by the Newton–
Raphson technique.
It is well known that the Newton–Raphson method is
a 2nd order numerical algorithm.[16] Thus, by using
higher order methods it is possible to achieve the desired
accuracy in less iteration and consequently increase the
solution speed. In this paper by combining ANNs and a
3rd-order numerical algorithm,[17] an improved hybrid
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strategy is proposed for solving the FKP of parallel
robots. In the proposed method, ﬁrst the ANNs generate
an approximate solution of the problem. Then, the
3rd-order numerical technique uses this approximate
solution as an initial guess to ﬁnd the exact answer with
the desired level of accuracy.
ANNs are commonly designed based on two different strategies of ACON1 and OCON2. Generally the
OCON approach provides better accuracies but increases
time and resource use.[15] In order to keep a balance
between speed and accuracy, in this paper a new ANN
structure (SCON3) is proposed in which outputs are categorized based on their nature and one individual network
is designed for each output category.
The performance of the improved hybrid method is
evaluated for a planar 3-RPR parallel manipulator and a
spatial 3-PSP parallel robot. It is shown that compared
with the hybrid strategy,[15] the proposed method
achieves the desired accuracy in less iteration and shorter
time. Therefore, the main contributions of this paper can
be summarized as:
 The Newton–Raphson algorithm of hybrid strategy
[15] is replaced with a 3rd-order numerical technique to speed up the method.
 The SCON structure for ANNs is proposed for the
ﬁrst time in this paper. This structure provides a
balance between network’s accuracy and its computation time.
This paper is organized as follows: Section 2 proposes the improved hybrid strategy. The 3rd-order
numerical technique and the proposed SCON structure of
ANNs are described in Subsections 2.1 and 2.2, respectively. Structure and FKP of the two sample robots,
3-RPR parallel manipulator, and 3-PSP robot is brieﬂy
introduced in Section 3. Section 4 evaluates the performance of the proposed method in comparison with the
hybrid strategy [15] and the Newton–Raphson algorithm
and demonstrates the advantages of the improved hybrid
method. Finally, Section 5 concludes the paper.

joints variables which is known as the input to the
forward kinematics problem. Therefore, the system of
Equation (1) can be rewritten as:
FðxÞ ¼ 0

(2)

which can be solved by the methods used in solving system of nonlinear equations.
As previously stated, Parikh and Lam [15] used a
hybrid strategy for FKP analysis of parallel robots in
which initial guesses for the Newton–Raphson algorithm
are provided by ANNs. Similar to [15], in this paper
ANNs are used to generate initial guesses. However, in
order to further reduce the solution time, SCON structure
is proposed for designing the neural networks while the
Newton–Raphson method is replaced with a 3rd-order
numerical technique. A graphical representation of the
proposed method is shown in Figure 1.
The mathematics of the 3rd-order numerical algorithm and the SCON structure of the ANNs are described
in Subsections 2.1 and 2.2, respectively.
2.1. Numerical algorithm with 3rd-order convergence
Using Adomian decomposition, Chun [18] has reviewed
some numerical algorithms with different convergence
orders. Amongst these methods, Darvishi and Barati [17]
extended a 3rd-order algorithm which does not require
second derivative of the equations, and applied it to system of nonlinear equations. In the present work, this
algorithm is used to solve the system of nonlinear equations of FKP of parallel robots. Considering the equation
(2), Darvishi and Barati [17] proposed the iterative
relation of the equation (3) for solving this system of
equations, and proved that this algorithm beneﬁts from a
3rd-order convergence.



(3)
xmþ1 ¼ xm  F0 ðxm Þ1 Fðxm Þ þ F xmþ1 ;
xmþ1 ¼ xm  F0 ðxm Þ1 Fðxm Þ:

(4)

In the above equations, F0 is the n  n Jacobian matrix
of the system of Equation (2) and is computed as:
ðF 0 Þ ¼
i;j

2. Improved hybrid method for solving the FKP of
parallel robots

@F i
@xj

(5)

It is well known that forward kinematics model of parallel robots is generally composed of some closed kinematic chains and can be summarized as:
Fðqac ; xÞ ¼ 0

(1)

in which Fn1 : X  <n ! <n is a nonlinear vector
T
function and xn1 ¼ ½x1 ; x2 ; ::: ; xn  is the vector of
unknown kinematic parameters of the robot, namely unactuated joints variables as well as end-effector position
and orientation. qac is an m by 1 vector of actuated

Figure 1.
method.

