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Abstract
The aim of this article is to propose novel damage indices for damage localization and quantification based on time series
modeling. In order to extract damage-sensitive features from time series models, it is essential to choose adequate and
robust orders in such a way that the models are able to extract uncorrelated residuals. On this basis, a new iterative
order determination method is proposed to select robust orders of time series models under residual analysis by Ljung–
Box Q-test. The damage-sensitive features are the parameters and residuals of an AutoRegressive (AR) model obtained
from current feature extraction approaches. In this study, the AR model is identified as the most compatible time series
model with measured vibration time-domain responses using Box–Jenkins methodology and Leybourne–McCabe
hypothesis test. The proposed damage indices are the parametric assurance criterion and the residual reliability criterion
that exploit the parameters and residuals of AR models, respectively. The main idea behind locating a damage is to define
threshold limits for both damage indices using the features of undamaged conditions based on an unsupervised learning
way. The major contributions of this article are to propose an iterative order determination method for time series
models and two novel damage indices for locating and quantifying damage. The accuracy and performance of the proposed methods are experimentally demonstrated on a three-story laboratory frame and a model-scale steel structure.
Results show that the proposed iterative approach leads to uncorrelated residuals, and the proposed parametric assurance criterion and the residual reliability criterion methods are promising and efficient tools in damage detection problems under varying operational and environmental conditions.
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Introduction
Structural health monitoring (SHM) plays a vital role
in civil, mechanical, and aerospace engineering systems
because safety and integrity of these systems are important and crucial. A large number of valuable civil engineering infrastructures are still in service and need to be
maintained, because there is no engineering justification
to reconstruct such structures. Some of them are culture heritage buildings that are defined as identities of a
society or a culture. Thus, it is a great necessity to protect them against any damage and deterioration. Under
such circumstances, an SHM system provides an implementing process to evaluate the health and integrity of
engineering systems and then detect any probable damage in these structures.1,2 The process of damage

diagnosis in the SHM community can be decomposed
into four levels: (1) damage existence, (2) damage localization, (3) damage type identification, and (4) damage
quantification.3 Due to applying raw vibration data in
recent SHM applications, statistical data-based methods have emerged more attentions in comparison with
model-based methods. In general, a model-based strategy needs a finite element (FE) model of the structure;
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hence, it is a model-updating process. Although the
model-based methods provide successful and reliable
results regarding the damage detection problems and in
most cases are plausible,4–8 under some conditions such
as time-consuming, vibration data transformation, high
FE details, and mandatory FE model updating with a
large number of signals selected by several sensors, the
use of data-based methods prevails as a more feasible
option.
Most of the data-based methods used in the context
of SHM rely on statistical pattern recognition paradigm, which are generally defined through the integration of four steps: (1) operational evaluation, (2) data
acquisition, (3) feature extraction, and (4) statistical
decision-making or statistical modeling for feature classification. In addition, this paradigm consists of processes inherent in steps (2) to (4) such as choosing
appropriate part of data used for the feature extraction
process (data cleansing), compressing measured data or
extracted features (data compression), combining information from multiple sources (data fusion), and removing the effects of operational and environmental
variability (data normalization) (pp. 9–13).1 The process of feature extraction is concerned with ascertaining
features from measured vibration data based on signal
processing techniques.9 For the problems of damage
detection, features should be sensitive to damage
(known as damage-sensitive features) and not to operational and environmental variability. Furthermore, the
statistical decision-making refers to use statistical methods for the classification of damage features. This procedure focuses on implementing machine learning
algorithms that train a relationship between some features derived from the measured vibration data and
attempt to discriminate an undamaged structure from a
damaged one (p. 9).1 The machine learning algorithms
used in the statistical decision-making can broadly be
divided into unsupervised and supervised learning
modes (p. 9).1,10 An unsupervised learning algorithm is
one that only requires features of a single known condition to learn a decision-making model or relationship.
In most cases, features of the known condition (undamaged state) are applied as training data to train the
model. By contrast, a supervised learning algorithm
exploits features of multiple classes (both undamaged
and damaged states) with their labels to learn a relationship for the process of decision-making.
In the step of feature extraction, time series analysis
is a relatively new and successful approach, which
makes an effort to fit a time series model to measured
vibration time-domain data for extracting features sensitive to damage. An overview of the principle and
techniques of time series methods for damage detection
can be found in Fassois and Sakellariou.11 More especially, Sohn et al.12 and Fugate et al.13 used the
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parameters and residuals of AR model as the damagesensitive features, respectively. Adams and Farrar14
applied an AutoRegressive with eXogenous input (ARX)
model to classify linear and nonlinear damage using
vibration data in frequency domain. In another
research, Sohn et al.15 combined AR with ARX to
establish a new model named as AR-ARX, for which
the standard deviation of the model residuals was used
as the damage-sensitive feature. Kopsaftopoulos and
Fassois16 conducted a research on several nonparametric (signals Frequency Response Function
(FRF) and Power Spectral Density) and parametric
(the parameters and residuals of ARX models) time
series methods for damage detection and damage type
identification. Okasha et al.17 utilized Vector
AutoRegressive (VAR) model rather than AR model to
provide an accurate prediction for the measured
response data by applying the residuals of VAR model
as the damage features. As another study, Sakaris et
al.18 utilized Vector-dependent Functionally Pooled–
Vector AutoRegressive with eXogenous input (VFPVARX) model for damage precise localization in threedimensional (3D) structural elements. Ay and Wang19
proposed a damage identification methodology by
employing AutoRegressive Moving Average with
eXogenous (ARMAX) model to quantify the acquired
set of vibration signals.
Despite many uses of the time series models in the
context of SHM, choosing robust orders of models
remains a significant and challenging issue. From a statistical viewpoint, a time series model should produce
uncorrelated residuals to make sure the model accuracy
and adequacy (p. 350).20 In addition, it is essential to fit
an accurate time series model to vibration data in an
effort to capture the entire physical and dynamic characteristics of the structure. More precisely, Figueiredo
et al.21 evaluated the effect of choosing different AR
orders on damage detection using four techniques. Stull
et al.22 employed information-gap decision theory and
robustness curves based on area under receiver operating characteristic (ROC) curve versus uncertainty for a
robust selection of AR order. Saito and Beck23 presented a Bayesian model order selection for the ARX
model to identify modal parameters from earthquake
response data. Additionally, Bayesian Information
Criterion (BIC) was iteratively used in Kopsaftopoulos
and Fassois16 and Sakaris et al.18 to select proper orders
of ARX and VARX models by focusing on the extraction of uncorrelated residuals.
For locating and quantifying structural damage reliant upon the statistical decision-making, Nair et al.24
presented two damage localization indices using the
first three AR parameters extracted from an
AutoRegressive Moving Average (ARMA) model. In
their article, the maximum quantities of indices were
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representative of damage locations. Zhang25 proposed
a statistical damage identification technique using AR
and ARX models for the damage localization and
quantification by a damage index. Zheng and Mita26
presented two distance-based methods named as
Itakura and Cepstral to locate structural damage in
shear-type structures. According to their achievements,
a large distance quantity implied the damage location
and the highest level of damage severity. Another
research study on the damage localization and quantification can be found in Gul and Catbas,27 who suggested two different damage indices based on the
parameters and residuals of ARX models with a new
sensor clustering methodology. Catbas et al.28 established a correlation-based methodology as an effective
non-parametric data analysis approach for detecting
and localizing structural changes using strain data
under operational loading conditions. Mosavi et al.29
applied a supervised learning index named as Fisher
criterion to identify damage location so that
Mahalanobis distance values computed by the parameters of VAR models were chosen as the damagesensitive features. Kopsaftopoulos and Fassois30
conducted research into the subject of damage localization and quantification using a functional model-based
method according to extended class of vectordependent functionally pooled models.
Due to the importance of damage localization and
quantification in the SHM and choosing appropriate
and robust orders for time series models in the step of
feature extraction, this study is intended to propose
novel damage indices and a new iterative order determination method. In this regard, the AR model is identified as the most compatible time series model with
measured vibration time-domain responses using Box–
Jenkins methodology and Leybourne–McCabe hypothesis test. The parameters and residuals of AR model are
then extracted as the damage-sensitive features by
applying current feature extraction (Type I and Type
II) approaches. The proposed damage indices are the
parametric assurance criterion (PAC) and residual reliability criterion (RRC) that use the extracted features to
define threshold limits and detect structural damage.
These limits are determined by 95% confidence interval
of the PAC and RRC values obtained from undamaged
conditions based on the unsupervised learning way. In
order to verify the performance and capability of the
proposed methods, experimental studies are carried out
by experimental data from a three-story laboratory
frame and a four-story steel structure. Comparative
studies are also implemented in the laboratory frame to
compare the effectiveness of the proposed damage
indices with their counterparts. Results demonstrate
that the proposed iterative order determination method
enables the AR model to extract uncorrelated residuals.
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Furthermore, results of damage localization and quantification show that the proposed PAC and RRC methods are influentially capable of identifying single and
multiple damage locations and estimating the level of
damage severity under varying operational and environmental conditions.

