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ABSTRACT
Crowd behavior analysis is one of the significant issues in video surveillance. In this paper while having a video
sequence of a public place, the goal is to extract the regions of interest in the input video that can be the
regions where more people commute. To identify these regions, first a non-parametric kernel density estimation
method is applied to create a crowd density map. Then, we propose to use a kernel density estimation based on
the Bayesian risk. By defining a new loss function for the Bayesian risk, we can decrease the effects of outliers in
order to extract the distribution’s peaks of the resulted map more accurately. To evaluate the proposed method,
we utilize 9 different real-world datasets on various scenarios where among them PETS2009 and Mall dataset
are popularly used. We also make use of multiple synthetic datasets as our evaluation benchmark. Experimental
results present that the proposed method has higher accuracy to find different centers of attention in compared
with other similar state-of-the-art methods on both real-world and synthetic datasets.

1. Introduction
Nowadays, the world’s population is more than 7.6 billion people (Current World Population, 2018). Crowd analysis is essential to
eliminate many real-world problems due to this high population (Saleh
et al., 2015). This population is gathered at different events such as
protests, demonstrations, marathons, rallies, political speeches, music
concerts and etc (Idrees et al., 2015). The aggregation of people can be
investigated from two perspectives in public places: In the first view,
people are gathered in a specific place at specific time (such as the
ceremonies and competitions mentioned above). In the second view,
people are gathered in one place at several times (such as buying or
viewing stocks of a store).
To analyze the population, we need to investigate the behavior of
individuals. One of the human behaviors is going to the regions that is
more attracted to them in different environments. The attractive region
is an area in the image where more people commute. The goal of crowd
clustering is to find the attractive regions.
The cluster analysis is grouping the individuals of each population
that discovers the data structure (Han et al., 2011). This technique is
one of the most important unsupervised learning methods in pattern
recognition and machine learning (Geng et al., 2018). In addition, it
is a common method in data statistical analysis, that to be used in
data mining, image processing, machine vision (Qiu and Shen, 2017;
Ye et al., 2003; He et al., 2017). The purpose of clustering is to find the
structure of a collection of unlabeled data and classify them. However,

two problems are confronted by most methods: how to choose appropriate cluster numbers and how to discover clusters of an arbitrary shaped
data.
In density-based clustering approaches, clusters are defined as regions of higher densities than the rest of the data. Usually, samples are
considered as noise and border points in sparse areas. Ester et al. (1996)
presented a density-based method named as Density Based Spatial Clustering of Applications with Noise (DBSCAN), for detecting clusters in a
spatial database based on their density differences. Breunig et al. (1999)
presented a density-based clustering method and assign an outlier score
known as Local Outlier Factor (LOF). Another density-based clustering
method is mean shift algorithm based on kernel density estimation
(KDE), that each sample moves toward areas of higher density in their
neighborhood (Comaniciu and Meer, 2002). On the other hand, in the
mean shift method, the outlier effect is evident and leads distribution’s
peaks to the outlier.
The purpose of this paper is to obtain a crowd density map and to
find attractive regions, accurately. The crowd density map of individuals is obtained using the non-parametric spatial–temporal distribution
function (kernel density estimation) where the purpose is to find the
position of identified people (Fradi et al., 2015; Rodriguez et al., 2011;
Fradi and Dugelay, 2013; Chen et al., 2013; Fu et al., 2015; Sindagi
and Patel, 2018).
Deep learning methods have been used to identify individuals in
the implementation: MobileNet and YOLOv3. The reason for using
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to noise and high memory consumption. In divisive clustering, first, all
data is considered as a cluster and by using a repetitive algorithm, every
time, the data that has the smallest similarity to the rest is clustered as
a separate one (Kaufman and Rousseeuw, 2009). The noise problem has
been fixed in this method.
The basic idea of centroid-based clustering or partition-based clustering is to consider the center of data as the center of the corresponding cluster. K-means (MacQueen et al., 1967) and K-medoids (Park and
Jun, 2009) are two famous methods of this type of clustering.
The main idea of distribution-based clustering is that the whole
data have multiple distributions. Then the generated data from the
same distribution belong to the same cluster. There are different kinds
of this clustering algorithm such as DBCLASD (Xu et al., 1998) and
GMM (Rasmussen, 2000).
The main idea behind density-based clustering is that the data in
the region with the highest density belong to the same cluster (Kriegel
et al., 2011). There are several types of this clustering approach such
as DBSCAN (Ester et al., 1996), OPTICS (Ankerst et al., 1999),OPTICSOF (Breunig et al., 1999) and mean shift (Comaniciu and Meer, 2002).
DBSCAN is a famous density-based clustering algorithm, which is directly derived from the basic idea behind this type of clustering algorithm. OPTICS is an improved various of DBSCAN method and
addresses the weaknesses of DBSCAN, which are sensitivity to two
parameters: the neighborhood radius, and the minimum number of
neighboring points. OPTICS-OF is an approach based on density-based
clustering that defined an outlier score known as Local Outlier Factor
(LOF). For each observation, the LOF score is the average ratio of the
local density of the k nearest neighbors of the observation and the local
density of the observation itself. In F-OPTICS algorithm has applied
random projections to hierarchical clustering and has reduced the
computational cost of the OPTICS algorithm (Schneider and Vlachos,
2013). Mean shift is a clustering method in which each data stream
moves to the neighbor region with the highest density. This method is
based on the kernel density estimation and ultimately converges to the
local maximum density.
The density estimation is an estimate of the density function of
the observed data. There are two approaches for density estimation:
parametric and non-parametric methods. The kernel density estimation
(KDE) method is a non-parametric density estimator (Parzen, 1962).
The KDE learns the density of data automatically; This non-parametric
nature makes KDE the popular method for data extracted from complex
distribution.