Graphical representation of the improved hybrid
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in which ðF 0 Þi;j is the (i,j)th array of the Jacobian matrix
and F i is the ith row of the nonlinear vector F. This
algorithm considers a vector x0 as an initial guess of the
solution and then computes the answer with the desired
level of accuracy by iterating Equations (3) and (4). The
iteration stops when the condition of Equation (6) is
satisﬁed,
jjxmþ1  xm jj1 \Emax

(6)

where Emax is the maximum allowable error of the
parameters and
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jjxjj1 ¼ maxðjx1 j; . . .; jxn jÞ:

(7)

As the initial guess gets closer to the exact answer, less
number of iterations will be required to achieve the
desired accuracy and the solution time will decrease.
Therefore, in this paper ANNs are used to generate suitable initial guesses.
It is well known that velocity relation of parallel
robots can be written as Jinv q_ ac ¼ Jdir X_ e , in which X_ e is
the velocity vector of end effector and q_ ac is the velocity
vector of actuated joints. Forward kinematics singularities occur when the determinant of Jdir becomes zero.
Therefore, one concern may arise when the robot is getting close to singular conﬁgurations since the F0 matrix
deﬁned in Equation (5) may be viewed as Jdir . However,
they are not the same because the vector x deﬁned in
this paper includes passive joints parameters in addition
to the end-effector ones. Thus, the F0 matrix does not
necessarily become singular in forward kinematics singular conﬁgurations.
Nevertheless, one should be aware that if there is a
conﬁguration of the robot where determinant of the F0
matrix becomes zero (which is not necessarily a singular
point of the robot), the proposed improved hybrid
method (as well as the hybrid strategy [15] and the
Newton–Raphson algorithm) may fail to converge.

2.2. Artiﬁcial neural networks (ANNs)
To create a model of the forward kinematics of parallel
robots, the ANN should be designed such that it takes the
displacements of active joints, qac , as its inputs, and estimates unknown kinematic parameters, x, as its outputs.
Before using an ANN it should be trained by adequate input–output sets. In the present work, inverse
kinematics is used to obtain training data. To do this, the
position and the orientation of the end effector are chosen somewhere in the workspace of the robot and active
joints variables, as well as other kinematic parameters,
are calculated by solving the IKP. Then, the network is
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trained by considering the active joints displacements as
the inputs and other kinematic parameters as the corresponding outputs.
After preparing the training data, the structure of
ANN should be chosen. If there is more than one output
to be estimated, two different ACON and OCON
approaches can be taken.[15] In the ACON approach a
single neural network is used for estimating all the outputs, while in the OCON approach one individual network is used for each output variable. The ACON and
OCON strategies are commonly compared to MIMO and
MISO control systems, respectively.
Given that in each individual OCON network the
weights should be adjusted to approximate only one output variable, the accuracy of estimation is somewhat
increased in this type of neural networks. On the other
hand, in the OCON approach generally there are additional number of weights and connections which may
lead to an increase in training and simulation time as
well as the amount of memory needed to store network
data.
As both the accuracy and run time of the ANNs
affect the overall speed of the hybrid method, in this
paper a new structure called SCON (Same Class One
Network) is proposed for designing the ANNs. In this
approach, the outputs are divided to some classes of
variables with the same range of variations. Then, for
each class of variables, one individual neural network
is trained to approximate the relations between input–
output data-sets.
It is well known that when all the outputs of an
ANN have the same range of variations, the accuracy of
the network estimations will increase. Therefore, using
the SCON structure will increase the ANNs accuracies
when compared with the ACON approach. This will
decrease the run time and resource use when compared
with the OCON approach. In fact the SCON structure
provides a balance between speed and accuracy and can
be considered as an average of the ACON and the
OCON structures.
Thus, by using the SCON structure, the numerical
algorithm will be provided with fairly accurate and fast
initial guesses and consequently, the overall speed of the
improved hybrid method will be increased.
The three different ANN structures are depicted in
Figure 2, where C1 , C2 , …, Ck , k  n; represent different
classes of output variables. Here, k is the number of output classes and n is the total number of output variables.
It should be noted that the ACON, OCON, and SCON
structures just differ in how the outputs are categorized
and they are not related to the interior structure of ANNs
such as learning algorithm, activation functions, hidden
layers connections, and so on.
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Schematic overview of (a) ACON, (b) SCON, and (c) OCON structures for ANNs.