Feature extraction by time series
modeling
Time series modeling is a statistical method that
attempts to fit a mathematical model to time series data
for extracting meaningful information from the model.
Since there are various types of time series (pp. 6–8),31
it is necessary to choose an adequate model and estimate accurate parameters included in the model,
depending on the characteristics of time series and the
objective of time series analysis. On the whole, there
are three class types of time series models: (1)
AutoRegressive (AR), (2) Integrated (I), and (3) Moving
Average (MA), which make several stationary time
series models such as AR, ARX, ARMA, and
ARMAX, and some non-stationary time series models
such as ARIMA and ARIMAX (pp. 47–136).20
One way to identify the most appropriate time series
model is to evaluate the nature and property of time
series data. A large number of hypothesis tests such
as unit root32 and normality distribution tests (pp.
99–121)33 assist engineers and researchers to examine
the nature of data and identify the best time series
model. Another criterion is to apply Box–Jenkins
methodology (pp. 196–208)20 based on evaluating the
correlation of vibration time-domain data by autocorrelation function (ACF) and partial autocorrelation
function (PACF). Under this methodology, the identification of an AR model, the ACF has an exponentially
decreasing form that decays gradually, whereas the
PACF cuts off after a few lags. Conversely, for a MA
model, the ACF cuts off after a few lags, while the
PACF decays gradually. If both ACF and PACF decay
gradually, it would be considered an ARMA model.
In the SHM community, the AR model takes into
account a widely used time series model for the extraction of damage-sensitive features. This stochastic model
is known as a simplest linear stationary time series model
that is linearly related to the response of the structure. A
stationary procedure is a stochastic process, in which the
statistical properties of time series data such as the mean,
variance, and higher order moments are time invariant.20
For a linear, stationary, and univariate time series, the
AR model is formulated as follows
y ðt Þ =

p
X
i=1

ai  yðt  iÞ + eðtÞ

ð1Þ
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where y(t) is the measured vibration time-domain
response at time t, a = [a1, a2, ., ap] represents the
parameters of AR model, p is a scalar amount indicating the order of model, and e(t) denotes the residual at
time t. It corresponds to the difference between measured time series data, y(t), and the predicted time
series data obtained by the AR model, ~y(t). Thus
eðtÞ = yðtÞ  ~yðtÞ