Fig. 1. An example image from Insecam website (Network live IP video cameras
directory Insecam.com, 2017). This store is in Moscow, Russia. Our goal is to answer
which part of the store has been most visited.

MobileNet is that Raspberry Pi cameras have been used instead of
surveillance cameras.
In this paper, we want to specify the attractive regions, for this
purpose, the data available on Insecam website is used (Network live
IP video cameras directory Insecam.com, 2017). A sample image of this
dataset is shown in Fig. 1. In summary, the main contributions to this
work are:
(i) By starting from Bayesian risk relation and substituting different
loss function, we can achieve to variety kind of kernel density
estimation formula that can be applied to find the distribution’s
peaks and is able to specify the attractive regions.
(ii) In this section, a new loss function is presented that has a higher
accuracy than other loss functions in some distributions. The
superiority of this loss function is shown in the experiments.
Fig. 2 shows the framework of the proposed method. Components
of the proposed method consist of three main phases. In the first
step, people are detected who are gathered in a specific area like a
mall, shopping centers or a football field. Then, the non-parametric
distribution (KDE) is applied on individuals identified in previous step.
Finally, the peaks of the distribution function that show the center
of attractive regions are obtained through KDE based on minimum
Bayesian risk.

3. Bayesian risk kernel density estimation (BRKDE)
The Bayesian Risk Kernel Density Estimation (BRKDE) is proposed
to find the center of attractive regions that is based on a more appropriate theory. Based on Bayesian risk, various loss functions can be used
to find the peaks. Also, a new loss function is defined in BRKDE relation
that has improved the accuracy of the resulted peaks.
In the proposed risk, by substituting loss function with a square
loss, the mean shift relation is obtained. Mean shift has advantages
and disadvantages. One of the most advantages is finding clusters with
different shapes (Geng et al., 2018). The mean shift clustering method
has this advantage, but it is confronted by the challenges. The mean
shift leads distribution’s peaks to the outlier. Aiming to address these
challenges, we propose a new loss function that works better than the
mean shift in finding peaks in low-density areas.
Let 𝐗 = {𝐱1 , 𝐱2 , … , 𝐱𝑛 }, 𝐱𝑖 ∈ R𝑑 , 𝑑 = 2 be the position of people from
a distribution 𝐹 with a density 𝑓 . The kernel density estimate of 𝑓 is a
non-parametric estimate given by

2. Related work
Clustering is a standard method for analyzing univariate and multivariate data. It is designed to discover the intrinsic and natural structure
of data so that the samples are as similar as possible in a cluster and
are as varied as possible in different clusters. Clustering algorithms
can be categorized into hierarchical methods, centroid-based methods,
distribution-based methods, density-based methods, etc (Xu and Tian,
2015). The main idea of the hierarchical algorithm is to create a hierarchical relationship between data in each cluster. To obtain a certain
number of clusters, the hierarchy is cut off at an appropriate depth.
Hierarchical clustering is a difficult method so that it is impossible
to reorganize the clusters created in the previous step. Hierarchical
clustering algorithms can be agglomerative (bottom-up or single linkage) or divisive (top-down or complete linkage) (Rokach and Maimon,
2005). In agglomerative clustering, first, any data is considered as a
cluster (Sibson, 1973). Then, using an algorithm, every time clusters
with closely related features are merged. Repeatedly until several different clusters are separated. The problem of this method is sensitivity

𝑛
1 ∑ 𝐱 − 𝐱𝑖
𝑘(
)
𝑓̂(𝐱) =
𝑛 𝑖=1
ℎ

(1)

Where 𝑘 is a kernel function, ℎ is the bandwidth and 𝑛 is the number
of people. The kernel function 𝑘(𝐱) is satisfied ∫ 𝑘(𝐱)𝑑𝐱 = 1.
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Fig. 2. Framework of the proposed method. In this paper, the images of surveillance cameras are used that are shown on Insecam website (Network live IP video cameras directory
Insecam.com, 2017). After the preprocessing operation, individuals are detected in each image. In next step, the crowd density map is created using a non-parametric distribution
of kernel density estimation(KDE) on individuals identified in previous step. following, distribution’s peaks are obtained using minimum our proposed risk.