3. Sample robots
In this section, FKPs of two representative parallel
robots are introduced and are later used to evaluate effectiveness of the proposed method. According to Rolland
[19], the majority of planar tripods can be modeled by
the 3-RPR parallel manipulator. Therefore, the 3-RPR
parallel robot is selected as a general case of planar
manipulators. Moreover, the proposed method is applied
to FKP of a 3-PSP parallel robot to cover the case of
spatial manipulators.
3.1. Planar 3-RPR parallel robot
The planar 3-RPR manipulator is a parallel robot with
three degrees-of-freedom: two in-plane translations and
one rotation about an axis perpendicular to the plane. As

depicted in Figure 3, structure of this robot consists of a
moving platform which is connected to a ﬁxed base
through three identical branches (legs). Each leg includes
two passive revolute joints (R-joints) and an active
prismatic joint (P-joint).
A special case of symmetric 3-RPR robot, with equilateral triangles as its moving and ﬁxed platforms, is
considered. The parameters and the coordinate systems
required for the kinematic description of this robot are
depicted in Figure 3 and Table 1. It should be noted that
the symmetry assumption does not impose any limitation
and can be easily removed. The coordinate system
Ofx; yg and Cfu; vg are attached to the ﬁxed and
moving platforms, respectively.
There are three closed kinematic chains consisting of
the points Ai , Bi , C, O, Ai . It is an easy task to verify
that the vectorial equality of Equation (8) holds for each
chain.[21]
O

C
O
Ai Bi ¼ O OC þ O
C R CBi  OAi

for i ¼ 1; 2; 3
(8)

in which superscript O and C indicate that the vectors are
described in coordinate system O or C, respectively. O
C R is
the rotation matrix from coordinate system O to C,

Table 1.
lator.

Physical conﬁguration of the planar 3-RPR manipu-

Base joints
A1 ðxÞ
A1 ðyÞ
0 (m)
0 (m)

Figure 3.

The 3-RPR parallel robot [20].

A2 ðxÞ
2 (m)

A2 ðyÞ
0 (m)

A3 ðxÞ
1 (m)

A3 ðyÞ
2sin(π/3) (m)

Moving platform joints
B1 ðuÞ
B1 ðvÞ
B2 ðuÞ
0 (m)
0 (m)
1 (m)

B2 ðvÞ
0 (m)

B3 ðuÞ
0.5 (m)

B3 ðvÞ
sin(π/3) (m)
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O
CR

cos u
¼
sin u


 sin u
;
cos u

(9)

where u is the angle of rotation of the moving platform.
It is also clear that


Li cos hi
O
Ai Bi ¼
for i ¼ 1; 2; 3
(10)
Li sin hi
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O

OC ¼


xc
:
yc

Each leg of the robot is part of a closed kinematic
chain which forms
B

B
B
ai þ B qac
i ¼ bi þ t for i ¼ 1; 2; 3

(12)

Considering the relation between vectors in Figure 5,
Equation (12) can be rewritten as:
T
 B
B
B
T
ai þ B qac
i ¼ T R bi  h þ p for i ¼ 1; 2; 3
(13)

The vectors C CBi and O OAi are parts of the robot structure and therefore have ﬁxed values. Equation (8)
describes three vectorial equations in a 2D space which
totally form a system of six nonlinear equations with
In FKP, the actuated joints lengths
nine variables.

Li ¼ qac
are known as inputs to the problem and other
i
kinematic parameters should be computed by solving
Equation (8). Therefore, the vector of unknown parameters for this case becomes,
x ¼ ½xc ; yc ; u; h1 ; h2 ; h3 :
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(11)

Detailed information about FKP and IKP of the 3-RPR
robot can be found in [19–21].

3.2. Spatial 3-PSP parallel robot
The 3-PSP robot is a fully parallel robot with three
degrees-of-freedom in space. As shown in Figure 4, this
robot has a star-like moving platform consisting of three
branches with each branch making an angle of 120° to
the other. The moving star is connected to the base
through three identical legs, which are consisted of an
active prismatic joint (P-joint), a passive spherical joint
(S-joint) and a passive prismatic joint (P-joint). Therefore, each one of the three legs has a serial PSP structure
and together form the parallel 3-PSP structure.
The parameters and the coordinate systems required
for the kinematic description of the 3-PSP parallel robot
are depicted in Figure 5 and Table 2. The coordinate system Bfx; y; zg is attached to the base and located at the
center of triangle ΔA1A2A3, while coordinate system
Tfu; v; wg is attached to the center of the star platform.
Vector ai locates the position of ith linear actuator with
respect to the center of the coordinate system B and vector h locates the tool tip with respect to the center of the
star platform. Both of these vectors are parts of the robot
structure and therefore have ﬁxed values.
Vector qac
represents displacement of ith actuated
i
joint. Vectors t and p locate the position of center of star
platform and tool tip relative to the coordinate system B,
respectively. Vectors bi and Si locate the position of ith
spherical joint relative to center of coordinate systems B
and T, respectively.