ð2Þ

From an engineering viewpoint, there are several
reasons that confirm the ability of AR model to use in
SHM applications. One of them is that statistical features extracted from this model are sensitive to damage.
In addition, the AR model only depends on the
response of the structure. Another reason is that the
parameters of AR model reflect the inherent structural
properties regardless of excitation sources and their
variations. Furthermore, the implementation of this
model is simple.
In most cases, the parameters and residuals of AR
model are known as the damage-sensitive features due
to their sensitivity to damage (p. 29).34 The process of
extracting the AR parameters, called the feature extraction Type I, is based on fitting an AR model to each
vibration time-domain response acquired from each
sensor in the undamaged and damaged conditions.
Then, the vectors of the model parameters in the undamaged state (aH) and the damaged condition (aD) are
used as the damage features. By contrast, the process of
extracting the AR residuals, known as feature extraction Type II, consists of using an AR model along with
its parameters estimated from the undamaged condition
to predict the response of the structure in the damaged
state (p. 29).34,35 The fact beyond the feature extraction
Type II is that the AR model used in the undamaged
(baseline) condition will no longer correctly predict the
response of the damaged structure; therefore, the residuals regarding the damaged state will increase. It is
important to mention that the residuals of AR models
in the undamaged condition (eH) should be uncorrelated, whereas the model residuals in the damaged conditions (eD) may be correlated resulting from damage
occurrence.21 For a better perspective, Figure 1 depicts
the flowcharts of both feature extraction algorithms.
From this figure, one can perceive that both feature
extraction algorithms rely on the unsupervised learning
mode. Because in the feature extraction Type I, the
model orders obtained from the healthy structure (baseline phase) are used to estimate the parameters of AR
model in the damaged structure (inspection phase).
Additionally, in the feature extraction Type II, the
model orders and parameters obtained from the baseline phase are applied to extract the residuals of AR
model in the inspection phase. More details about these

Figure 1. The flowcharts of feature extraction: (a) Type I and
(b) Type II.

algorithms can be found in Figueiredo et al.34 and
Fassois and Sakellariou35 (p. 29).

An iterative order determination method
The process of order determination in time series modeling is a crucial part of the feature extraction step,
because an inadequate order can result in an inappropriate model. Depending on the type of time series
models, the number of orders specifies how many
unknown parameters should be allocated to the models
in order to predict the response of the structure. In time
series analysis, information criterion techniques
(p. 221)20 such as Akaike and Bayesian information criteria are normally applied to determine the orders of
time series models. Other approaches are based on
checking the autocorrelation of model residuals and
residual-excitation cross-correlation, using Portmanteau
test, and comparing Welch-based FRF magnitude for
normal conditions of the structure.16,36 However, choosing an adequate number of orders depends strongly on
the residuals of time series model.20,37 This means that a
sufficient order is 1 that enables the model to extract
uncorrelated residuals with 0 mean. Any time series
model that does not satisfy these requirements should be
modified (p. 350).20
The main idea behind the proposed iterative method
is to examine the model residuals by Ljung–Box Q-test.
This is a portmanteau test, which evaluates whether the
model residuals are uncorrelated based on the null or
alternative hypotheses. The Ljung–Box statistic is
given by
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Q = nð n + 2Þ

5
L
X
r^j2
j=1

nj

ð3Þ

where n denotes the samples (data points) of the residuals, L is the number of autocorrelation lags, and r^j is
the sample autocorrelation at lag j. The decision of this
hypothesis test yields a logical value (h), which can be
either 0 or 1. Accordingly, h = 0 (the null hypothesis)
indicates that the residuals of time series model are
uncorrelated, whereas h = 1 (the alternative hypothesis)
is representative of correlated (dependent) residuals. In
addition, all hypothesis tests give a specific scalar
amount named as p-value that presents a probability
under the null hypothesis. Furthermore, each hypothesis
test has a significance level that is a threshold of probability in the way that the typical value of this level is
0.05. In the Ljung–Box Q-test, if the p-value of the test
is less than the significant level (p-value \ 0.05), the test
rejects the null hypothesis in the sense that the residuals
of time series model are correlated. By contrast, if the
p-value is greater than the significant level (p-value
˜ 0.05), there is sufficient evidence that the model residuals are uncorrelated. With these descriptions, one can
argue that the p-value in the Ljung–Box Q-test is an efficient numerical tool for checking the correlation of the
model residuals. In this study, the p-value is used as a
stopping criterion in the iterative algorithm of the proposed order determination method.
The process of model order determination begins
with choosing sequential orders pk, where k = 1, 2, .,
for each vibration time-domain signal. As stated earlier,
the AR model is identified as the most appropriate time
series model for the measured vibration time-domain
responses. Hence, in each iteration, AR(pk) is fitted to
the vibration time series signal to estimate the model
parameters (ak = [a1k, a2k, ., apk]) and extract the
model residuals (ek = [e(t1)k, e(t2)k, ., e(tn)k]). The
residual analysis by the Ljung–Box Q-test is carried out
to determine the p-value of test using lbqtest code in
MATLAB. If the p-value is less than 0.05, it is necessary to enhance the model order sequentially and proceed the iterative algorithm. The robust order of model
is equivalent to the iteration k that satisfies the stopping
condition (p-value . 0.05). Concisely, the algorithm of
the proposed iterative order determination method is
depicted in Figure 2.

New damage indices
PAC
The PAC is a parametric-based damage index that uses
the parameters of AR models for identifying damage
location and estimating its severity. The basic idea
behind the PAC method comes from modal assurance

Figure 2. The algorithm of iterative order determination
method.

criterion (MAC), which provides a measure of consistency (the degree of linearity) between experimental and
analytical modal vectors.38,39 The MAC takes on values
from 0 to 1, in which the 0 is indicative of no consistency and 1 represents an entire consistency between
the modal vectors. In the damage detection problem,
the MAC value corresponds to 0 means that there is no
damage in the structure, and 1 otherwise.40
In this study, the basic concept of MAC is used to
establish a new damage index for locating damage and
estimating its quantity. Suppose that aH and aD are the
vectors of the AR parameters in the undamaged and
damaged conditions extracted from the feature extraction Type I. Accordingly, the proposed equation of
PAC is given by
!
2
aTH  aD

 ;
PACi =  T
aH  aH aTD  aD


i = 1, 2, . . . , ns ð4Þ

i

By computing the PAC values at all sensors, a vector
with ns elements can be achieved, where ns denotes the
number of sensors mounted on the structure. In a similar way to the MAC, the values of PAC vary from 0 to
1 (0 < PAC < 1), in which PAC = 1 represents an
undamaged condition and PAC = 0 is indicative of a
damaged state.