Usually, 𝑘 is a symmetric probability kernel, like the Gaussian kernel

3.2. From KDE based on maximum benefit to standard KDE

as:
‖𝐱 − 𝐱𝑖 ‖2
‖ )
𝑘(𝐱, 𝐱𝑖 ) = ( √
)𝑑 exp(− ‖
2ℎ2
2𝜋ℎ
1

1
√
𝑛 2𝜋ℎ

In Eq. (5), by substituting 𝑞(𝐱𝑖 ) =
(2)

so standard KDE is obtained:
𝑛
‖𝐱 − 𝐱𝑖 ‖2
∑
1
‖ )
̂
𝐺(𝐱)
= √
exp(− ‖
2ℎ2
𝑛 2𝜋ℎ 𝑖=1

‖𝐱 − 𝐱𝑖 ‖2
‖ )
𝑙(𝐱, 𝐱𝑖 ) = 1 − 𝑔(𝐱, 𝐱𝑖 ) = 1 − exp(− ‖
2ℎ2
And the maximum benefit is equal to:

And 𝐱𝑡+1 = 𝐱𝑡 + 𝑚ℎ (𝐱𝑡 ), the mean shift vector always moves toward the
higher density areas. The Bayesian Risk is defined as:

̂
max 𝐺(𝐱)
=

∫𝐱

𝐱

̂
𝑅(𝐱)
= 𝐸𝑞 [𝑙(𝐱, 𝐱𝑖 )] =

𝑞(𝐱𝑖 )𝑙(𝐱, 𝐱𝑖 )

),

𝑛
‖𝐱 − 𝐱𝑖 ‖2
𝜕 ∑
‖ )=0
exp(− ‖
𝜕𝐱 𝑖=1
2ℎ2

(8)

3.3. A new loss function for minimum BRKDE

And The Bayesian Risk Kernel Density Estimation:
𝑛
∑

2ℎ2

Also, the equivalent loss function is correntropy loss as follows:

(4)

𝑞(𝐱𝑖 )𝑙(𝐱, 𝐱𝑖 )𝑑𝐱𝑖

‖𝐱−𝐱𝑖 ‖2

(7)

By putting ∇𝑓 (𝐱) = 0, then the modes of the density function are
achieved. So the mean shift clustering algorithm is obtained as (Comaniciu and Meer, 2002):
∑𝑛
𝐱−𝐱𝑖
𝑖=1 𝐱𝑖 𝑘( ℎ )
𝑚ℎ (𝐱) = ∑𝑛
−𝐱
(3)
𝐱−𝐱𝑖
𝑖=1 𝑘( ℎ )

𝑅(𝐱) =

and 𝑔(𝐱, 𝐱𝑖 ) = exp(−

In Eq. (5), we define the new loss function as:
‖𝐱 − 𝐱𝑖 ‖2
‖
‖2
‖ exp(− ‖𝐱 − 𝐱𝑖 ‖ )
𝑙(𝐱, 𝐱𝑖 ) = ‖
ℎ2
ℎ2
𝑛
‖𝐱 − 𝐱𝑖 ‖2
‖
‖2
∑
‖ exp(− ‖𝐱 − 𝐱𝑖 ‖ )
̂
min 𝑅(𝐱)
= min
𝑞(𝐱𝑖 ) ‖
2
2
𝐱
ℎ
ℎ
𝑖=1

(5)

𝑖=1

3.1. From KDE based on minimum risk to mean shift algorithm

we obtain:
∑𝑛

‖𝐱−𝐱 ‖2
‖𝐱−𝐱𝑖 ‖2
In Eq. (5), we put 𝑞(𝐱𝑖 ) = exp(− 2ℎ2𝑖 ) and 𝑙(𝐱, 𝐱𝑖 ) =
, then
ℎ2
mean shift algorithm is achieved as:
∑𝑛
𝐱𝑖 𝑞(𝐱𝑖 )
𝐱𝑡+1 = ∑𝑖=1
(6)
𝑛
𝑖=1 𝑞(𝐱𝑖 )

𝐱

𝑡+1

=

𝑖=1

𝑞(𝐱𝑖 )𝐱𝑖 exp(−

∑𝑛
𝑖=1

𝑞(𝐱𝑖 ) exp(−

‖𝐱−𝐱𝑖 ‖2
ℎ2

‖𝐱−𝐱𝑖 ‖2
ℎ2

)(1 −

)(1 −

‖𝐱−𝐱𝑖 ‖2
ℎ2

‖𝐱−𝐱𝑖 ‖2
ℎ2

(10)

)
(11)

)