where
B to T

B
TR

2

is the rotation matrix from coordinate system

ckcu
B
4 skcu
R
¼
T
su

skch þ cksush
ckch þ sksush
cush

3
sksh þ cksuch
cksh þ sksuch 5:
cuch
(14)

In the above matrix, θ, φ, and λ are Euler angles of the
coordinate systems T about x, y, and z axis of the coordinate system B, respectively. Here, c stands for cosine
and s for sine. Equation (13) describes three vector equations which totally form a system of 12 variables (qac
1 ,
ac
qac
,
q
,
x
,
y
,
z
,
h,
u,
k,
b
,
b
,
b
)
and
nine
equap
p
p
1
2
3
2
3
tions. In the forward kinematics problem of 3-PSP parallel robot, the displacement of three active prismatic
ac
ac
joints (qac
1 , q2 , q3 ) are known as inputs to the problem
and the other variables should be computed by solving
the system of Equation (13). Therefore, the unknowns of
this problem are,

T
x ¼ x1 ; x2 ; . . .; x9 ¼ ½xT ; yT ; zT ; h; u; k; b1 ; b2 ; b3 T :
(15)
Detailed information about the forward kinematics problem of this robot is provided in [22,23].
4. Results
In this section, the improved hybrid method is used for
analysis of FKP of the 3-RPR and 3-PSP parallel robots
and its performance is evaluated in comparison with
the Newton–Raphson algorithm as well as hybrid
strategy.[15]
The proposed SCON structure is used for designing
the ANNs. The kinematic parameters of the robots are
categorized into classes of variables with the same nature. The selected classes of output parameters for SCON
structures are described in Table 3.
To obtain the required data for the training of the
ANNs, 50 random values are chosen for end-effector
position and orientation (fxc ; yc ; ug for the 3-RPR planar manipulator and fxp ; yp ; zp g for the 3-PSP spatial
robot) within the workspace of the robots. The corresponding kinematic parameters for each input set are
computed by solving the IKP of the robots. Therefore,
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Figure 4.

Spatial 3-PSP parallel robot: (a) CAD model and (b) physical model [22].

Figure 5.

Required parameters for kinematic description of 3-PSP parallel robot [23].

Table 2.

Physical conﬁguration of the spatial 3-PSP robot.

Parameter

a

h

Value (m)

0.181

1.07

50 input–output pairs are obtained for the training of
each ANN and Levenberg–Marquardt algorithm is
applied to adjust the weights of the ANNs.

A large number of neural networks with different
structures (various numbers of layers and neurons as well
as different activation functions) are investigated to ﬁnd
suitable ANNs which model the FKP of the robots with
short simulation time and low error. Finally, neural networks with one hidden layer are adopted for approximating the kinematic parameters of the two robots. The
ANNs of the 3-RPR manipulator have three neurons in
their hidden layers while there are ﬁve neurons in the
hidden layers of the ANNs of the 3-PSP robot. Sigmoid

Advanced Robotics
Table 3.
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Selected classes for output variables.
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3-RPR robot

3-PSP robot

Class

Description

Variables

Description

Variables

C1
C2
C3

End-effector position
End-effector orientation
Revolute joint variables

xc ; yc
u
h1 ; h2 ; h3

End-effector position
End-effector orientation
Passive links lengths

xp ; yp ; zp
h; u; k
b1 ; b2 ; b3

functions are used as activation functions of all layers
except the output layers which have linear activation
functions.
In order to assess the performance of the improved
hybrid method, outputs of this method with only one iteration of numerical algorithm are depicted in Figures 6–8.
The input parameters of the 3-RPR manipulator, L1 , L2 ,
and L3 are chosen in a way that the centroid of the moving platform moves on a circular path, while maintaining
a constant platform orientation, u ¼ 0.
In the case of the 3-PSP robot, the input parameters
ac
ac
qac
1 , q2 , and q3 are chosen such that the center of the
star platform moves on a circular path in the plane of
z = 0.5. Note that, although the 3-PSP robot is assumed
to follow a circular trajectory in a constant height, all of
its three orientational degrees of freedom (h, u, k) are
actuated (see Figure 8).
The required input parameters are calculated by discretizing the desired path into 500 points and solving the
IKP for each point. Detailed solutions of IKP of these
robots are presented in [19–23].
Figures 7 and 8 compare the outputs of the improved
hybrid method with the desired ones which are acquired
from solving the IKP. According to the dimensions of the
3RPR robot given in Table 1, when the moving triangle is