RRC
The RRC is a residual-based damage index established
by the theory of reliability index. In structural
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reliability analysis, this index is a useful indicator for
computing the failure probability (p. 117).41 For normal distributed random variables, the reliability index
is simply determined as the ratio of the mean to standard deviation (b = m/s). The underlying principle of
RRC is to calculate the relative error between the reliability indices of the undamaged and damaged conditions using the mean and standard deviation of the AR
residuals. As a simple form, the relative reliability index
(br) is written as follows
br =

bD  b H
bH

ð5Þ

In this equation, the subscripts D and H denote the
damaged and healthy (undamaged) states, respectively.
Based on equation (5), it is possible to encounter negative values of the relative reliability index due to the fact
that the mean value of a random variable may be a negative amount. To deal with this issue, both numerator
and denominator of equation (5) are squared to develop
the relative reliability index in the following form
br =

b2D + b2H  2bH bD
b2H

ð6Þ

By inserting the mean and standard deviation of the
AR residuals in the undamaged and damaged conditions into equation (6), the main formulation of RRC
is proposed as
 2 2

mD sH  2mH mD sD sH + m2H s2D
RRCi =
;
m2H s2D
i

ð7Þ

i = 1, 2, . . . , ns

From this equation, it can be observed that the RRC
method is only formulated by the statistical moments
(the mean and standard deviation) of the AR residuals.
By computing the RRC values at all sensors, a vector
with ns elements is obtained, where each element of this
vector denotes the RRC quantity at each sensor location. In a similar way with the PAC method, the values
of RRC are in the range of 0 to 1 (0 < RRC < 1), with
a difference that RRC = 0 is representative of the
undamaged condition, whereas RRC = 1 implies the
damaged state.

Decision-making for damage localization and
quantification
Most of the unsupervised learning methods consist of
baseline and inspection phases. In the baseline phase,
the data of known (undamaged) conditions are
employed to identify a model. Any deviation from the
identified model is indicative of damage occurrence in

the structure. To put it in another way, the data of
unknown (damaged) states are applied to compare in a
proper sense to those of the baseline phase in order to
achieve
damage
detection,
localization,
and
quantification.35
The basic idea of damage localization by the proposed damage indices is to define threshold limits based
on 95% confidence interval of the PAC and RRC values obtained from the features of undamaged conditions in the baseline phase. The quantities of PAC and
RRC vary from 0 to 1, in which PAC = 1 and
RRC = 0 represent the undamaged conditions.
Moreover, PAC = 0 and RRC = 1 are indicative of
the damaged states. Therefore, any PAC value less than
the threshold limit associated with the PAC method
and any RRC value more than the threshold limit
regarding the RRC method are identified as the locations of damage. In addition to the process of damage
localization, the upper and lower limits of both PAC
and RRC methods are reliable criteria for estimating
the level of damage severity. At the damage locations,
the PAC value equal or close to 0 and the RRC
amount identical or near to 1 imply the highest levels
of damage severity.

Experimental procedures
A three-story laboratory frame
In order to demonstrate the accuracy and performance
of the proposed methods, a series of experimental data
of a three-story laboratory benchmark model is
employed that can be downloaded free from http://
www.lanl.gov/projects/national-security-education-cen
ter/engineering/software/shm-data-sets-and-software.php.42
The laboratory frame, as shown in Figure 3(a), was
constructed from aluminum columns (height: 177 mm,
width: 25 mm, and thickness: 6 mm) and aluminum
plates (length: 305 mm 3 305 mm and thickness:
25 mm). At each floor, four columns were connected to
the top and bottom of the plate assembled using bolted
joints. Four accelerometers (channels 2–5) were
mounted on the floors, as can be observed in Figure
3(b), to measure acceleration time histories. A random
vibration load was applied by means of an electrodynamics shaker to the base floor along the centerline of
the frame. The acceleration time histories were sampled
at 320 Hz for 25.6 s in duration discretized into 8192
data points and 0.003125 s time interval. Further
details about the test structure is available in
Figueiredo et al. (pp. 6–13).34
To induce nonlinear damage, a center column
(height: 150 mm and cross section: 25 mm 3 25 mm)
was suspended from the third floor. This column was
connected to a bumper mounted on the second floor,
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Figure 3. The three-story laboratory frame:34 (a) actual photo and (b) sensor (channel) locations.

Table 1. The structural state conditions in the laboratory frame (p. 9).34
States

Condition

Description

1
2–3

Undamaged
Undamaged

4–9

Undamaged

10–14
15–17

Damaged
Damaged

Baseline
Simulated operational variability by adding a concentrate mass (1.2 kg)
on the base and first floors
Simulated environmental variability by decreasing structural stiffness at
the first, second, and third floors
Nonlinear damage (gap = 0.20, 0.15, 0.13, 0.10, and 0.05 mm)
Nonlinear damage (gap = 0.20, 0.20, and 0.10 mm) with simulated
operational variability at the base and first floors

in which the position of the bumper was adjusted to
define diverse structural damage cases. The source of
damage was a simulation of breathing cracks to apply
nonlinear behavior to the frame. The acceleration time
histories were measured under 17 structural state conditions described in Table 1.
The structural state conditions in the laboratory
frame were categorized into five groups. The first group
refers to an ideal undamaged or baseline condition, in
which there are no adverse or deceptive changes in the
frame (state 1). The second and third groups represent
the undamaged conditions under varying operational
and environmental conditions (states 2–3 and 4–9). The
fourth group includes five damaged conditions with different gap distances (states 10–14). Eventually, the last
group refers to three damaged conditions by simulating
operational variability (states 15–17). In this study, all
undamaged conditions are used in the baseline phase to
define threshold limits and all damaged conditions are

applied to locate damage and estimate damage level.
Note that the states 10, 15, and 16 present the lowest
level of damage severity, whereas the state 14 has the
highest one.
AR modeling. Before analysis of results, it is important
to demonstrate the reasons of choosing AR model
through numerical and graphical evidence. The numerical evidence is a hypothesis test, namely, Leybourne–
McCabe test,43 which attempts to assess whether a
univariate time series data can be modeled by an AR
model. The outputs of Leybourne–McCabe hypothesis
test consist of a logical value (the null or alternative
hypotheses) and a p-value. The significant level is 0.05;
therefore, if p-value ˜ 0.05 and h = 0, it can be argued
that the AR model can be applied to the univariate time
series data. As an example, Table 2 indicates the outputs of Leybourne–McCabe test at the channel 5 in the
states 1 and 14.
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Figure 4. The plots of ACF (left) and PACF (right) of the acceleration time histories at the channel 5 in the states 1 and 14.