In Fig. 3, the proposed loss function is shown.
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5. Substituting different loss functions in BRKDE
In fact, the loss function 𝑙(𝐱, 𝐱𝑖 ) is the amount of loss appears at the
distance level of 𝐱 and the observed sample 𝐱𝑖 , which can be interpreted
as the similarity of 𝐱𝑖 and 𝐱. Of course, similarity can be expressed
by different differentiable functions. The obtained loss functions are
substituted in Eq. (5), then solving optimization problem, we have
distribution’s peaks.
This section introduces some conventional loss functions including
minimum BRKDE. Furthermore, we provide a new loss function that
can suppress noise, accurately. In Fig. 3, the difference between the
proposed loss function, square loss function and the correntropy loss
function is shown.
The minimization of BRKDE loss functions Eq. (5) means that each
of the losses in this equation should be minimized. The two mentioned
loss functions in Fig. 3 (square loss and correntropy loss function) express that the samples closed to each other will lead to the minimization
of losses but the existence of outliers will effect dramatically the value
of distribution’s peaks and will result in maximum loss. Although, in
correntropy loss function the different distances of outliers have the
same effect, in square loss function by rising the distance of outliers
from the main data, the amount of loss function increases. In our
proposed loss function, the outliers can hardly affect the distribution’s
peaks. Actually, as it is shown in Fig. 3 the larger distance outliers will
lead to a minimum amount of loss gets closer and closer to zero.

Fig. 3. Comparison of the proposed loss function with correntropy loss function and
square loss function.

4. Properties of loss function
In this section, the important attributes of the loss function are introduced that includes convexity, continuity, and differentiability (Steinwart and Christmann, 2008). Table 1 represents some loss functions
and their properties. Each property given in Table 1 have been proved
separately for each loss function. By looking at the properties listed
above, only those loss functions that are differentiable, can be applicable in our proposed risk. The proof of each property for proposed loss
is given in Appendix.

5.1. Correntropy loss function
In Eq. (5), we put 𝑙(𝐱, 𝐱𝑖 ) = 1 − exp(−
obtained as:
̂
arg min 𝑅(𝐱)
= arg min
𝐱

𝐱

= min

4.1. Convexity

𝐱

𝑛
∑

‖𝐱−𝐱𝑖 ‖2
ℎ

) and minimum BRKDE

𝑞(𝐱𝑖 )𝑙(𝐱, 𝐱𝑖 )

𝑖=1

(
)
( ‖𝐱 − 𝐱 ‖2 )
𝑖‖
𝑞(𝐱𝑖 ) 1 − exp − ‖
ℎ
𝑖=1

𝑛
∑

After solving Eq. (15) and putting it equal to zero, 𝐱 is obtained as
follows:

The following definition is used to determine whether a loss function is convex or not:(Boyd and Vandenberghe, 2004)

∑𝑛

𝐑𝑛

𝑡+1

𝑖=1

𝑞(𝐱𝑖 )𝐱𝑖 exp(−

‖𝐱−𝐱𝑖 ‖2
ℎ

)

Proposition 1. The loss function 𝑙 ∶
→ 𝐑 is convex if the domain 𝑙 is
a convex set (𝑋) and if for all 𝑥1 , 𝑥2 ∈ 𝑋 and 𝑡 ∈ [0, 1]:

𝐱

𝑙(𝑡𝑥1 + (1 − 𝑡)𝑥2 ) ≤ 𝑡𝑙(𝑥1 ) + (1 − 𝑡)𝑙(𝑥2 )

The Eq. (16) is used to find the distribution’s peaks.

(12)

𝑞(𝐱𝑖 ) exp(−

̂
arg min 𝑅(𝐱)
= arg min
𝐱

𝐱

(16)

ℎ

)

𝑛
∑
𝑖=1

‖𝐱−𝐱𝑖 ‖2
2ℎ2

(13)

(

And x is as follows:
∑𝑛
𝑞(𝐱𝑖 )𝐱𝑖
𝐱𝑡+1 = ∑𝑖=1
𝑛
𝑖=1 𝑞(𝐱𝑖 )

The following definition can be used to prove that the loss function
is differentiable:(Hunter, 2012)

and:

𝑞(𝐱𝑖 )𝑙(𝐱, 𝐱𝑖 )

‖𝐱 − 𝐱 ‖2
𝑖‖
= min
𝑞(𝐱𝑖 ) ‖
𝐱
2ℎ2
𝑖=1
𝑛
∑

4.3. Differentiability

)
(17)

(18)

6. Optimal bandwidth on BRKDE

Proposition 3. Assume that 𝑙 ∶ (𝑎, 𝑏) → 𝑅 and 𝑎 < 𝑐 < 𝑏. The loss
function 𝑙 is differentiable in 𝑐 if:
𝑙(𝑐 + 𝑡) − 𝑙(𝑐)
= 𝑙′ (𝑐)
𝑡

‖𝐱−𝐱𝑖 ‖

2

In Eq. (5), we have 𝑙(𝑥, 𝑥𝑖 ) =

Proposition 2. Suppose that 𝑎 ∈ 𝐴 and the domain 𝑙 is 𝐴. The loss
function 𝑙 is continuous at 𝑥 = 𝑎 if and only if:

𝑡→0

∑𝑛

5.2. Square loss function

To prove the continuity of loss functions, the following definition is
used:(Boyd and Vandenberghe, 2004)

lim

=

𝑖=1

4.2. Continuity

(∀𝜀 > 0)(∃𝛿 > 0)(∀𝑥)(|𝑥 − 𝑎| < 𝛿 → |𝑙(𝑥) − 𝑙(𝑎)| < 𝜀)

(15)

In order to obtain the parameter ℎ, we define the Mean Square Error
(MSE) and the Mean Integrated Square Error (MISE) criteria (Silverman, 1986).