Figure 6.

located symmetrically at the center of the ﬁxed platform,
the kinematic parameters take the value of
8
8
>
>
< xc ¼ 0:5 ½m
< h1 ¼ p=6 ½rad
;
h2 ¼ 5p=6 ½rad
yc ¼ 0:5  tanðp=6Þ ½m
>
>
:
:
h3 ¼ 3p=2 ¼ p=2 [rad]
u ¼ 0 ½rad
(16)
which are used as biases in Figure 7 to make the curves
almost symmetric about zero.
As it can be seen from Figures 7 and 8, absolute
errors of the parameters are of the order of 10−5 units.
The good agreement between calculated and desired path
as well as the small errors, represent excellent performance of the proposed method which has been able to
achieve such good accuracies with only one iteration.
To obtain higher accuracies, the numerical algorithm
should be repeated. Tables 4 and 5, and Figure 9 compare the number of required iterations to achieve different levels of accuracy for the improved hybrid method,
the hybrid strategy,[15] and the Newton–Raphson
method. Hundred random values are considered for each
input parameter and the number of required iterations is
calculated for each sample and averaged over all
samples.

Evaluating the improved hybrid method in a circular path for (a) 3-RPR robot (b) 3-PSP robot.
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Figure 7. Improved hybrid method versus inverse kinematics solutions for 3-RPR robot: (a) Position of moving frame, (b)
orientation of moving frame, and (c) base frame revolute joints variables.

Figure 8. Improved hybrid method versus inverse kinematics solutions for 3-PSP robot. (a) Position of center of star platform, (b)
orientation of star platform, and (c) passive links lengths.

It is clear that by increasing the required level of
accuracy, the difference between the improved hybrid
method and the hybrid strategy increases. On the other

hand, the difference between the hybrid strategy [15] and
the Newton–Raphson method always remains around a
constant value of one iteration.

Advanced Robotics
Table 4.
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Average number of iterations for the 3-RPR robot and percent of improvement of the proposed method.
Average number of iterations

Accuracy level

Stop criteria, Emax

a

−3

1
2
3
4
5

10
10−4
10−5
10−6
10−7

NR

b

2.20
3.02
3.65
4.15
4.83

% of improvement

c

IHM

1.10
1.93
2.52
3.05
3.71

1.00
1.00
1.22
1.62
2.01

HS

d

Over NR

Over HS

54.5
66.9
66.6
61.0
58.4

9.1
48.2
51.6
46.9
45.8

a

Emax has the dimension of [m] for linear variables and [rad] for angular variables.
Newton–Raphson.
c
Hybrid strategy.
d
Improved hybrid method.
b

Table 5.

Average number of iterations for the 3-PSP robot and percent of improvement of the proposed method.
Average number of iterations
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Accuracy level
1
2
3
4
5

Stop criteria, Emax
−3

10
10−4
10−5
10−6
10−7

% of improvement

NR

HS

IHM

Over NR

Over HS

2.05
2.53
3.27
3.91
4.60

1.00
1.65
2.35
2.95
3.52

1.00
1.00
1.13
1.45
1.93

51.2
60.5
65.4
62.9
58.0

00.0
39.4
51.9
50.8
45.2

Figure 9. Average number of required iterations in different
methods for (a) 3-RPR robot and (b) 3-PSP robot.

This observation can be justiﬁed by considering the
order of convergence of the numerical algorithm used in

each method. Both of the Newton–Raphson method and
the hybrid strategy [15] use the Newton–Raphson algorithm with 2nd order convergence and therefore, the difference between these methods remains mostly constant.
In contrast, the improved hybrid method uses a 3rd-order
numerical algorithm and therefore, the difference
between this method and other methods increases by
increasing the level of accuracy.
It is noteworthy that for the 3-RPR robot the values
of parameters when the moving platform is located concentric with the base and u ¼ 0, are considered as the
initial guess for the Newton–Raphson algorithm. Likewise for the 3-PSP robot, the values of parameters when
the star platform becomes parallel to the base are chosen
as the initial guess. These selections have increased the
convergence rate of the Newton–Raphson method such
that the difference between the Newton–Raphson method
and the hybrid strategy is decreased to one iteration,
while in [15] this difference was about two iterations.
In the case of the 3-PSP robot each iteration of the
Newton–Raphson algorithm takes about 6 × 10−4 s
(0.6 ms), while each iteration of the 3rd-order algorithm
takes about 8 × 10−4 s (0.8 ms). Also, for each input set,
the ACON and SCON ANNs take about 3 × 10−4 s
(0.3 ms) and 4 × 10−4 s (0.4 ms) to calculate the outputs,
respectively. Table 6 compares the required time to reach
the desired levels of accuracy. It can be seen that, by
increasing the accuracy level, the improved hybrid
method reduces the duration of solving the FKP up to
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Table 6.