Table 2. The outputs of Leybourne–McCabe test at the
channel 5.
Test

Leybourne–McCabe

Index

p-value
h

Structural state conditions
1

14

0.1
0

0.1
0

From this test, the logical values in both conditions
correspond to 0 and the p-values are larger than 0.05.
Such observations provide enough evidence that the
AR model is an accurate choice for the acceleration
time histories at the channel 5. For more evidence,
Figure 4 illustrates the plots of ACF and PACF relevant to the acceleration time histories at the channel 5
in the states 1 and 14.
From this figure, it can be observed that the PACFs
(the right plots) in the baseline and damaged conditions
gradually become 0 after approximately 30th lag,
whereas the ACFs (the left plots) in these conditions
have exponentially decreasing form and do not tend to
decay 0. These results confirm that the AR model is
proper for the acceleration time histories. It should be
noted that this result is also valid for the acceleration
responses at the other sensors in the other structural
state conditions.

Determination of robust orders. The process of determining the robust orders of AR models is another significant step before extracting the model parameters and
residuals as the damage-sensitive features. Based on the
proposed iterative order determination technique in section ‘‘An iterative order determination method,’’ the
robust order of each vibration time-domain signal at
each channel is determined by analyzing the model residuals through Ljung–Box Q-test.
The p-values of AR residuals at all channels of the
laboratory frame in the baseline condition are shown in
Figure 5. As can be observed, the robust orders are
equivalent to iterations that the p-values of Ljung–Box
Q-test are larger than 0.05. These values are observable
in Figure 5 as the dashed red lines. On this basis, the
robust orders at the channels 2–5 are 50, 51, 38, and
41, respectively. These quantities confirm that the residuals of AR models are uncorrelated since there is
enough numerical evidence (p-value ˜ 0.05) for the
rejection of alternative hypothesis. Another assessment
on the correctness and adequacy of the AR models
gained by the robust orders is to examine the correlation of residuals by the ACF. As a comparative analysis, Figure 6 shows the plots of ACF associated with
the residuals of AR models constructed from 5, 15, 30,
and 41 orders at the channel 5. It is important to point
out that the first three orders of AR models (AR(5),
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Figure 5. The robust orders of AR models in the baseline condition.

Figure 6. The comparison of the residuals of AR(5), AR(15), AR(30), and AR(41) by the ACF at the channel 5 in the baseline
condition.
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10
AR(15), and AR(30)) were previously applied by
Figueiredo et al.44 to evaluate the influence of these
orders on damage detection. Thus, the residuals of such
models are compared with the residuals of AR(41) to
demonstrate the performance of the proposed iterative
technique in extracting the uncorrelated residuals.
As can be observed in Figure 6, there are strong correlated residuals in the AR(5) since the samples of
ACF in this model extremely exceed the upper and
lower confidence bounds. Although increasing the
orders of AR model from 15 to 30 reduces the correlation among the residuals, the samples of ACF in these
models still exceed the confidence limits. However, the
ACF plot of the residuals of AR(41) obviously indicates that the robust order potentially enables the
model to extract uncorrelated residuals since approximately all ACF samples are within the lower and upper
bounds. Therefore, the AR models obtained from the
robust orders are accurate and adequate for using in
the step of feature extraction.

Feature extraction. In order to use the damage-sensitive
features in the proposed PAC and RRC methods, it is
necessary to estimate the parameters of AR model
through one of the computational methods in time
series analysis. In this article, Burg’s method45 is
employed to compute the model parameters. Note that
50 experiments of undamaged (baseline phase) and
damaged (inspection phase) conditions in each structural state are used to obtain the results. This process
relies on using each of the 50 experiments for the identification of AR model and extraction of the model parameters and residuals. Each feature is then applied to
calculate the PAC and RRC values. Eventually, the

Structural Health Monitoring
mean of 50 criteria values is obtained as the final output for the damage localization and quantification.
Taking the parameters and residuals of the AR models into account as the damage-sensitive features, a
question arises as how to understand their sensitivity to
damage. In response to this question, simple mathematical equations are presented to determine the sensitivity
of extracted features by computing the norm of differences between the features in the baseline and damaged
conditions. For the parameters and residuals of AR
model, the following feature indices are, respectively,
formulated as
FIa = kaH  aD k2


FIe = keH k2  keD k2 

ð8Þ
ð9Þ

where ||.||2 represents the l2-norm. At each sensor location, both FIa and FIe give scalar amounts indicating
the norm of difference between the model parameters
and residuals in the undamaged and damaged conditions. Figure 7 shows the results of these indices at the
channels 2–5 in the damaged states 10–14.
The observations in Figure 7(a) and (b) clearly reveal
that there are obvious differences between the feature
indices at the channel 4 implying the location of damage due to exciting the gap (the nonlinear damage
source) across or near to this sensor. At this location,
the quantities of FIa and FIe increase with increasing
the level of damage from the state 10 (the lowest level
of damage severity) to the state 14 (the highest level of
damage severity). A notable point is that the amounts
of these indices are approximately invariant at the
channels 2 and 3. In Figure 7(a), there are a few variations at the location of channel 5, whereas the corresponding observations at this channel in Figure 7(b)

Figure 7. Evaluating the sensitivity of extracted features in the damaged states 10–14: (a) the AR parameters and (b the AR
residuals.

Entezami and Shariatmadar

11

Figure 8. Damage localization in the laboratory frame (a) PAC and (b) RRC.

indicate no alterations. Such results prove that the parameters and residuals of the AR models extracted from
the feature extraction Type I and Type II with the aid
of the proposed iterative order determination method
are potentially sensitive to damage.