(14)
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Table 1
Properties of different loss functions.
Name

Loss function

Correntropy
Absolute
Square
Zero–one
Hinge
Logistic
Huber
Exponential
Proposed loss

‖𝑥−𝑥𝑖 ‖

𝑙(𝑥, 𝑥𝑖 ) = 1 − exp(− ℎ )
𝑙(𝑥, 𝑥𝑖 ) = |𝑥 − 𝑥𝑖 |
2
𝑥 − 𝑥𝑖 ‖
𝑙(𝑥, 𝑥𝑖 ) = ‖
‖
‖
{
0
if 𝑥 = 𝑥𝑖
𝑙(𝑥, 𝑥𝑖 ) =
1
if 𝑥 ≠ 𝑥𝑖
𝑙(𝑥, 𝑥𝑖 ) = max(0, 1 − (𝑥 − 𝑥𝑖 ))
𝑙(𝑥, 𝑥𝑖 ) = log(1
{ + exp(−(𝑥 − 𝑥𝑖 )))
1
(𝑥 − 𝑥𝑖 )2
if |𝑥 − 𝑥𝑖 | ≤ 𝛿
2
𝑙𝛿 (𝑥, 𝑥𝑖 ) =
𝛿|𝑥 − 𝑥𝑖 | − 12 𝛿 2
otherwise
𝑙(𝑥, 𝑥𝑖 ) = exp(−(𝑥 − 𝑥𝑖 ))
2
2
‖𝑥−𝑥 ‖
‖𝑥−𝑥 ‖
𝑙(𝑥, 𝑥𝑖 ) = − ℎ 𝑖 exp(− ℎ 𝑖 )

Continuity

Differentiability

✗
✓
✓

✓
✓
✓

✓
✗
✓

✗

✗

✗

✓
✓

✓
✓

✗
✓

✓

✓

✓

✓

✓

✓

✗

✓

✓

Table 2
Performance comparison of the proposed method with mean shift algorithm on the
one-dimensional synthetic datasets.

6.1. Measures of discrepancy: mean square error and mean integrated
square error
̂ A common method
We want to get the difference between 𝑅 and 𝑅.
for getting mean square error is defined as follows (Silverman, 1986):
̂ = 𝐸[𝑅(𝐱)
̂
𝑀𝑆𝐸 𝐱 (𝑅)
− 𝑅(𝐱)]2

Convexity
2

Dataset

Bandwidth

Mean Shift

Proposed method

D1

ℎ = 0.3
ℎ = 0.5
ℎ = 0.6

%100
%85.7
%75

%100
%100
%66.5

D2

ℎ = 0.6
ℎ = 0.8

%90
%100

%100
%100

D3

ℎ = 0.3
ℎ = 0.4
ℎ = 0.5
ℎ = 0.6

%85
%100
%93
%80

%94
%100
%100
%91.5

D4

ℎ = 0.3
ℎ = 0.5

%95
%85.5

%95
%85.5

D5

ℎ = 0.8
ℎ=1
ℎ = 1.1

%100
%100
%33

%100
%87.5
%87.5

D6

ℎ = 0.2
ℎ = 0.3

%83
%85

%90
%89

(19)

By standard primary properties of mean and variance,
̂ = [𝐸[𝑅(𝐱)]
̂
̂
𝑀𝑆𝐸 𝐱 (𝑅)
− 𝑅(𝐱)]2 + 𝑣𝑎𝑟𝑅(𝐱)

(20)

And also for the mean integrated square error:
̂ =𝐸
𝑀𝐼𝑆𝐸 𝐱 (𝑅)

∫

̂
[𝑅(𝐱)
− 𝑅(𝐱)]2 𝑑𝐱

(21)

Since the integral is non-negative:
̂ =
𝑀𝐼𝑆𝐸 𝐱 (𝑅)
=

∫
∫

̂
𝐸[𝑅(𝐱)
− 𝑅(𝐱)]2 𝑑𝐱 =

∫

̂
[𝐸[𝑅(𝐱)]
− 𝑅(𝐱)]2 𝑑𝐱 +

∫

̂
𝑀𝑆𝐸 𝐱 (𝑅)𝑑𝐱
̂
𝑣𝑎𝑟𝑅(𝐱)𝑑𝐱

(22)

6.2. Bias and variance in Bayesian risk KDE
The optimal bandwidth is then obtained by using Silverman’s rule
(lemma 4a) (Parzen, 1962):

The function 𝑞(𝑡) is a symmetric function satisfying:
∫

𝑞(𝑡)𝑑𝑡 = 1,

∫

𝑡𝑞(𝑡)𝑑𝑡 = 0,

∫

𝑡2 𝑞(𝑡)𝑑𝑡 = 𝑘2 ≠ 0

−2

1

1

1

ℎ𝑜𝑝𝑡 = 𝑘2 5 [ 𝑞(𝐭)2 𝑑𝐭] 5 [ 𝑅′′ (𝐱)2 𝑑𝐱]− 5 𝑛− 5
∫
∫

(23)