I. Kardan and A. Akbarzadeh
Required time for solving the FKP of the 3-PSP robot and percent of improvement of the proposed method.
Required time (ms)

Accuracy level
1
2
3
4
5

Stop criteria Emax
−3

10
10−4
10−5
10−6
10−7

NR

HS

IHM

Over NR

Over HS

1.25
1.50
1.99
2.30
2.85

0.93
1.33
1.71
2.00
2.47

1.23
1.23
1.40
1.59
1.98

1.60
18.00
29.65
30.87
30.53

−32.26
7.52
18.13
20.50
19.84

Table 7. Effect of ANN structure on the duration of FKP
analysis of the 3-PSP robot.
Required time (ms)
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FKP analysis method
Hybrid strategy
Improved hybrid method

% of improvement

OCON

ACON

SCON

2.35
2.28

2.47
2.25

2.24
1.98

20% compared with the hybrid strategy [15] and up to
30% compared with the Newton–Raphson method.
These results are obtained by running the simulations on
a PC with a 2.4 GHz processor and six gigabytes of
RAM.
The inﬂuence of the proposed SCON structure on the
duration of the FKP analysis of the 3-PSP robot is demonstrated in Table 7. The architecture of ANNs of the
improved hybrid method and hybrid strategy is changed
between OCON, ACON, and SCON structures and the
required time to reach the ﬁfth level of accuracy is measured. The required time is calculated for 100 random
samples and averaged over all samples.
The results in Table 7 show that using the SCON
structure leads to the minimum solution time for both of
the hybrid strategy and the improved hybrid methods.
This observation conﬁrms the main idea of proposing
the SCON structure that keeping a balance between
speed of providing the initial guesses and their accuracy
will reduce the overall analysis time.
Regarding the obtained results, it can be concluded
that in higher levels of accuracy the improved hybrid
method achieves the desired accuracy with less iteration
and in shorter time. This fact veriﬁes that the proposed
method successfully fulﬁlls the mission of reducing the
duration of solving forward kinematics problem of
parallel robots.

parallel robots. In this method, an approximate solution
of the FKP is produced by neural networks. This
solution is next considered as an initial guess for the
3rd-order numerical technique which solves the nonlinear
forward kinematics equations and obtains the answer
with a desired level of accuracy. In order to further
increase the solution speed, a new SCON structure is
proposed for designing the neural network which categorizes outputs into classes of similar variables.
The efﬁciency of the proposed method is demonstrated for two representative parallel robots, a 3-RPR
planar manipulator and a 3-PSP spatial robot. The results
of applying different methods to FKP of the robots indicate that, compared with the Newton–Raphson method
and the hybrid strategy,[15] the improved hybrid method
achieves the desired accuracy with less iteration and in
shorter time. The advantage of the proposed method
becomes more evident by increasing the required level
of accuracy. In the ﬁfth level of accuracy, which is
equivalent to an absolute error of 10−7 m for linear
parameters and 10−7 radians for angular parameters, the
improved hybrid method reduces the required calculation
time up to 30% compared with the Newton–Raphson
algorithm and up to 20% compared with the hybrid strategy.[15] Also the required iteration is reduced by 58 and
45% in comparison with the Newton–Raphson and the
hybrid strategy,[15] respectively.
These achievements can improve the performance of
parallel robots, especially in real-time applications in
which obtaining high levels of accuracy in short time is
essential. Additionally, by accelerating the forward kinematics analysis, the proposed method brings the possibility of practical implementation of more complex control
algorithms. It should be also noted that the proposed
method is general and may be applied to more complex
robots.

Notes
5. Conclusion
In this paper, an improved hybrid method is proposed to
reduce the duration of the forward kinematics analysis of

1.
2.
3.

All Class One Network.
One Class One Network.
Same Class One Network.

Advanced Robotics
Notes on contributors
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