Damage localization and quantification. To determine the
threshold levels for the process of damage localization,
the damage-sensitive features obtained from the undamaged states 1–9 (the baseline phase) are used in the
PAC and RRC methods. Applying 95% confidence
interval of the PAC and RRC values gained by the
baseline phase, the threshold limits for the PAC and
RRC methods are 0.6086 and 0.3715, respectively. For
the identification of damage location, the parameters
and residuals of AR models obtained from the structural state 1 are employed as the features of undamaged
state (aH and eH) in both PAC and RRC methods. In
contrast, these data in each of the structural states
10–17 are utilized as the characteristics of damaged
condition (aD and eD).
Figure 8(a) presents the results of damage localization by the proposed PAC method in the damaged conditions. As can be observed, all PAC values at the
channel 4 are less than the PAC threshold limit

implying the locations of damage. In this figure, the
PAC quantities at the only channel 4 are close to 0,
whereas the other PAC values are far from the threshold limit and approximately near to 1 indicating the
undamaged areas in the laboratory frame. In Figure
8(b), the amounts of RRC at the channel 4 exceed the
threshold limit, which means that this area of the frame
is the location of damage. In addition, the RRC values
at the other channels are less than the RRC threshold
level indicating the undamaged areas in the frame.
Eventually, the results of damage localization lead to
the conclusion that the proposed PAC and RRC are
influentially capable of identifying the location of damage even in the presence of the operational and environmental variability.
One robust way to validate the performance and
reliability of the proposed damage indices is to compare them with their counterparts. In this section, two
kinds of damage indices are introduced to compare
them with the proposed PAC and RRC methods for
identifying damage location and estimating damage
severity. For this reason, the PAC method is compared
with Itakura distance method (IDM) proposed by
Zheng and Mita (equation (13) in p. 209).26 In both
PAC and IDM, the parameters of AR model are used
as the damage-sensitive features. For the comparison
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Figure 9. Damage quantification in the laboratory frame: (a) PAC and (b) IDM.

of RRC method, a damage indicator called Damage
Feature (DF) is used, which was proposed by Gul and
Catbas (equations (9) and (10) in p. 1202).27 The results
of comparative studies between the PAC versus IDM
and RRC versus DF are shown in Figures 9 and 10,
respectively. In these figures, the structural states 1, 3,
7, 10–14, and 15–17 are used to incorporate different
undamaged and damaged conditions.
In Figure 9(a), the values of PAC associated with
the structural states 1, 3, and 7 approximately correspond to one at all channels in the sense that there is
no damage in the laboratory frame. These observations
also verify that the operational and environmental
variability in the states 3 and 7 do not have any influences on the results of damage localization and quantification. Moreover, the PAC values at the channels 2
and 3 for the states 10–14 are roughly equal to one,
whereas there are considerable reductions and large

deviations from the undamaged limit (PAC = 1) in
the quantities of PAC at the channel 4. At this sensor
location, the structural state 14 has the closest PAC
value near to 0 (PAC14 = 0.0313) indicating the highest level of damage severity. In addition, the amounts
of PAC in the states 10, 15, and 16 are roughly
identical together (PAC10 = 0.4220, PAC15 = 0.4280,
PAC16 = 0.4387). The similar conclusion can be
achieved for the structural conditions 13 and 17
(PAC13 = 0.0561, PAC17 = 0.0507). These results
demonstrate that the operational variability do not
affect the damage quantification by the proposed PAC
method.
In Figure 9(b), it can be observed that the values of
IDM at the damage location increase with increasing
the level of damage from the states 10–14. In this figure,
the structural condition 14 has the largest Itakura distance quantity implying the highest level of damage
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Figure 10. Damage quantification in the laboratory frame: (a) RRC and (b) DF.

severity. Although IDM is successful in locating damage and estimating its quantity in most cases, the operational variability leads to erroneous results in some
conditions. In the process of damage localization, the
channels 2 and 3 are mistakenly identified as the damage locations for the states 15 and 16 due to larger IDM
values compared with the other channels in these conditions. In addition, the IDM compared to PAC method
cannot separate the structural state 10 from the states 1,
3, and 7 at the channel 4, which is close to damage. For
the damage quantification, there are large differences
between the distance values among the states 10, 15,
and 16 (IDM10 = 0.0337, IDM15 = 0.0922, and
IDM16 = 0.1021) and the states 13 and 17
(IDM13 = 0.2564 and IDM17 = 0.3841). Such observations in Figure 9(b) indicate that IDM fails to overcome the operational variability in identifying damage
location and estimating damage severity. As a result,
the comparative analyses in Figure 9 prove that the

proposed PAC method provides more reliable and
accurate results than IDM.
The comparison of damage localization and quantification results between the RRC and DF methods is
illustrated in Figure 10. The observations in Figure
10(a) belonging to the proposed RRC method indicate
that the RRC amounts at all channels of the states 1, 3,
and 7 are close to 0, that is, there is no damage in the
laboratory frame. At the location of damage, the quantities of RRC increase with increasing the level of damage from the states 10–14. Moreover, the structural
condition 14 represents the closest RRC value to 1
(RRC14 = 0.9543), which implies the highest level
of damage severity. The other salient results pertain
to the equality of RRC quantities in the states 10, 15,
and 16 (RRC10 = 0.4531, RRC15 = 0.4325, and
RRC16 = 0.4451) along with the structural conditions
13 and 17 (RRC13 = 0.9146 and RRC17 = 0.8727).
These conclusions confirm that the operational
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Table 3. Damage patterns and test configurations of the ASCE
structure (phase II).
Configuration
no.