(31)

By rewriting Eq. (20):
7. Experiments

̂ = 𝑏𝑖𝑎𝑠ℎ (𝐱)2 + 𝑣𝑎𝑟𝑅(𝐱)
̂
𝑀𝑆𝐸 𝐱 (𝑅)

(24)

̂
𝑏𝑖𝑎𝑠ℎ (𝐱) = 𝐸[𝑅(𝐱)]
− 𝑅(𝐱)

(25)

In this section, we evaluate the proposed loss function on synthetic
and real-world datasets. We introduce the experimental setup in seq.7.1
and then present the experimental results and analysis in seq.7.2.

After proper replacement and Taylor series expansion, the bias is
obtained as:
1 2 ′′
ℎ 𝑅 (𝐱)𝑘2 + ℎ𝑖𝑔ℎ𝑒𝑟 𝑜𝑟𝑑𝑒𝑟 𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 ℎ
(26)
2
The integral of squared bias, required in Eq. (22) for the MISE, is then
given by:

7.1. Experimental setup

𝑏𝑖𝑎𝑠ℎ (𝐱) =

∫

𝑏𝑖𝑎𝑠ℎ (𝐱)2 𝑑𝐱 ≈

1 4
ℎ 𝑘2
𝑅′′ (𝐱)2 𝑑𝐱
∫
4

7.1.1. Implementation details
In order to implement the proposed method in the real environment,
first, people are detected. Human detection is mainly implemented
in three ways: (a) using Python 3.5 based on MobileNet architecture (Howard et al., 2017) and the Single Shot Detector (SSD) (Liu
et al., 2016), (b) using Python 3.5 based on Histogram of Oriented Gradients (HOG) descriptors (Dalal and Triggs, 2005) and (c) using Python
3.5 based on YOLOv3 human detection (Redmon and Farhadi, 2018).
Experiments are carried out using the PC with a multi-core 3.6 GHz
CPU with 32 GB memory that is equipped with a surveillance camera
and the Raspberry Pi 3 model B with NoIR Camera Module V2. By using
a camera device equipped with Raspberry Pi, we achieve a smaller
device than a PC that can be fixed anywhere. Even multiple cameras
of this kind of can be used in different places of our environment. In
Fig. 4 Raspberry Pi surveillance camera setup is shown.

(27)

So, the variance can also be written as:
̂
𝑣𝑎𝑟𝑅(𝐱)
≈ 𝑛−1 ℎ−1 𝑅(𝐱)

∫

𝑞(𝐭)2 𝑑𝐭

(28)

And we have:
∫

̂
𝑣𝑎𝑟𝑅(𝐱)
≈ 𝑛−1 ℎ−1

∫

𝑞(𝐭)2 𝑑𝐭

(29)

By placing Eqs. (27) and (29) in Eq. (22), we achieve the optimal value
of h by minimization MISE as:
̂ = 1 ℎ4 𝑘2
𝑀𝐼𝑆𝐸(𝑅)
𝑅′′ (𝐱)2 𝑑𝐱 + 𝑛−1 ℎ−1
𝑞(𝐭)2 𝑑𝐭
∫
∫
4

(30)
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Table 3
List of real-world datasets.

Year
Frames total
Resolution
Color
Place
Frame type
Camera view

R1

R2

R3

R4

R5

Pets2009

Mall

PR Lab of
FUM

Faculty of
Engineering
of FUM

2017
1787
640 × 480
RGB
Indoor
.jpeg
1

2017
1436
704 × 576
RGB
Indoor
.jpeg
1

2017
567
1280 × 800
RGB
Indoor
.jpeg
1

2017
812
640 × 480
RGB
Indoor
.jpeg
1

2017
7905
640 × 480
RGB
Indoor
.jpeg
1

2009
S1(4 × 1229)
768 × 576
RGB
Outdoor
.jpeg
4–8

2012
2000
640 × 480
RGB
Indoor
.jpeg
1

2018
2 × 1812
640 × 480
RGB
Indoor
.jpeg
3

2018
3000
1920 × 1080
RGB
Indoor
.jpeg
1

7.1.3. Methods
To show the ability of the proposed method to find the distribution’s
peaks, the results of the proposed method are compared with the mean
shift algorithm (Comaniciu and Meer, 2002; Cheng, 1995). Mean shift
is used to divide the dataset into the number of unspecified clusters and
finds the centers of clusters, which in fact, are the same distribution’s
peaks.
7.1.4. Performance metrics
In order to evaluate the clustering results, the accuracy and the rate
of identification (precision/recall) will be used as:
𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 =

𝑇𝑃 + 𝑇𝑁
× 100
𝑇𝑃 + 𝑇𝑁 + 𝐹𝑃 + 𝐹𝑁

(32)