Description

1
2
3

Fully braced configuration—no damage
All east side braces removed
Removed braces on all floors in one bay
on southeast corner
Removed braces on first and fourth floors
in one bay on southeast corner
Removed braces on first floor in one bay
on southeast corner

4
5

Figure 11. A view of the ASCE benchmark structure:
experimental phase II.

variability subjected to these states do not have any
influence on the estimation of damage severity. By contrast, Figure 10(b) shows the results of damage localization and quantification obtained by the DF method.
From this figure, the DF provides accurate and plausible results in the identification of damage location and
estimation of the level of damage severity. By comparing the results of RRC and DF methods, it can be realized that both methods are influentially able to locate
damage and estimate its severity.

A four-story steel structure
In order to provide a more realistic example, the ASCE
(American Society of Civil Engineers) benchmark
structure (experimental Phase II)46 is applied to validate the robustness and capability of the proposed
methods. This structure is a four-story 2-bay-by-2-bay
steel frame (scale-model) with 2.5 3 2.5 m2 in plan and
3.6 m tall as shown in Figure 11. The members were
hot-rolled grade 300 W steel with the nominal yield
stress 300 MPa. The columns and floor beams were
constructed by B100 3 9 and S75 3 11 sections,
respectively. In each bay, the bracing system consisted
of two 12.7 mm diameter threaded steel rods placed in
parallel along the diagonal. To make a reasonably realistic mass distribution, there is one floor slab per bay
per floor: four 1000-kg slabs at each of the first,

Figure 12. The locations of accelerometers on the plan view
of the ASCE structure.

second, and third levels and four 750-kg slabs on the
fourth floor. On each floor, two of the masses were
placed off-center to increase the degree of coupling
between the translational motions of the structure.
Three different types of forced excitations, including
ambient vibration, shaker, and impact hammer, were
employed to excite the ASCE structure. In this article,
the experimental data obtained from the shaker excitation source is used. The structure was equipped with 15
accelerometers, containing three accelerometers at each
floor for acquiring acceleration time histories and an
accelerometer for measuring shaker loads. Figure 12
depicted the locations of accelerometers on the plan
view of the ASCE structure.
The acceleration time histories were recorded at
250 Hz using a data acquisition system and filtered with
anti-aliasing filters. They were located on the east and
west frames to measure motion in the north-south
direction and in the center to measure east-west motion.
Filters on data acquisition are three-pole Butterworths
set to 50 Hz. A series of tests were conducted on the
structure with various damage scenarios. Damages were
simulated by removing some braces from the east,
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Table 4. The outputs of Leybourne–McCabe test at the sensor
9 in the ASCE structure.
Test

Leybourne–McCabe

Index

p-value
h

Configuration
1

2

0.1
0

0.1
0

southeast, and north sides or by loosening bolts at the
beam–column connections. Table 3 presents the test
configurations used in this article.
It is worth remaking that 10 experiments of each
configuration are employed in the baseline and inspection phases. The same process mentioned in the laboratory frame is implemented to obtain the final outputs.
Feature extraction by AR model and robust orders. The
Leybourne–McCabe hypothesis test and the ACF and
PACF plots are employed to prove that the AR model
is the most proper time series model for using in the
step of feature extraction. Table 4 represents the outputs of Leybourne–McCabe hypothesis test at the sensor 9 in the configurations 1 and 2 to assess whether

the AR model can be modeled for the vibration timedomain responses.
From Table 4, it can be discerned that the p-values
of the hypothesis test are larger than 0.05, and the logical values (h) correspond to 0 in the sense that there is
enough evidence for using the AR model. Furthermore,
Figure 13 indicates the plots of ACF and PACF regarding the acceleration time histories at the sensor 9 in the
test configurations 1 and 2.
According to the Box–Jenkins methodology, it is
seen that there are extremely high correlations at the
samples of ACF in such a way that they do not tend to
be 0 even in 100th lag, while the samples of PACF gradually decay to 0 in 20th lag approximately. Such graphical observations prove that the AR model is a
reasonable choice to use in the feature extraction process. Table 5 presents the robust orders of AR models
at all accelerometers, with the exception of accelerometer 16, in the configuration 1. At each sensor location, a robust AR order is chosen based on the iterative
order determination method.
In Table 5, all p-values of the Ljung–Box Q-test are
more than 0.05, and the null hypothesis (the logical
value h = 0) is dominated at all sensors. These outputs

Figure 13. The ACF (left) and PACF (right) of the acceleration time histories at the sensor 9 in the configuration 1 (top) and 2
(bottom).
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Figure 14. The ACF of model residuals obtained by the robust orders.

Table 5. The robust orders of AR models at all sensors in the
configuration 1.
Sensor no.

Robust orders

p-values

Logical value (h)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

93
80
134
98
81
141
158
109
77
113
96
92
74
77
116

0.0543
0.5279
0.0965
0.1296
0.1048
0.0799
0.0581
0.2513
0.3834
0.2376
0.1438
0.2812
0.0795
0.1027
0.1778

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

obviously demonstrate that the residuals of AR models
gained by the robust orders are uncorrelated. As
another assessment way, Figure 14 shows the ACF
plots of the model residuals at the sensors 2, 5, 9, and
13 by considering 95% confidence interval.

It is apparent from Figure 14 that approximately no
samples of ACF exceed the lower and upper bounds in
the sense that the robust orders lead to uncorrelated
residuals. Note that this conclusion is also valid for the
residuals of AR models at the other sensor locations. In
a similar way to the previous experimental example, the
feature extraction Types I and II are applied to estimate
the AR parameters and extract the model residuals. For
comparative analyses, Figures 15 and 16 show the parameters and residuals of AR models at the sensors 1, 6,
11, and 15 in the configurations 1 and 2.
As can be observed from Figure 15, there are
approximately no differences between the parameters
of AR models at the sensors 1 and 11, which means
that these locations are probably undamaged areas of
the ASCE structure in the test configurations 1 and 2.
However, the comparisons of the model parameters at
the sensors 6 and 15 show large changes resulting from
the removal of braces close to these sensors. In
Figure 16, one can discern that damage leads to
increases in the residuals of AR models at the sensors 6
and 15, while there are inconsiderable increases at the
sensors 1 and 11. These are reasonable results since the
AR models used in the undamaged condition (configuration 1) cannot correctly predict the responses of
damaged state (configuration 2); therefore, the model
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Figure 15. The comparison of AR parameters between the configurations 1 and 2.