𝑃 𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 =

𝑇𝑃
𝑇𝑃
, 𝑅𝑒𝑐𝑎𝑙𝑙 =
𝑇𝑃 + 𝐹𝑃
𝑇𝑃 + 𝐹𝑁

(33)

7.2. Experimental results
7.2.1. Results on synthetic dataset
One-dimensional synthetic datasets: The purpose of this section is to
investigate the accuracy and capability of the proposed method to find
the distribution’s peaks. For this purpose, a non-parametric distribution
based on kernel density estimation (KDE) are extracted from onedimensional random samples. The distribution’s peaks results on the
one-dimensional datasets are presented in Table 2 and the visualization
are shown in Fig. 6. In all the datasets, the optimal bandwidth is ℎ = 0.8.
From the last row of each figure, we can observe that the proposed
loss function achieves desirable results for all datasets. As shown in
Table 2, the proposed method has a higher accuracy than the Mean
shift algorithm in all datasets, except for the two cases. In dataset D1
and D5, with a bandwidth of 0.6 and 1, the proposed method has a
lower accuracy than the Mean shift algorithm. Because the proposed
method tends to hold clusters that exist within the lower bandwidth,
but the clusters are not in these bandwidths.
Fig. 7 shows Precision/Recall curves of our proposed method in
compare of the mean shift algorithm. In Fig. 8 our performance comparison indicates an improvement of the proposed method compared
to the Mean Shift algorithm.
Two-dimensional synthetic datasets: The cluster centers results on the
two-dimensional datasets is shown in Fig. 9. To the last row of this
figure, we can observe that the results for proposed loss function and
mean shift algorithm are about the same in this dataset.

Fig. 4. Raspberry Pi surveillance camera setup.

7.1.2. Datasets
One-dimensional synthetic datasets: for our evaluating purposes, six
datasets including D1, D2, D3, D4, D5, and D6 are used. All of these
datasets comprise of 700 random samples that we obtained from a
non-parametric distribution. The ground truths for each bandwidth on
obtained manually by experts. In Fig. 6, the ground truth is shown in
the first row of each shape.
Two-dimensional synthetic datasets: four datasets including S1, S2,
S3, and S4 are used (Fränti and Sieranoja, 2018) and Fränti and
Virmajoki (2006). All of these datasets comprises of 5000 objects and
15 clusters with a different degree of cluster overlapping. In Fig. 9 the
distribution of these datasets and their ground truth are shown.
Two-dimensional real-world datasets: It is a real-world dataset containing: five datasets R1, R2, R3, R4 and R5; Two well-known datasets
PETS (Ferryman and Shahrokni, 2009) and Mall (Chen et al., 2012);
and our datasets PR1 Lab of FUM2 and Faculty of Engineering of FUM.
Details are given in Table 3. The R1-R5 datasets are online data of
the surveillance cameras that are shown on Insecam website (Network
live IP video cameras directory Insecam.com, 2017). The R1 and R4
datasets belong to two different shoe stores in Moscow, Russia. The
R2 dataset belongs to the shopping center in Volgograd, Russia. The
R3 dataset of a shoe store is in Bavaria, Germany. The R5 dataset is
a shopping center that is located in Saint Petersburg, Russia. The R1R5 datasets are contained respectively, 506, 1117, 82, 375 and 19114
subjects of human. See Fig. 5 for details.

1
2

Algorithm 1 MobileNet SSD algorithm.
Input : Frame/Image
Output : Detection Bounding Boxes
1 : repeat
2:
Feature-Map = MobileNet(image)
3:
Bounding-Boxes = SSD(Feature-Map)
4 : until All images of the dataset are processed

Pattern Recognition.
Ferdowsi University of Mashhad.
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Fig. 5. Images from real-world datasets. (a) R1, (b) R2, (c) R3, (d) R4, (e) R5 (these are downloaded from Insecam website (Network live IP video cameras directory Insecam.com,
2017)), (f) Pets2009 dataset, (g) Mall dataset, (h) Pattern Recognition Lab of FUM, and (i) Faculty of Engineering of FUM.

case, two cameras and in the second case, three cameras are used.
The panoramic recognition algorithm for creating the panorama image
used (Brown and Lowe, 2007).
In Fig. 13(a) shows a unit crowd density map for panorama images
from three cameras and Fig. 13(b), a unit crowd density map is shown
for panorama images from two cameras. The number of images on each
camera is about 1800.