Figure 16. The comparison of AR residuals between the configurations 1 (black) and 2 (green).
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Figure 17. Damage localization and quantification by the PAC method in the ASCE structure.

residuals associated with the damaged condition will
increase.
Damage localization and quantification. For the process of
damage localization, the parameters and residuals of
the AR models in the test configurations 1 and 5 are
applied to equations (4) and (7) for determining the
threshold limits. In the baseline phase, the PAC and
RRC threshold limits correspond to 0.6327 and 0.4782,
respectively. Even though the configuration 5 is generally a damaged condition, the main reason of using it as
an undamaged state is to incorporate the environmental
variability in the ASCE structure. In fact, it is assumed
that the configuration 5 is an undamaged condition
with the environmental variability as the stiffness reduction by removing the only braces on one bay (the southeast corner) at the first story. This assumption is similar
to the simulation of environmental condition incorporated in the states 4–9 of the laboratory frame (Table 1),
where the reductions in stiffness of the model in one or
two columns of the first, second, and third inter-story
were simulated as the environmental variability.
After the determination of PAC and RRC threshold
levels, the parameters and residuals of AR models in
the configuration 1 are applied to the PAC and RRC
equations as the features of undamaged state (aH and
eH). By contrast, the corresponding characteristics of
AR models in each of the configurations 2–4 are utilized as the features of damaged condition (aD and eD).
As such, any PAC quantity less than 0.6327 or any
RRC value more than 0.4782 is indicative of the location of damage. In Table 3, the configurations 2–4 have
the same damage pattern as removing the bracing system from the east side, where has been equipped with
the sensors 3, 6, 9, 12, and 15 as shown in Figure 12.
Depending on the number of braces eliminated from

the stories of the east side, the mentioned sensors are
representative of the damage locations. Hence, one
attempts to perceive whether the proposed PAC and
RRC methods are initially able to detect the east side
of the ASCE structure as the only damaged area.
Additionally, it is evaluated whether the proposed
methods can identify the precise damage locations,
which are close to the mentioned sensors. Figures 17
and 18 illustrate the results of damage localization and
quantification obtained by the proposed PAC and
RRC methods in the test configurations 2–4. Note that
the level of damage severity in the test configurations
2–4 increases by removing the bracing system. In other
words, the configuration 2 presents the highest level of
damage severity, whereas the configuration 4 has the
lowest level of damage.
In Figure 17, it is obvious that the PAC quantities at
the sensors 3, 6, 9, 12, and 15 in the test configurations
2–4, with the exception of the PAC value at the sensor
9 in the configuration 4, are under the PAC threshold
level indicating the locations of damage. Likewise, it
can be discerned from Figure 18 that the amounts of
RRC at the above-mentioned sensors in the test configurations 2–4, with the exception of the RRC value at
the sensor 9 in the configuration 4, exceed the RRC
threshold level, which imply the damage locations in
the ASCE structure. It is worthwhile remaking that the
removal of a brace from a story reduces the stiffness of
story. Hence, the responses of sensors mounted on the
bottom and top of the story will change. In the configuration 4, the sensors 3 and 6 were installed at the bottom and top of the first story and the sensors 12 and 15
were located at the bottom and top of the fourth story.
Hence, the removal of braces from these stories leads
to the PAC and RRC methods identify the sensors 3, 6,
12, and 15 as the locations of damage. On the other
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Figure 18. Damage localization and quantification by the RRC method in the ASCE structure.

hand, there are no structural changes around the sensor
9 in this configuration. As a result, the observations in
Figures 17 and 18 confirm that the proposed PAC and
RRC methods are precisely able to identify the locations of damage.
For the procedure of damage quantification, one can
observe that the PAC quantities at the damage locations decrease with increasing the level of damage from
the configuration 4 to the configuration 2. More precisely, the values of PAC at the damage locations of the
test configuration 2 are closer to 0 than the other configurations, which means that this configuration provides the highest level of damage severity. Furthermore,
the same conclusions can be achieved for the RRC
method. As expected, the configuration 2 indicates the
highest level of damage severity since the RRC values
at the damage locations are closer to 1 compared to the
other configurations.

Summary and conclusion
In this article, two novel damage indices and a new
iterative order determination method regarding time
series modeling have been proposed in order to identify
the location of damage and estimate the level of damage severity. The AR model has been identified as the
most compatible time series model with the measured
vibration time-domain responses using the Box–Jenkins
methodology and Leybourne–McCabe hypothesis test.
In the iterative technique, the robust orders of AR
models have been chosen under the residual analysis
using the numerical Ljung–Box Q-test. The damagesensitive features were the parameters and residuals of
AR model, which have been applied to the equations of
PAC and RRC for locating and quantifying damage.
In an unsupervised learning manner, the features of

undamaged conditions with the operational and environmental variability in the baseline phase have been
used to define the threshold limits based on 95% confidence interval of the PAC and RRC values. A threestory laboratory frame and a model-scale steel structure
have eventually been utilized to verify the accuracy and
robustness of the proposed methods along with some
comparative studies.
In both examples, the results of model order determination showed that the proposed iterative technique
is able to extract uncorrelated residuals. These results
were confirmed by the p-values of Ljung–Box Q-test
and the ACF plots of the model residuals. In the procedures of damage localization and quantification, both
PAC and RRC methods could successfully identify the
location of damage and estimate the level of damage
severity under varying the operational and environmental conditions. It was observed that the PAC value less
than the PAC threshold level and the RRC quantity
more than the RRC threshold limit indicate the location of damage. At the damaged area, the closest PAC
value to 0 and the nearest RRC quantity to 1 are the
highest levels of damage severity.
The study on the laboratory frame showed that the
parameters and residuals of the robust AR model
extracted from the feature extraction algorithms, Type
I and Type II, are sensitive to damage. The comparative studies indicated that the proposed PAC has better
results compared to the IDM in the presence of operational variability, while the proposed RRC method and
DF provide successful results in the damage localization and quantification.
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