7.2.2. Results on real-world dataset
Human subject discrimination. To identify individuals we use two pretrained deep neural network: (1) We use both the MobileNet (Howard
et al., 2017) architecture and the Single Shot Detector (SSD) (Liu et al.,
2016) framework, (2) We use the YOLOv3 (Redmon and Farhadi, 2018)
human detection network with pre-trained weights from the Microsoft
COCO dataset. These networks are fast and efficient deep learningbased methods for human detection. The MobileNet SSD algorithm is
shown, MobileNet is used as a feature extractor for SSD network. For
example, as shown in Fig. 10, the MobileNet SSD network detects the
people in the scene.
Crowd density map. One of the goals of this paper is to create a
crowd density map that displays the attractive region in shopping malls
or other places. To create this map, the non-parametric distribution
function of kernel density estimation has been used. In the distribution
function, the samples are the position of the detected individuals. The
results of the crowd density map and the centers of attractive regions
on the real-world dataset are shown in Figs. 11, 12 and 14. The
interpretation of these maps for each dataset represents the amount of
movements and the attention of people to that area.
In addition to the attention of people to that area, these crowd
density maps can also, be used in other applications, such as helping
store managers to analyze customer behavior, measuring shop traffic,
helping to improve store design, measuring the effectiveness of advertisements, targeting advertising, locating salesman appropriately to
better respond to customers and predicting the attractive region in the
future.
To create a unit crowd density map panorama images need to be
used. For this purpose, two states have been investigated: in the first

8. Conclusion
In this paper, we presented the Bayesian Risk Kernel Density Estimation (BRKDE) method. Our goal is to find the attractive regions
in video surveillance, that can be the regions where more people
commute. To identify these regions, KDE approach is used to create
the crowd density map. We use the minimum BRKDE to determine the
distribution’s peaks (centers of attractive regions) of the resulted map.
Different loss functions are used in the our proposed risk relationship.
We have substituted the square loss function in BRKDE equation, then
the Mean Shift algorithm obtained. In fact, by providing BRKDE, we
can to reach the Mean Shift algorithm, and by presenting a new loss
function, we proposed a new approach to find the peaks. We are shown
in the experiments, that in some distributions it has a higher accuracy
than other loss functions.
In future researches, we will extend the current work in two aspects.
Firstly, we will design a new loss function for the Bayesian risk.
Secondly, we will also use the dataset with the variety of applications.
One of these datasets is a football match, and the goal is to create the
crowd density map of players during the tournament to find and in
which parts of the football field, there are more players.
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Fig. 6. The results of distribution’s peaks on the one-dimensional datasets (D1, D2, . . . , D6) with different bandwidths. This figure shows the comparison of the proposed method
with the mean shift algorithm. The first rows of each sub figure show ground truth for each bandwidth and the middle rows show the results of square loss function and the last
row show the results of proposed loss function.

Fig. 7. Precision/Recall curves of our proposed method in compare with the mean shift algorithm.
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Fig. 8. The computational time of the proposed method in comparison to the Mean Shift algorithm.

Fig. 9. Cluster centers results on the two-dimensional datasets (S1, S2, S3, S4). This figure shows the comparison of the proposed method with the mean shift clustering. From
the last rows of each sub figure show the results of proposed loss function. The center of each cluster is marked.

Fig. 10. An example of human detection by using a MobileNet SSD Network (Howard et al., 2017) on real-world dataset.
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Fig. 11. The crowd density map and hot spots on the real-world datasets including R1-R5, Mall dataset and Faculty of Engineering of FUM.

Fig. 12. The crowd density map and hot spots on the PETS2009 dataset. (a), (c), (e) and (g): the crowd density map on view 1–4. (b), (d), (f) and (h) three-dimensional view of
the crowd density map on view 1–4.
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Fig. 13. Unit crowd density map for: (a) three cameras and (b) two cameras, in the Pattern Recognition Lab of Ferdowsi University of Mashhad.

Fig. 14. The crowd density map related to YOLOv3 (Redmon and Farhadi, 2018) human detection on the real-world datasets including R1-R5 and Mall dataset.

Appendix. Proof of Propositions

A.3. Proof of Proposition 3
According to Eq. (14), the proposed loss function is differentiable:

A.1. Proof of Proposition 1

Proof.
‖𝑥−𝑥

‖2

‖𝑥−𝑥

2

‖2

The proposed loss function 𝑙(𝑥, 𝑥𝑖 ) = − ℎ 𝑖 exp(− ℎ 𝑖 ) is
non-convex. For simplicity, we set 𝑥𝑖 = 0 and ℎ = 1 and 𝑙(𝑥, 0) =
−𝑥2 exp(𝑥2 ):

lim

𝑧→0

According to L’Hôpital’s rule:
(
)
2
2
2
𝑒−𝑢 2(𝑢 + 𝑧)𝑒−𝑧 𝑒−2𝑢𝑧 + (−2𝑧 − 2𝑢)(𝑢 + 𝑧)2 𝑒−𝑧 𝑒−2𝑢𝑧
lim
𝑧→0
1

Proof. Counterexample: we examine Eq. (12) for 𝑡 and 𝑥:
⎧ 𝑡 = 0.5
⎪
⟹ ⎨ 𝑥1 = 1
⎪ 𝑥2 = 2
⎩

𝑙(0.5 × 1 + 0.5 × 2) ≤ 0.5 × 𝑙(1) + 0.5 × 𝑙(2)
⟹ 𝑙(1.5) ≤ 0.5 × 0.36 + 0.5 × 0.07

3

= (2𝑢 − 2𝑢 )𝑒

(A.1)

⟹ 0.24 ≥ 0.22

(A.4)

−𝑢2
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